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Abstract

Our paper concerns the computation of Nash equilibria of first-price auctions
with correlated values. While there exist several equilibrium computation meth-
ods for auctions with independent values, the correlation of the bidders’ values
introduces significant complications that render existing methods unsatisfac-
tory in practice. Our contribution is a step towards filling this gap: inspired
by the seminal fictitious play process of Brown and Robinson, we present a
learning heuristic — that we call fictitious bidding (FB) — for estimating Bayes-
Nash equilibria of first-price auctions with correlated values, and we assess the
performance of this heuristic on several relevant examples.

1. Introduction

In single-item sealed bid first-price auctions (sometimes referred to as pay-
as-bid), several potential buyers bid simultaneously for an item to be bought;
the highest bidder then gets the item and pays their bid to the seller. A common
approach to model a sealed bid first-price auction is to frame it as a game. More
precisely, since the buyers’ valuations are not necessarily known by the other
participants, one usually supposes that each of those valuations are random
variables sampled from a probability distribution. In this narrative, each buyer
observes their own valuation — a private signal — before submitting their bid,
so that the resulting situation belongs to the class of Bayesian games. A good
share of the literature on auctions makes the additional structuring assumptions
that the valuations are independently distributed.

Given the probability distributions of the buyers’ values, an important re-
search question is to determine the outcome of the auction. While several so-
lution concepts exist in the game-theoretic literature, the notion of Bayes-Nash
equilibrium is of primary theoretical and practical importance for the study of
auctions, and the numerical estimation of Bayes-Nash equilibrium has been a
vigorously researched question for quite some time, with several breakthroughs
along the way. However, a major challenge that arises in practice is that (a) the
above methods invariably rely on a first-order characterization of the solution
and (b) they require the bidders’ values to be independently distributed, which
is a very strong limitation for real applications.
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Our contributions

Our paper seeks to overcome this limitation via a learning approach whereby
the bidders’ interactions are stylized as a repeated game, and the auction’s
Bayes-Nash equilibrium emerges as the players’ empirical bid distribution profile
over time. This heuristic — both simple and natural — specifies the bidders’
behavior and simulates the dynamics of the bidders’ strategy profiles as the
auction is repeated, and shares some features with the seminal fictitious play
procedure introduced by Brown and Robinson as a solution method for zero-sum
games. This is why we name it fictitious bidding (FB).

Given the immense difficulty of calculating Bayes-Nash equilibria in first-
price auctions — a problem which is PP-complete, and may even be PSPACE-
complete [? ] — any theoretical guarantees of our method would necessarily
concern smaller, more tractable classes of first-price auctions. To avoid narrow-
ing down our focus in this way, we forego a theoretical analysis of the proposed
heuristic, and we undertake instead a numerical evaluation campaign in a series
of diverse, relevant examples. Also, given that our heuristic does not rely on the
structure of the first-price auction, it is also tested successfully on other auction
rules. In all the examples we tested, the method provides an equilibrium out-
come in a few seconds or minutes, depending on the example, a feature which
we consider particularly appealing for practical applications.

To the best of our knowledge, the proposed heuristic is the first approach in
the literature that remains agnostic to any correlations or dependencies between
the users’ value distributions. Moreover, the adopted learning viewpoint offers
the distinct advantage of being oblivious to the actual auction mechanism (and
any first-order characterization of the auction’s equilibrium), so the proposed
heuristic can also be applied directly to other auction settings — such as mixtures
of first and second-price auctions or other combinations thereof.

Related work

The literature on auctions is immense [? |, and is impossible to survey
in a short paper; we therefore discuss below only the most relevant works we
are aware of concerning the numerical computation of Bayes-Nash equilibria in
first-price auctions.

In his seminal paper [? |, Vickrey derived a characterization of Nash equilib-
ria when the bidders’ values are independent and the bidders otherwise identical.
Later, Plum [? ] showed how to compute the Nash equilibrium of 2-bidder auc-
tions for some special cases when the price is a combination of first and second
price. A first general numerical method for computing the Nash equilibrium of a
first-price auction with independent values appears in [? |. Theoretical analyses
of the equilibrium structure are provided in particular in [? ? ? |. In order to
study bidding rings, Bajari introduces several heuristics to compute the Nash
equilibrium of first-price auctions [? ]. Several other computation methods for
first-price auctions with independent values have been proposed since then [?
? 7 7 7 ], and more recently, [? |, that addresses the cases of discrete value
distributions. These methods rely on a first-order characterization of the best



reply of the players to produce a system of ordinary differential equations that
are then solved using various methods. One of the main difficulty lies in the
numerical instability of the solution to the system.

