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Multi-agent online learning revolves around multiple interacting agents that make sequential decisions online, each
concerned with maximizing their individual rewards (which, a priori, typically depend on the actions of all other players).
In this paper, we consider a model of multi-agent online learning where the game is not known in advance, and the agents’
feedback is subject to both noise and delays. Motivated by its strong no-regret properties, we first focus on a class of
learning algorithms known as online mirror descent (OMD), and we show that, even in the presence of noise, the induced
sequence of play converges to Nash equilibria in a wide class of continuous games, provided that the feedback delays faced
by the agents are synchronous and bounded. Subsequently, to tackle fully decentralized, asynchronous environments with
unbounded feedback delays, we propose a variant of OMD which we call delayed mirror descent (DMD), and which relies
on the repeated leveraging of past information. With this modification, the algorithm converges to Nash equilibria almost
surely, even in noisy environments with no feedback synchronicity assumptions, and with feedback delays growing at a

superlinear rate relative to the game’s horizon.
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1. Introduction Online learning is a broad and powerful theoretical framework with widespread
applications in machine learning, data science and operations research [6, 45, 3, 19]. In its most basic form,
the prototypical online learning setting may be described as follows: At each round r =0,1,..., an agent
selects an action x’ from a set of possible actions X, and obtains a reward u’(x") based on some a priori
unknown and (possibly) time-varying reward function u’(-). Subsequently, the player receives some feedback
(e.g., the past history of the reward functions or some restricted information thereof), and selects a new action
x'*! with the goal of maximizing the obtained reward. Aggregating over the stages of this online decision

process, this is usually quantified by asking that the player’s regret Reg(T) = maxyex Yi_; [u'(x) —u'(x")]
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grow sublinearly with the horizon of play 7', a property known as “no regret”.

One of the most widely used algorithmic schemes for learning in this context is the class of online mirror
descent (OMD) algorithms [44]. Tracing its origins to convex optimization [34, 35], OMD proceeds by
taking a gradient step in a dual space (where gradients live) and projecting back to the primal (decision)
space via a suitably chosen mirror map. In particular, OMD and its variants includes as special cases
several seminal learning algorithms, such as Zinkevich’s online gradient descent (OGD) scheme [52], the
exponentia/multiplicative weights algorithm [26, 1], matrix regularization schemes [21], and many more.!

When each u' is concave,2 OMD enjoys a sublinear O(VT) regret bound which is known to be universally
tight. Further, the desirable property of OMD still holds even in the presence of delays. For instance, the
authors of [39] recently considered a general delay model on the feedback, where the gradient at round ¢
is only available at round 7 + d’ — 1, with d’ being the delay associated with the agent’s action at round 7.
[39] then considered a natural extension of OMD under delays: updating the set of gradients as they are
received. If the total delay after time T is D(T') = Zthl d', then OMD enjoys an O(D(T)'/?) regret bound [39].
This natural extension has several strengths: no assumption is made on how the gradients are received (the
delayed gradients can be received out-of-order); further, as pointed out in [39], a gradient does not need to be
timestamped by the round from which it originates — in contrast to the earlier pooling strategies of [20, 13].
As such, OMD provides a broad and powerful algorithmic framework to make sequential online decisions in
model-agnostic regimes, where the underlying environment is rapidly changing or adversarial.

The above concerns single-agent settings, where a sole decision maker interacts with an unknown and
arbitrarily changing environment. Albeit powerful, this black-box abstraction cannot capture finer structures
and details that arise in multi-agent environments where several optimizing players are engaged in a concurrent
decision process, with the actions of one player affecting the rewards of another [9, 47, 8, 17]. In many
cases of practical interest, the agents’ reward structure can be modeled as a continuous game [15], where
each agent’s reward is determined by the joint action of all the agents via a fixed (but potentially unknown)
mechanism — the stage game. In this case, from a unilateral viewpoint, the reward function of any given
player varies with time as the game’s players change their actions from one stage to the next. Since the regret
bounds of OMD raise high expectations in terms of performance guarantees, it is natural to assume that
agents adopt some variant of OMD when faced with such online decision processes.

