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Motivation

The basic premise

Receive a question: Will it rain tomorrow?

Won $1,000?

Predict/Act: Yes/Take umbrella smum Spam

Outcome revealed: smwm True!

Obtain payoff: Dry 3/4 AUGGGH!

Goal: get better by learning from previous actions

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Motivation

The basic premise

Receive a question: Will it rain tomorrow? Won $1,000?

Predict/Act: Yes/Take umbrella smum Spam

Outcome revealed: smwm True!

Obtain payoff: Dry 3/4 AUGGGH!

Goal: get better by learning from previous actions
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Game of roads

Athens at a glance

▸ , ,  people

▸ ,  daily trips

▸ Up to  trips/min

▸  nodes

▸  edges

▸ , ,  O/D pairs

▸ ≈  ∗  paths

A very large game!

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Online learning

A generic online decision process:

repeat

At each epoch t
Choose action # single- / multi-player

Receive reward # endogenous / exogenous

Get feedback (maybe) # full info / oracle / payoff-based

until end

Defining elements

▸ Time:

▸ Players:

▸ Actions:

▸ Reward mechanism: endogenous or exogenous (determined by other players or by “Nature”)?

▸ Feedback: observe other actions / other rewards / only received?

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Online vs. multi-agent learning

How are payoffs generated?

▸ Part I: Online viewpoint (exogenous)
▸ Single, focal agent

▸ Different payoff vector encountered at each stage

▸ Agnostic: no assumptions on reward-generating mechanism (dispassionate Nature)

▸ Part II: Multi-agent viewpoint (endogenous)
▸ Several agents

▸ Individual payoff functions depend on actions of other agents

▸ Game-theoretic: underlying mechanism is a (finite) game

What is the interplay between online and multi-agent learning?

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Multi-armed bandits

Robbins’ multi-armed bandit problem: how to play in a (rigged) casino?

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Sequence of events

Require: finite set of actions A; sequence of payoff vectors υt ∈ RA , t = , , . . .
repeat

At each epoch t = , , . . . do
Play action at ∈ A according to mixed strategy xt ∈ X ∶= ∆(A) # action selection

Encounter payoff vector υt and receive reward ut(at) = υa t ,t # payoff function u t(a) = υa ,t

Observe full payoff vector υt # payoff-relevant information

until end

Defining elements

▸ Time: discrete

▸ Players: single

▸ Actions: finite

▸ Payoffs: exogenous

▸ Feedback: depends (full or partial information, …)

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Regret

Performance of a policy xt measured by the agent’s regret

Reg(T) = max
p∈X

T

∑
t=
[

ut(p) − ut(xt)

] = max
p∈X

T

∑
t=
⟨υt , p − xt⟩

or, against a fixed comparator p ∈ X :

Regp(T) =
T

∑
t=
[ut(p) − ut(xt)]

No regret: Reg(T) = maxp Regp(T) = o(T) [the smaller the better]

“The chosen policy is as good as the best fixed strategy in hindsight.”

Prolific literature:
▸ Economics [Hannan, 1957; Erev & Roth, 1998; Fudenberg & Levine, 1998; Hart & Mas-Colell, 2000]

▸ Optimization [Blackwell, 1956; Shalev-Shwartz, 2011; Bubeck & Cesa-Bianchi, 2012]

▸ Computer science [Vovk, 1990; Littlestone & Warmuth, 1994; Auer et al., 1995; Lattimore & Szepesvári, 2020]
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Feedback model

Different types of feedback (from best to worst):

▸ Full, exact information: observe entire payoff vector υt
▸ Full, inexact information: observe noisy estimate υ̂t of υt
▸ Partial information / Bandit: only chosen component ut(at) = υa t ,t

Black-box model
A stochastic first-order oracle (SFO) model of υt is a random vector of the form

υ̂t = υt +Ut + bt (SFO)

where Ut is zero-mean and bt = E[υ̂t ∣Ft] − υ(xt) is the bias of υ̂t

Assumptions
▸ Bias: ∥bt∥ ≤ Bt

▸ Variance: E[∥Ut∥ ∣Ft] ≤ σ 
t

▸ Second moment: E[∥υ̂t∥ ∣Ft] ≤ M
t

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Reconstructing payoffs

Definition (Importance weighted estimators)