Research on first-price auctions received renewed impetus in 2019 when
Google switched its display advertising market place to first-price [? ? |. This
led to a surge of interest in new topics such as computational complexity [? ],
numerical approximation [? ] or more recently, the use of neural networks to
compute the auction’s equilibrium [? ].

We also mention that there is a very active track of research that, in the of
wake of [? ], aims at maximizing the seller’s revenue with pragmatism [? 7 ? |.

Our paper takes a complementary, online learning approach to the above:
the bidders’ interactions are modeled as a repeated game that unfolds in discrete
time, with each agent playing an approximate ”best response” to the observed
empirical distribution of bids. This heuristic closely resembles — and was inspired
by — the fictitious play process as pioneered concurrently by Brown [? | and
Robinson [? ]|. This is one of the most widely studied procedures for learning in
games, and it involves each player playing a best response to her believs about
her opponents, given here by the the empirical frequency of past play.

The convergence of these beliefs to Nash equilibrium was first established
in two-player zero-sum games by Robinson [? |. Subsequently, the method has
been shown to converge in 2 X 2 games [? |, general N-player potential games
[? ], symmetric games with an interior evolutionarily stable strategy [? |, as
well as certain classes of supermodular games [? 7 ? ? ]|. Variants of fictitious
play involving a certain degree of explicit exploration / randomness have also
been considered in the literature: the most widely studied of these processes
is that of stochastic — or perturbed — fictitious play, which was introduced by
Fudenberg & Kreps [? ], and which was shown by Hofbauer & Sandholm [? | to
converge to an approximate Nash equilibrium — a quantal response equilibrium
to be exact — in the same classes of games as fictitious playE|

At the same time, the literature on the convergence of (stochastic) fictitious
play should not be interpreted as suggestion that these processes converge to
equilibrium in all games: notable examples include Jordan’s three-player match-
ing pennies variant [? ], as well as the counterexamples of Shapley [? ] and
Gaunersdorfer and Hofbauer [? ]. In a similar vein, we should stress that we
do not make any claims of global convergence to Bayes-Nash equilibrium in all
first-price auctions. However, the series of numerical examples presented is suf-
ficiently wide in scope and breadth to provide reasonable optimism for the use
of the proposed heuristic in practice.

IStochastic fictitious play is related — but not in any way equivalent — to the class of no-
regret learning policies known as ”follow the regularized leader” [? ]; for a detailed discussion,
we refer the reader to [? ? ], and references therein.



2. Formulation of the game, and agent-based reformulation

The choice of mathematical formalism to model the bidders’ behavior (their
strategies) plays a crucial role in the analysis. For instance, when the support of
the bidders’ values is an interval, it is well known that, under mild assumptions,
there exists a unique pure Nash equilibrium [? ? ? ], so randomization is
not needed for the analysis. By contrast, if the bidders’ values belong to a
discrete set, bid randomization is required to ensure the existence of a Nash
equilibrium [? |. In both cases — discrete or continuous support — most of the
literature captures the bidders’ strategies via their cumulative bid distributions.
This is natural because, in both cases, the bid cannot decrease when the value
increases.

However, this formalism is not well-adapted to our algorithmic proposal. For
this reason, after providing a quick refresher on the standard first-price auction
model, we present an alternative, agent-based formulation which is much better
suited to the discussion of our learning heuristic.

2.1. The standard approach to model an auction as a game

A standard way to model one-item auctions is as follows: The auction is
framed as a Bayesian game with players (the auction participants) belonging
to a finite set P. Each player p € P has access to a (random) private signal
v, € R that corresponds to their value for the item being auctioned, and places
a bid b, = B,(vp). The auction is then cleare(ﬂ and the payoof of the p-th player
in a first-price auction is given by (v, —bp) [[;cp.j2,{0p > b5}

Formally, a one-item auction is a tuple (P, (I,)pep, F') such that

1. P is a finite set;

2. Each I, is a compact subset of R™;
3. Fis a distribution on [[ ¢ p 1.

For such an auction, a strategy for player p € P is a measurable map §,: I, —
R*. We denote by X, the set of strategies of player p so the expected payoff of
player p given a strategy profile (5,)pecp is

Tp(Bps B-p) = Er [(vp — Bp(vp)) H{ﬂp(vp) > Bi(v;)}], (1)
J#p
where we have used the standard game-theoretic shortand —p = P\ {p}. A

(pure strategy) Nash Equilibrium (NE) is then defined as a strategy profile Sp
such that

Tp(Bps B—p) = Wp(ﬂ;/wﬁ—p) VBp € Xp, VpeP. (2)

In the remaining of this paper, we will refer to this formulation as the player-
based formulation.

2In case of equality of the highest bids, a tie breaking rule is needed.



