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Since its conception by Von Neumann in the early 20th century [VN28], game theory has become
a staple of modern mathematics, economics, and computer science. Of great importance in non-
cooperative games are Nash equilibria [Nas51], representing optimal play strategies, by which no
player benefits from unilaterally changing their strategy. Despite their significance, determining
strategies that achieve these equilibria remains a hard computational challenge. However, among
the many game types, zero-sum games (where one player’s win is the other’s loss) have proven more
computationally tractable, with many applications - including operational research for optimal
resource allocation [PR16], politics [Bra75], and training AI models for games like chess or Go
[SHM*16] — underscoring their appeal in the realm of game theory.

In the quantum setting, zero-sum games have proven useful for various theoretical computational
and cryptographic tasks, from non-local games [KLVY23, CHTW04] to multi-prover quantum
interactive proofs [JJUW11] to quantum coin-flipping [Mil22, Amb01]. In Quantum Generative
Adversarial Networks (QGANs) [CHL*19] a generator and a discriminator quantum circuit engage
in a complex zero-sum game to reach an equilibrium capable of faithfully replicating a target data
distribution. Finally, following standard reductions, even constrained minimization problems like
Quantum Support Vector Machines (QSVMs) [RML14] and quantum error correction methods
[Ter15] can be formulated as quantum min-max optimization problems. In this work, we ask:

How can machine learning principles help us compute Nash equilibria in quantum zero-sum games
using limited quantum states?

We revisit one of the original algorithmic proposals for quantum games. In 2008, Jain and Watrous
proposed a parallel algorithm that determines Nash equilibria of non-interactive, non-collaborative
zero-sum quantum games [JW09]. Within this setting, two competing players, Alice and Bob, each
transmit a mixed quantum state to a referee (henceforth referred to as Roger), who performs a
joint measurement on both states. Roger also posses a utility function that attributes payoffs to the
players based on the measurement outcomes. Since it is a zero-sum game, Bob’s payoff will be the
negative value of Alice’s — e.g. if Alice wins $5, Bob will lose $5.

Concretely, Alice and Bob, “play” the game by independently preparing multi-qubit quantum
states o and f3, respectively, to be sent to Roger. It is important to note that these are mixed states,
corresponding to “mixed strategies,” and that Alice and Bob do not share entanglement. Thus,
Alice and Bob’s set of possible “moves” is constrained to the set of density matrices lying in their
respective spectraplexes. Denote Alice’s spectraplex as A = {a € H} : Tr(a) = 1} and Bob’s
spectraplex as B8 = {f € H" : Tr(f) = 1}. Denote the different concatenations of Alice and Bob’s
statesas ¥® =a ® fand ¥ = (, f)7, for all (a, ) lying in the joint space C = A X B.

Assuming Alice sends mixed state « and Bob sends f, Roger gives each player a payoff determined
by the the bilinear mapping ¢ : H}' X H — R. Since the game is zero-sum, if Alice receives
payoff #(a, ), Bob receives payoff —¢ (e, f). In playing the game, Alice and Bob’s objectives are
to maximize their payoff. Mathematically, Alice aims to produce a state a*(f) = arg max, ¢(a, ),
Vp € H", and Bob aims to produce a state f*(a) = —arg maxg ¢(a, f) = argming ¢(a, f§), Vo €
H}. Note that (a* ("), f*(a*)) correspond to a Nash equilibrium, which by the SDP version of
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Von-Neumann’s Min Max Theorem admits unique game value v € R [ITT22],

max rr}3in d(a,p) =v= mﬁin max ¢(a, ). (Quantum Min-Max Theorem)
(o4 o

Relating back to our algorithm design task, [JW09] employed the Matrix Multiplicative Weights
Update (MMWU)! algorithm [TRW05, AHK12], to achieve an O(%) convergence rate to such

Nash equilibria when Roger returns to Alice and Bob respectively their full feedback —the payoff
vector Feedback(¥) = (Vo $(¥), Vg d(¥)).

However, even in classical games, the standard Multiplicative Weights Update algorithm fails
to achieve the optimal convergence rate. Recently, [JPS22] introduced the notion of exponential
quantum replicator dynamics (exp-QREP), a continuous-time quantum extension of the exponential
formulation of replicator dynamics (referred to as just quantum replicator dynamics in [JPS22]).
Importantly, [JPS22] demonstrate Poincaré recurrence of discretized MMWU in quantum zero-sum
games for exp-QREP dynamics. In parallel, [LMB23] proposed a quantum games variant of the folk
Game Dynamics Theorem, stating that no-regret algorithms, like MMWU, only converge stably to
pure quantum states. In response to these intrinsic difficulties in successful last iterate convergence
for quantum games, we ask:

Could there be a gradient-based method that not only mimics the ergodic behavior of MMWT,
in quantum zero-sum games, but also outperforms it?

In classical literature regarding monotone variational inequalities with Lipschitz continuous
operators, the optimal convergence rate was firmly established as O(1/T) by Korpelevich’s Extra-
Gradient (EG) algorithm [Kor76] and its Bregman adaptation, the Mirror-Prox (MP) algorithm by
Nemirovski [JNT11]. However, these methodologies have a notable drawback — they require not
one, but two gradients per iteration. Since each gradient calculation in a quantum game requires
preparation of a novel quantum state, which can be highly resource-demanding, decreasing the
number of oracle calls could offer substantial practical advantages. Therefore, our work aims to:
(i) devise a simplified approach that retains the performance of the Extra-Gradient algorithm, but
uses only one oracle call per iteration, and (ii) quantify convergence rates for these single-call
matrix mirror-prox (1-MMP) algorithms.