The importance weighted estimator of a vector υ ∈ RA given a mixed strategy x ∈ ∆(A) is defined as

υ̂a =
1a

xa
υa =

⎧⎪⎪⎨⎪⎪⎩

υa/xa if a is drawn (a = â)

 otherwise (a ≠ â)
(IWE)

IWE as a black-box oracle

▸ Unbiased:
E[υ̂a] = υa

▸ Second moment:

E[υ̂a] =
υa
xa

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Be the leader / Follow the leader

If υt is known at action time, the agent can be the leader (BTL)

xt ∈ argmax
x∈X

t

∑
s=
⟨υs , x⟩ (BTL)

Regret of BTL

å Under (BTL), the learner incurs Reg(T) = .

More realistically, if υt is only observed after playing, the agent can instead follow the leader (FTL)

xt+ ∈ argmax
x∈X

t

∑
s=
⟨υs , x⟩ (FTL)

Does (FTL) lead to no regret?

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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The failure of FTL

Playing against omniscient adversary:

▸ FTL outputs at ∈ {, }

▸ Adversary sets υt(a) = ∣at − a∣ mod 

▸ Aggregate incurred loss:
T

∑
t=
∣∣ = T

▸ One constant policy ( or ) would have done at most T/ mistakes in hindsight

▸ Ω(T) gap from best fixed comparator [Cover 1965]

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Follow the regularized leader

Add a fictitious “zero-day bonus” Ô⇒ follow the regularized leader (FTRL)

xt+ = argmax
x∈X

{
t

∑
s=
⟨υs , x⟩ − λh(x)

´¹¹¹¹¸¹¹¹¹¶
“day zero”

} (FTRL)

[Algorithm due to Shalev-Shwartz & Singer, 2006; Shalev-Shwartz, 2011]

▸ The regularization function h∶X → R is continuous and strongly convex

▸ The regularization weight λ >  can be tuned at will by the learner

Main idea: Regularization Ô⇒ Stability Ô⇒ Less regret

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Examples

Example 1: Ridge regularization

▸ Regularizer:
h(x) = 

 ∥x∥


▸ Algorithm:

xt+ = argmax
x∈X

{
t

∑
s=
⟨υs , x⟩ −

λ

∥x∥} = projX(

t

∑
s=

υs)

Example 2: Entropic regularization

▸ Regularizer:
h(x) = ∑

a∈A
xa log xa

▸ Algorithm:

xt+ = argmax
x∈X

{
t

∑
s=
⟨υs , x⟩ − λ∑

a∈A
xa log xa} =

exp(∑t
s= υa ,s/λ)

∑a′∈A exp(∑t
s= υa′ ,s/λ)

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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The exponential weights algorithm

Algorithm Exponential weights with oracle feedback (EXPWEıGHT)

Require: set of actions A; sequence of payoff vectors υt and SFO feedback υ̂t , t = , , . . .
Initialize: y ∈ RA

for all t = , , . . . do
set xt ← Λ(yt) # mixed strategy

play at ∼ xt and receive ut(at) = υa t ,t # choose action / get payoff

observe υ̂t ∈ RA # receive feedback

set yt+ ← yt + γt υ̂t # update scores

end for

Basic idea:

▸ Score actions by aggregating payoff-relevant feedback

▸ Choose actions with probability exponentially proportional to their scores

▸ Rinse / repeat

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Regret guarantees of FTRL

Theorem (Shalev-Shwartz & Singer, 2007; Shalev-Shwartz, 2011)
å Assume:

▸ SFO feedback, unbiased and bounded in mean square (Bt = , supt Mt < M)

▸ λ = M
√
T/(KH) with H = max h −min h

- Then: FTRL enjoys the bound
Reg(T) ≤ M

√
(H/K)T = O(

√
T)

Observe:

▸ Dependence in T cannot be improved [Nesterov, 2004; Abernethy et al., 2008; Bubeck, 2015]

▸ Can extend to unknown T via doubling trick [Cesa-Bianchi & Lugosi, 2006]
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Are all regularizers created equal?