As aresult, several natural questions arise: If each agent adopts an OMD policy to minimize their individual

regret, what is the resulting evolution of the players’ joint action profile? Does it converge? And, if so,

' Several variants of this class also exist and, perhaps unsurprisingly, they occur with a variety of different names — such as
“Follow-the-Regularized-Leader" [22], dual averaging [35, 50], and so on.

2 Usually, the term “descent” refers to the long-standing tradition of objective function minimization in optimization; in such cases,
the benchmark assumption is convex. In a slight abuse of terminology, we are using the term “descent” for the maximization of
concave functions, to avoid introducing unwieldy new algorithmic names.



under what assumptions would the agents’ long-term behavior be represented by a Nash equilibrium of the

underlying game?

1.1. Related Work Despite the fact that multi-agent/game-theoretic learning has received significant
scrutiny in the literature, the questions raised above are still open for several reasons.

First, in general, joint convergence of no-regret learning does not hold. In fact, even in (mixed extensions
of) finite games, a class of games where each agent has a finite number of actions and the rewards for agents
are specified by a matrix that records the reward for each agent under each joint action, OMD (and no-regret
learning in general) can fail to converge [29]. Even worse, in general, no-regret learning does not necessarily
eliminate dominated strategies: there exist games whose Hannan set (the limit set of no-regret learning
policies) contains strategies that assign weight only to strictly dominated strategies [48]. In such cases, an
agent applying the no-regret learning algorithm will select a strictly inferior action in equilibrium regardless
of the other agents’ actions. More generally, even in the absence of dominated strategies, if a Nash equilibrium
is not reached, an agent can always obtain larger rewards by deviating from its current action. Consequently,
establishing convergence to Nash equilibrium under no-regret learning algorithms for a broad and meaningful
class of games has attracted considerable interest in the literature — for both finite and continuous games.

Much of the existing literature on this issue has focused on studying convergence in (mixed extensions
of) finite games [47, 48, 5, 33]. More specifically, earlier work of game-theoretic learning (see [16] for a
comprehensive review) has mainly focused on learning in finite games with dynamics that are not necessarily
regret-less. The primary focus of [9] is convergence to coarser equilibrium notions (such as correlated or
coarse correlated equilibria), where a fairly complete characterization is given. That being said, as pointed out
in [9], convergence to Nash is a much more difficult problem: recent results of [49] have clearly highlighted
the gap between (coarse) correlated equilibria obtained by no-regret learning processes and Nash equilibria,
and more recent works have explored in depth the non-convergent behaviors that can emerge in this setting
[27, 37, 30]. More positive results can be obtained in the class of potential games where, in a recent paper,
the authors of [12] established the convergence of multiplicative weights and other regularized strategies in
potential games with only payoff-based, bandit feedback.

However, much less is known beyond mixed extensions of finite games —i.e., in the case of continuous
games. In the context of mixing in games with continuous action spaces, the authors of [38] provide a
convergence analysis for a perturbed version of the multiplicative weights algorithm in potential games. In a
pure-strategy setting, the network games considered in [28] belong to the much broader class of games known
as concave games: each agent’s reward function is individually concave. Therein, the dynamics investigated

may lead to positive regret in the limit. Note that mixed extensions of finite games belong to the class of



linear games (i.e. each agent’s reward is individually linear in its own action), which belong to the class of
concave games, which in turn belong to the class of continuous games. Another recent paper [2] studied a
two-player continuous zero-sum game, and showed that if both players adopt a no-regret learning algorithm,
then the empirical time-average of the joint action converges to Nash equilibria. However, barring a few recent
exceptions, the territory of no-regret learning on concave games is not well understood (let alone in general
games with continuous action sets). An exception to this is the recent paper [24] where the authors establish
the convergence of mirror descent in concave potential games with perfect information and synchronous user
updates — a result later extended to learning in monotone games [31].