As we mentioned above, when the value sets (I,),ecp are intervals, there ex-
ists under mild assumptions a (unique) Nash equilibrium in pure strategies, so
there is no need to introduce mixed strategies. However, such mixed strategies
are required in a discrete setting where the existence of a Nash equilibrium is
only guaranteed in mized strategies. We will therefore introduce mixed strate-
gies only for the discrete setting because, as observed by Aumann [? ], the
definition of mixed strategies when pure strategies are continuous mappings be-
tween two continuous sets introduces significant technical difficulties that are
beyond the scope of this WorkE| We hence call a mixed strategy a probability
distribution on X, and denote by AY, the set of mixed strategies of player p.

2.2. The agent-based auction model

We propose a variant to the player-based auction model introduced in Sec-
tion ??. An agent-based auction model is a tuple (A, vy, 1) such that

1. A is a finite set of agents;

2. vy is a vector of values (assigning a single value per agent).

3. p is a probability distribution on 24.
The strategy set I is defined to be the set of probability distributions on RT, so
a strategy profile (74)aea € I'*, denoted v, induces a probability distribution
on (RT)%. An e-Nash equilibrium in this setting is a strategy profile 5 such
that for all @ € A and v, € T'*

Ta(Var 72a) 2 Ta(Vas Vo) = € (3)

where, for a first-price auction,

MO0 = [(a=b) ] o> b} duSlac S)antn). (@)
a’eS\a

2.3. Equivalence of the two formulations
The relation between the two formulation might not be a priori obvious. In

view of this, we show below that the agent-based formulation is equivalent to
the player-based one when the underlying set of values is discrete.

Lemma 1. Let (P, Ip, F) be a player-based one-item auction formulation. Sup-
pose that I, is discrete for all p € P. Then there exist

1. An agent-based auction model (A, vy, 1)

2. A partition (A,)pep of A

3. A family of application (¢p)pcp, where ¢, is a bijection from the player’s
mized strategy set AX, to its agents’ strategy set e,

3The problem is that one cannot write in this case AXp.



such that for any player strategy profile Bp € [] Yp, we have

peP

Tp(Bp) = Z Ta((¢p(Bp))pep) (S > a) (5)

ach,

Proof. Set A, = [|I,]], va, = I, for allp € P, and VS € 2%, pu(S)=0 ifS¢
Xpepf, and u(S) = F(vg) otherwise. Then ¢, is obtained by desintegrating
the players’ mixed strategies over the set of agents. O

3. Fictitious bidding: definition, implementation, and results

3.1. Definition of the heuristic

As we discussed in the introduced, the proposed heuristic for calculating the
Nash equilibrium of an auction is inspired by the process of fictitious play for
learning in finite games [? ? ]. The key novelty of our approach — which
leads to an easily implementable heuristic — is that the process unfolds in the
agent-based representation of the game, not its normal form (or a discretized
version therefof).

To describe the heuristic formally, let B be a discrete grid of bid values, let
ne > 0 be a "learning rate” sequence, and let (v3(D))ac[n,],bee be an initial
strategy profile. Then the proposed heuristic proceeds by taking at each stage
k= 0,1,..., a best reply to a generalized exponential moving average of the
players’ empirical bid distributions up to stage k. More precisely, we have the
following sequence of events:

1. Strategies are initialized with (7 (b))ac[n,]beB
2. At each time step k, every agent a € A performs the bid update

k) € arg maxw, (3, 7)) (6)

beB

3. Subsequently, mixed strategies are updated as
VD = (1= i)y + kb0 (7)

4. Repeat until a termination criterion is triggered

At a high level, this process is conceptually similar to fictitious play as, at
each stage, the algorithm outputs a best response to ”some” average of past
play. This analogy would be precise if the averaging assigned equal weight
to all past states, which in turn corresponds to the choice nr = 1/k for the
method’s learning rate. However, in many cases, it is more advantageous to
assign exponentially more weight to recent observations relative to past ones, as
this would effectively discount the irrelevant impact of the method’s (arbitrary)
initialization; this corresponds to the choice 7, = const., in which case the
averaging undertaken is a straightforward exponential moving average.



3.2. Implementation and results

In terms of implementation, the fictitious bidding heuristic can be coded in
less than 100 lines in Julia [? ] and is available onlineﬂ All our experiments were
run with this implementation on a personal laptop. For the case of independent
probability distributions we can use the simplifying observation that 7(_]2 is the
same for every agent of the same player, which in turn alleviates the computa-
tional and memory burden. In the plots we provide, we report the cumulative
distribution of the agent’s bid as well as their payoff, which allows for checking
visually that the support of the bids is approximatelly in the maximand of the
payoff.