Full info guarantees [assume  ≤ υa ,t ≤  for simplicity]

▸ Euclidean regularization

▸ L -norm bound M = ∣A∣/ ; strong convexity modulus K = ; H ≤ /
▸ Optimal tuning gives

Reg(T) ≤ 
√
∣A∣ ⋅ T

▸ EXPWEıGHT

▸ L∞-norm bound M = ; strong convexity modulus K = ; H = log∣A∣
▸ Optimal tuning gives

Reg(T) ≤ 
√
log∣A∣ ⋅ T

▸ Huge reduction in dimensionality!

Bandit guarantees [EXPWEıGHT + IWE = EXP3]

▸ EXP3 guarantees [Auer et al., 1995]

Reg(T) ≤
√
∣A∣ log∣A∣ ⋅ T

▸ This can be reduced to O(
√
∣A∣T) but no further [Audibert & Bubeck, 2010]
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Outline

1 Motivation & background

2 Online learning

3 Learning in games
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Game-theoretic learning

▸ Multiple agents, individual objectives

[Select a route from home to work]

▸ Payoffs determined by actions of all agents

[Encounter other commuters on the road]

▸ Agents receive payoffs, adjust actions, and the process repeats

[Update road choice tomorrow]

Does no-regret learning lead to stable / rational outcomes?
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Some basics

What's in a game?

A game in normal form is a collection of three basic elements:

1. A set of players N

2. A set of actions (or pure strategies) Ai per player i ∈N

3. An ensemble of payoff functions u i ∶∏ j A j → R per player i ∈N

Important:

▸ Player set: atomic vs. nonatomic

▸ Action sets: finite vs. continuous; shared vs. individual; …

▸ NB: do not mix game classes!

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Taxonomy

Actions

Players
Finite

Finite

Continuous

Continuous

Population Games

Mean Field Games

Finite Games

Continuous Games
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Taxonomy

Actions

Players
Finite

Finite

Continuous

Continuous

Nonatomic

Mean Field Games

Atomic 
Non-Splittable

Atomic Splittable

CONGESTION GAMES
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Congestion games

▸ Network: multigraph G = (V , E)

▸ O/D pairs i ∈ N : origin O i sends m i units of traffic to destination D i [atomic, non-splittable]

▸ Set of routes Ai : (sub)set of paths joining O i ↝ D i [not necessarily all paths]

▸ Routing choice a i ∈ Ai ; congestion load of m i units along each edge e ∈ a i [congestion elements]

▸ Load we = ∑a i∋e m i : total congestion load on edge e [congestion mechanism]

▸ Edge cost function ce(we): cost along edge e when edge load is we [congestion cost]

▸ Path cost: ca( f ) = ∑e∈a ce(we) [aggregate cost]

▸ Congestion game: Γ = (G ,N , {m i}i∈N , {Ai}i∈N , {ce}e∈E)

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Finite games

Finite games: [sometimes known as (poly)matrix games]

▸ Finite set of players N = {, . . . ,N}
▸ Finite set of actions (or “pure strategies”) Ai = {, . . . , A i} per player

▸ Action profile a = (a , . . . , aN) ∈ A ∶=∏i Ai

▸ Payoffs given by payoff functions u i ∶A→ R

u i(a) ≡ u i(a , . . . , aN) ≡ u i(a i ; a−i)
▸ Pure payoff vector of player i :

υ i(a) = (u i(a′i ; a−i))a′i∈Ai

Mixed extensions of finite games:
▸ Players, actions and payoffs as above

▸ Mixed strategy of player i :
x i = (x i a)a∈Ai ∈ ∆(Ai) =∶ Xi

▸ Mixed payoff of player i

u i(x) = Ea∼x u i(a) = ∑
a∈A

. . . ∑
aN∈AN

x,a⋯xN ,aN u i(a , . . . , aN)

▸ Mixed payoff vector of player i :
υ i(x) = (u i(a i ; x−i))a i∈Ai

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble



25/42

Motivation & background Online learning Learning in games Overview References

Finite games

Finite games: [sometimes known as (poly)matrix games]

▸ Finite set of players N = {, . . . ,N}
▸ Finite set of actions (or “pure strategies”) Ai = {, . . . , A i} per player

▸ Action profile a = (a , . . . , aN) ∈ A ∶=∏i Ai

▸ Payoffs given by payoff functions u i ∶A→ R

u i(a) ≡ u i(a , . . . , aN) ≡ u i(a i ; a−i)
▸ Pure payoff vector of player i :