MATRIX DUAL AVERAGING (MDA) METHOD

We begin by presenting the Matrix Dual Averaging (MDA) method, whose instantiation is actually
a variant of the MMWU method of [JW09]. In words, at each stage, both players play a “soft”
version of the best mixed state response, regularized by a convex penalty (or “distance generating”)
function, and then accumulate Roger’s feedback. For example, if the players’ cumulative feedback
is denoted by C¥ and the penalty function is the squared Frobenius norm A(X) = (1/2)||X ||%
their response would correspond to the orthogonal projector Ix (CF) = argminxex [|X — CF |5
On the other hand, if players employ the negative Von Neumann entropy h(X) = Tr[XlogX] on

the spectraplex, they induce logit map Ax(CF) = % and, thus, the MMWU algoirhtm of

[JW09]. For this family of algorithms (See Algorithm 1), it is shown in [JW09] that

THEOREM 1 (MDA RATE). MDA methods compute an e-Nash equilibrium in O(1/€?) steps.
SINGLE-CALL MATRIX MIRROR-PROX METHODS

THEOREM 2 (MAIN REsULT). 1-MMP methods compute an e-Nash equilibrium in O(1/¢) steps.

In the context of classical games, the first Extra-Gradient variant with a single oracle call per iteration
dates back to Popov [Pop80]. This algorithm was subsequently studied by, among others, Rakhlin

!Beyond quantum zero-sum games, MMWU has also been used for many important quantum applications
such as solving SDPs [AK07], proving QIP=PSPACE [JJUW11], finding balanced separators [CKGS23] , and
enhancing spectral sparsification [AZLO15].
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and Sridharan [RS13]. Our methodology leverages the universal proof technique for monotone
variational inequalities by [EN22]. Notably, our proof technique deviates from classic simplex case
due to the absence of a Farkas lemma and the non-metric subregularity in spectraplexes. In constrast
with the commutable inner products of vectors found in classical normal form games, the quantum
operators in quantum games are inherently non-commutative. However, our proposed approach
(Algorithm 2) handles these quantum non-Abelian operators and we prove their monotonicity via
techniques from quantum analysis of Boolean functions (as originally proposed by [MO10]) to
manipulate Pauli decompositions of the involved operators. Our analysis also encompasses a novel
variant of the Optimistic Matrix Multiplicative Weights Update (OMMWU) algorithm, that we
define below similar to [DP18], circumventing the issue of non-commutativity in quantum games:

(Olt+1) _ (AX(IOg o — ZUFeedbackEAlm + nFeedback[Al’“ )
Brs1) "\ Ax(log B — 2nFeedback, ") + nFeedback|™;"))

We conclude with an interesting open problem/conjecture:

CoNJECTURE 1. Theorem 2’s rates are tight. In other words, there exists a quantum game such that
1-MMP methods need in Q(1/€) steps for computing an e-Nash Equilibrium.

ALGORITHM 1: Matrix Dual Averaging

Input: Accuracy Parameter: €, Convex Regularizer hq g(-) : {A, B} — R,
Feedback!4/ice.Bobl .= (v + ¢ (W), Vgr$(¥))// Roger’s Feedback.
Define 5 := €/100 and N := [100 log(nm)/€?],(Ag, By) := RandomSDP,,, RandomSDP,,,,
(0, fo) = (Ao/Tr(Ao), Bo/Tr(By));
Let BregH (+) = argmaxyex{(-, @) — hx(x)} // Bregman Projection at X;
fort € [0: N-1] do
> Alice and Bob play their quantum mixed-state strategies (a;, ;) to Roger
> Roger sends back its feedback to Alice and Bob.
> Alice and Bob aggregate approximately their payoff based on Roger’s feedback.
CumPayoffEAlwe Z,tc ! Feedback!44ce] (g,), CumPayoff[BOb 2}; ! Feedback!P%1 (¢,);
> Alice and Bob prepare their new mixed states based on Best Regularlzed Response.
QApy1 = BregH};;;‘l (r]CumPayofnglice]) , Pre1 = BregHZ;B (nCumPayoﬁ"EBOb]);

end

Output: @ = % YV5' i, f = % " i

ALGORITHM 2: Single-Call Matrix Mirror Prox (1-MMP)

Input: Same as Algorithm 1.

Define 1 := 1/100 and N := [100 log(nm)/€?], (Ao, By) := RandomSDP,,, RandomSDP,,,,

(a0, fo) = (do, fo) == (Ao/Tr(Ao), Bo/Tr(Bo));

Let MirrorTT" (1, y) = arg maxyex{(t, @) — (hx (x) — hx(y) — hx (y) (x — 1)}

> Alice and Bob request the feedback of («, fy) from Roger.

fort € [0: N—-1] do

> Alice and Bob prepare their new mixed states based on Best Regularized Response.
U1 = MirrorH};{ﬂ (r]FeedbackEAlice], ar), Pre1 = MirrorH}g (r]FeedbackEBOb], /§z);

> Alice and Bob play their quantum mixed-state strategies (a1, f¢+1) from Roger.

> Roger sends back its feedback to Alice and Bob.

> Alice and Bob prepare their optimistic-momentum mixed states Response.

Qrpq = Mirrorl‘[};fl (ryFeedbackEfiwe] a) , ,3t+1 = MirrorII B(r]Feedbacktf;’b ﬂ,

end
Output: a—NZl -0 a,,ﬁ NZ_O i
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