Second, the convergence mode that is commonly adopted in the existing literature is that of ergodic
convergence —i.e., convergence in the sense of time averages [9, 7, 10, 25]), rather than the convergence of the
actual sequence of play (i.e. x"). The former is convergence of the empirical frequency of play, while the latter
is convergence of actual play: the latter implies the former, but not the other way round. In a game-theoretic
context, convergence of the actual sequence of play is crucial for several reasons: a) convergence in the sense
of time averages does not preclude that players might play subpar (e.g., strictly dominated) strategies infinitely
often; b) the players’ rewards are determined by their actions, not their time-averages, so ergodic convergence
diminishes in predictive value if it is not accompanied by similar conclusions for the players’ realized actions;
and ¢) because there is no inherent averaging, the analysis of the actual sequence of play provides a much
finer understanding of the evolution of the joint action. In fact, the difference between these two convergence
modes was highlighted in [29], where it is shown that even though the time-average of continuous-time
OMD converges to Nash equilibrium in bilinear zero-sum games, actual play orbits interior Nash equilibria
in perpetuity. Some recent positive results in specific games do exist: [24, 25] studied nonatomic routing
games (a special class of concave potential games) and established that multiplicative weights converge to
Nash equilibria, while the authors of [37] established the convergence of the multiplicative weights algorithm
to Nash equilibria under certain conditions in atomic non-splittable congestion games.

A third important point is that many of the works discussed above concern multi-agent online learning
models with perfect information — in the sense that there are no errors or other corruption factors in the
feedback that each agent receives at each round. However, due to the massive growth in scale in many of
the operations systems captured by multi-agent models, a new set of challenges arises: i) Feedback may
arrive with a significant delay (as agents might be spread across different geographical locations); i7) such
feedback delays will inevitably be asynchronous due to the sheer number of agents; iii) the received feedback
is susceptible to noise, measurement errors and information transmission losses; and iv) to make decisions
online, a learning algorithm must collect and act on only minimal information from a high-dimensional space

(e.g., joint action of all agents). This means that imperfect information, including both delays and noise (and



possibly many other types of feedback impediments), is rapidly becoming the rule rather than the exception;

however, this crucial feature has not been sufficiently addressed in the literature so far.

1.2. Our Contributions In this paper, we focus on the noise and delay/asynchronicity aspects of the
challenges mentioned above. To begin with, we identify a broad class of (not necessarily concave) continuous
games, which we call A-variationally stable, and which contain several important classes of continuous
games that arise in the literature. Within this class, we are able to treat convergence questions without having
to consider highly structured frameworks, such as concave potential games (though our analysis also covers
such games). For completeness, we also discuss several practical examples of games that are variationally
stable in Sections 2 and 3.

In terms of learning, we focus on the widely used OMD family of learning algorithms, and we examine in
depth its convergence properties in the presence of delays/asynchronicities and noise. This is accomplished by
means of a tailor-made Lyapunov function, the so-called A-Fenchel coupling, which serves as a “primal-dual”
divergence measure between (dual) gradient steps and (primal) decision variables. In particular, we show that
the sequence of play induced by OMD converges to the game’s set of Nash equilibria in all stable games,
provided that the delays of all players are synchronous and bounded (see Theorems 4.1 and 4.2). As an
important feature of this result, it should be noted that players may be receiving gradients out-of-order and do
not need to keep track of the stages from which a given bit of feedback originates from. Proceeding in a
piecemeal fashion, we then consider additional feedback impediments in the form of noisy measurements and
observation errors. In this case, we show that the sequence of play induced by OMD, now a stochastic process,
converges to a Nash equilibrium with probability 1, under synchronous and bounded delays (Theorem 4.5).

Finally, to lift the requirement of synchronous delays, we introduce a modification of vanilla OMD, which
we call delayed mirror descent (DMD), and which leverages past information repeatedly, even in rounds where
players receive no feedback. Thanks to this modification, we show that, in stable games, the sequence of play
induced by DMD converges to Nash equilibria almost surely, even when delays are not synchronized between
players, and might even be unbounded relative to the horizon of the game (Theorem 5.1 and Lemma 5.1).
Importantly, this result remains robust in the presence of noise: as shown in Theorem 5.2 the sequence of
play induced by DMD converges to a Nash equilibrium as long as there is no systematic bias in the errors
affecting the players’ feedback process.