υ i(a) = (u i(a′i ; a−i))a′i∈Ai

Mixed extensions of finite games:
▸ Players, actions and payoffs as above

▸ Mixed strategy of player i :
x i = (x i a)a∈Ai ∈ ∆(Ai) =∶ Xi

▸ Mixed payoff of player i

u i(x) = Ea∼x u i(a) = ∑
a∈A

. . . ∑
aN∈AN

x,a⋯xN ,aN u i(a , . . . , aN)

▸ Mixed payoff vector of player i :
υ i(x) = (u i(a i ; x−i))a i∈Ai

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble



26/42

Motivation & background Online learning Learning in games Overview References

Nash equilibrium

Nash equilibrium (Nash, 1950, 1951)

“No player has an incentive to deviate from their chosen strategy if other players don’t”

u i(x∗i ; x∗−i) ≥ u i(x i ; x∗−i) for all x i ∈ Xi , i ∈N (NE)

Nash equilibria always exist but can they be learned?

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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No regret and equilibrium

No-regret learning converges to equilibrium!

7 Very weak notion of "convergence"

; stray arbitrarily far from equilibrium infinitely often

[Hart & Mas-Colell, 2000, 2003]

7 Very weak notion of "equilibrium"

; may assign positive weight only to strictly dominated strategies

[Viossat & Zapechelnyuk, 2013]
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Exponential weights redux

Algorithm Exponential weights in discrete time (EXPWEıGHT)

Require: finite game Γ ≡ Γ(N ,A, u); payoff vector oracle υ̂

Initialize: y i ∈ RAi , i = , . . . ,N
for all t = , , . . . all players i ∈ N do simultaneously

set x i ,t ∝ exp(y i ,t) # mixed strategy

play a i ,t ∼ x i ,t # choose action

get estimate υ̂ i ,t of υ i(xt) # oracle feedback

set y i ,t+ ← y i ,t + γt υ̂ i ,t # update scores

end for

Basic idea:

▸ Score actions by aggregating payoff vector estimates provided by oracle

▸ Choose actions with probability exponentially proportional to their scores

▸ Rinse / repeat

NB: extends similarly to all FTRL policies

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Model 1: ExpWeight with mixed vector feedback

If players observe mixed payoff vectors:

υ̂ i ,t = υ i(x i ,t ; x−i ,t)

Oracle features:

▸ Deterministic: no randomness!

▸ Bias: Bt = 

▸ Variance: σt = 

▸ Second moment: Mt = O()

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Model 2: ExpWeight with pure vector feedback

If players observe pure payoff vectors:

υ̂ i ,t = υ i(a i ,t ; a−i ,t)

Oracle features:

▸ Stochastic: random action selection

▸ Bias: Bt = 

▸ Variance: σt = O()

▸ Second moment: Mt = O()

NB: this algorithm is known as as HEDGE [Auer et al., 1995, 2002b,a]

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Model 3: ExpWeight with bandit feedback

If players observe realized payoffs only:

υ̂ i ,t =
u i(a i ,t ; a−i ,t)
P(a i ,t = a i)

ea i ,t

Oracle features:

▸ Stochastic: random action selection

▸ Bias: Bt = 

▸ Variance: σt = O(/x i a i ,t)

▸ Second moment: Mt = O(/x i a i ,t)

NB: this algorithm is known as as EXP3 [Auer et al., 1995, 2002b,a]

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Model 4: ExpWeight with bandit feedback

If players observe realized payoffs only:

υ̂ i ,t =
u i(a i ,t ; a−i ,t)
P(a i ,t = a i)

ea i ,t

Oracle features:

▸ Stochastic: random action selection

▸ Explicit exploration: draw a i ,t ∼ x i ,t with prob.  − δt , otherwise uniformly

▸ Bias: Bt = O(δt)

▸ Variance: σt = O(/δt )

▸ Second moment: Mt = O(/δt )

NB: this algorithm is known as as EXP3 WıTH EXPLıCıT EXPLORATıON [Shalev-Shwartz, 2011; Lattimore & Szepesvári, 2020]

P. Mertikopoulos CNRS & Laboratoire d’Informatique de Grenoble
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Visualization

What does the sequence of play look like?
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What does the sequence of play look like?
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Phase portraits

Mean evolution follows the replicator dynamics: ẋ i a = x i a[υ i a(x) − u i(x)] [Taylor & Jonker, 1978]
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Rationality analysis

Are game-theoretic solution concepts consistent with the players’ learning dynamics?