Example 1. We take |[A| =4, vy = (0,0,1.,1.), and p take the value 0.25 on
the following 4 scenarios: (a1,as), (as,a4), (a1,a4), (az,as). This corresponds
to a symmetric setting with two bidders whose values are sampled in {0, 1}
uniformly and independently. This example is interesting because it posses an
analytic solution. Indeed, suppose that in the equilibrium, no agent bids above
its value, then the bid of agent a; and agent as should be zero. Since the
setting is symmetric, let us denote by G the cumulative of the bid of agent ag
and a4. Observe that G(b) =1/(1—b)—1 for b € [0,1/2] corresponds to a Nash
equilibrium because (1) the expected payoff of agent as (resp. a4) is constant,
equal to 0.5, for b € [0,1/2] and strictly smaller than 0.5 for any b > 1/2.
We took B = [0,1/400,2/400,...1], gy = 0.01/k and performed 10° iterations.
The strategy estimate we obtain is 8 x 107°-Nash equilibrium. The result is
displayed in Figure ?7.
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Figure 1: The bid cumulative of agent 3 (of value 1) in Example ??

Example 2. Next we take |A| = 3 and A = (1/3,2/3,3/3) with the two
equiprobable scenarios (a1, az) and (az, as). We took B = [0, 1/600,2/600, ... 1],

4we will release the code with the definitive version of the paper
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Figure 2: Results for Example 77
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Figure 3: Example 77

ni = 0.01/k and performed 10° iterations. The strategy profile we obtain is a
(1.5 x 10~*)-Nash equilibrium. Results are displayed in Figure ??.

Example 3. Let vy = (1/4,2/4,2/4,4/4) with the four equiprobable scenarii
(a1, a2), (az,as), (a1,as3), (a1,as2,as,a4). We took B = [0,1/400,2/400,...1],
ne = 0.01/k and performed 10° iterations. The strategy estimate we obtain
is a (2.5 x 107?)-Nash equilibrium. The results are displayed in Figure ?? .

Example 4 (From Wang et al.). We test the heuristic on Example 8 from [? |,
which was used to test the stability of continuous method on discrete setting. It
is notable that we do better than the result reported by [? | for the continuous
methods. We use the library developed in [? ] to compare our heuristic with
their solution. The setting is as follow. There are 3 players, each represented
by 3 agents, so there are 9 agents in total. The potential values of all players
belong to {0.1,0.2,0.25}, and are sampled independently. What differs between
the players is the relative probability of those three values:

e For the first player those probabilities are 1/4, 1/4, and 1/2
e For the second and third player, they are 0.05, 0.45, and 0.5.
The results are reported in Figure 77, and the strategy profile we obtain is a

(4 x 10~%)-Nash equilibrium of the auction.

Example 5 (Another comparison with Wang et al.). We use the library devel-
oped in [? ] to compare fictitious bidding with another example. The setting
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Figure 5: Result for Example 77

is as follow. There are 2 players, 2 agents for player 1, 3 for player 2. . The
potential values of player 1 are 0.1 and 0.25 with respective probability 0.25
and 0.75, and the potential values of player 2 are 0.1, 0.2 and 0.25 with re-
spective probability 0.05, 0.45 and 0.5. The values are sampled independently.
The results are reported in Figure 7?7 and the strategy profile we obtain is a
(9 x 10~*)-Nash equilibrium.

Example 6. In order to test the robustness of the fictitious bidding, we gen-
erated random instances of auction games. Each instance contains 10 agents
whose values are samples uniformly between 0 and 1. We then generate 20
scenarios by taking ten 20 times at random a pair in {1...10}. We took
B = [0,1/100,2/100,...1], nx = 0.01/k and performed 10° iterations. The
strategy profile we obtain is e-Nash equilibrium, with € respectively equals to
0.00048, 0.00083, 0.00139, 0.00058, 0.00402, 0.01374, 0.00501, 0.00305, 0.00326
and 0.00472.

As a side note, we observed during our experiments that the fictitious bidding
heuristic seems to work well for other auctions, such as mixture of first and
second-price (The item is still allocated to the highest bidder, but the winner
now pays the average of the first and second highest bids).



4. Conclusion

We have introduced a fictitious-play like heuristic to compute the Bayes-
Nash equilibrium of first-price auctions even when the values are correlated:
fictitious bidding. Compared to other methods in the literature, the proposed
fictitious bidding is inherently discrete, as it is introduced for auctions with
values and bids living in a discrete set. As a result, our heuristic does not
rely on the traditional continuous approximation of the auction, which can be
viewed in itself as an improvement, since applications usually take place in
discrete environments. The heuristic displayed also good result for mixtures of
first and second-price auctions. Overall, our experimental results suggest there
is a strong convergence theorem underneath; clarifying under which conditions
this is true (and why) is a central question for future research on the topic.
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