▸ Are Nash equilibria stationary? [Yes and no]

▸ Are they stable? [Not always]

▸ Are they attracting? [Not always]

▸ Do the dynamics always converge? [Not always]

▸ What other behaviors can we observe?

▸ ⋯
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Notions of stability

Are all stationary points created equal?

Definition (Stochastic stability)

x∗ ∈ X is stochastically stable under xt if, for every confidence level δ >  and every neighborhood U of x∗ ,
there exists a neighborhood U of x∗ such that

P(xt ∈ U for all t = , , . . . ∣ x ∈ U) ≥  − δ

[Intuition: with high probability, if x t starts near x∗ , it remains nearby ]

Definition (Stochastic asymptotic stability)
▸ x∗ ∈ X is attracting if, for every confidence level δ > , there exists a neighborhood U of x∗ such that

P(xt → x∗ as t →∞ ∣ x ∈ U) ≥  − δ

▸ x∗ ∈ X is stochastically asymptotically stable if it is stochastically stable and attracting.

[ Intuition: with arbitrarily high probability, if x t starts near x∗ then, it remains nearby and eventually converges to x∗ ]
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Towards a "folk theorem" for learning in games

Theorem
å Assume: all players (FTRL) with step-size γt and oracle parameters bt (bias) and Ut (noise) such that:
(A1) γt >  and∑t γt =∞

(A2) bt → 

(A3) E[∥Ut∥q] ≤ σ q
t for some q > 

(A4) ∑t
s= γ

+q/
s σ q

s /[∑t
s= γs]+αq is summmable for some α ∈ (, )

- Then: the sequence xt generated by (FTRL) enjoys the following properties
(P1) If xt converges, its limit is a Nash equilibrium [M & Zhou, 2019]

(P2) If x∗ is stochastically stable, it is a Nash equilibrium [Giannou et al., 2021a]

(P3) x∗ is stochastically asymptotically stable if and only if it is a strict Nash equilibrium [Giannou et al., 2021b]

(P4) If p > / and Γ is a congestion game, then xt converges to a Nash equilibrium (a.s.) [Cohen et al., 2017]

Notes:

- Learning analogue of the “folk theorem” of evolutionary game theory [Hofbauer & Sigmund, 2003]

7 Converses to (P1) and (P2) do not hold!
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Rate of convergence

Theorem (Giannou et al., 2021b)
å Assume: all players (FTRL) with step-size γt and oracle parameters bt (bias) and Ut (noise) such that:
(A1) γt = γ/tp for some p ∈ [, ]

(A2) bt = O(/tb) for some b > 

(A3) E[∥Ut∥q] = O(/tr) for some q > , r < /

- Then: if x∗ is a strict Nash equilibrium and xt converges to x∗ , then

∥xt − x∗∥ ≤ ∑
a∉supp(x∗)

ϕ(A− B
t

∑
s=

γs)

where
▸ A, B >  are initialization- and game-dependent constants

▸ The rate function ϕ is defined as ϕ = (θ′)− where θ is the method’s regularizer

▸ For exponential weights: ϕ(z) = exp(z) Ô⇒ geometric convergence in St = ∑t
s= γs

▸ For projection dynamics: ϕ(z) = [z]+ Ô⇒ convergence in a finite number of iterations!
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Overview

I. Online learning
▸ Exogenous reward mechanism

3 Efficient regret minimization via exponential weights ; Reg(T) = O(
√
T)

7 Feedback plays a crucial role: performance decreases by a factor of ∣A∣ in the bandit case

3 Possibility to exploit combinatorial structures [György et al., 2007; Cesa-Bianchi & Lugosi, 2012]

II. Learning in games
▸ Endogenous reward generation

7 Regret minimization /Ô⇒ convergence to Nash equilibrium

3 Convergence in congestion games

3 Robust convergence ⇐⇒ Strict Nash equilibria

▸ Feedback less crucial but guarantees less explicit

Many open questions
▸ Other limit behaviors?

▸ Explicit rates?

▸ Robustness to delays / corruptions / …
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