Our analysis draws tools from variational analysis, stochastic approximation, dynamical systems and
martingale limit theory, and provides a flexible toolbox for examining the convergence of both OMD and

DMD under a unified framework.

2. Problem Setup We formalize the multi-agent online learning under imperfect information framework.



2.1. Multi-Agent Reward Structure: Continuous Games We start with the definition of a continuous
game, which provides a reward function for each player in an online learning process.

DerINITION 2.1. A continuous game G is a tuple G = (N, X = Hil\il Xi{u;} ), where N is the set of N
players {1,2,...,N}, X is the joint action space, with X;, a compact and convex subset of a finite-dimensional
vector space R% , being the action space for player i. Finally, u; : X — R is the reward function for player i,
assuming to satisfy the following regularity conditions for all i € N:

1. u;(x) is continuous in x.
2. u; is continuously differentiable in x; and the partial gradient V,, u;(x) is Lipschitz continuous in x.

Throughout the paper, x_; denotes the joint action of all players but player i. Consequently, the joint action?
x will frequently be written as (x;,X_;). Note that we do not assume, as is typical in the single-agent online
learning problem, that each reward function u; is concave in x;: such an assumption is crucial in obtaining
good regret performance, but is fairly restrictive for the current multi-agent learning problem.

Next, we define two important quantities in the current context.

DeriniTION 2.2.  We denote by v(x) to be the column vector of all the partial gradients of the reward
functions*: v(x) = (v{(x),. . .,vn (X)), where v;(x) £ V, u;(x).

DeriNiTION 2.3, Given a continuous game (N, X = Hfi 1 i {ui}il\i |)> X" € X is called a Nash equilibrium
if for each i € N, u;(x},x* ) > u;(x;,X* ), Vx; € A;.

Two comments on notational conventions used in this paper: First, (-,-) denotes inner product. However,
when there is no confusion (particularly in the proofs), we abbreviate it to normal multiplication for
convenience. For instance, we write v;(x)(x; — x) as a shorthand in replacement of (v;(x), x; — x}). Second, let
Il - || be a vector norm on &". Then || - [|* denote its dual norm: ||y||* = max x| <1 {x,y). We use the superscript
|| -]I* (rather than a subscript) because each agent has its own norm || - ||; on AX;; hence we reserve the subscript

to agent index.

2.2. Examples Below, we present some motivating examples for the class of games under consideration:
ExampLE 2.1 (CournNoT oLIGOPOLIES). In the standard Cournot oligopoly model, there is a finite set
N ={1,...,N} of firms, each supplying the market with a quantity x; € [0,C;] of some good (or service)
up to the firm’s production capacity, given here by a positive scalar C; > 0. This good is then priced as a
decreasing function P(x) of the total supply to the market, as determined by each firm’s production; for

concreteness, we focus on the standard linear model P(x) =a — b }}; x; where a and b are positive constants.

3 Note that boldfaced letters are only used to denote joint actions. In particular, x; is a vector even though it is not boldfaced.

4 Note that per the second assumption in the definition of a continuous game, the gradient v(x) always exists and is a continuous
function on the joint action space X.



In this model, the utility of firm i (considered here as a player) is given by
ui(x) = x; P(x) — c;x;, (2.1)

where c; represents the marginal production cost of firm i, i.e., as the income obtained by producing x; units
of the good in question minus the corresponding production cost. Letting X; = [0, C;] denote the space of
possible production values for each firm, the resulting game G = G(N, X, u) is easily seen to be a continuous

game in the sense described above.

ExampLE 2.2 (KELLY AUcTIONS). Consider a service provider with a number of splittable resources
seS=A{l,...,S} (representing e.g., bandwidth, server time, ad space on a website, etc.). These resources
can be leased to a set of N bidders (players) who can place monetary bids x;; > O for the utilization of
each resource s € S up to each player’s total budget b;, i.e., X scs Xis < b;. A popular — and widely used —
mechanism to allocate resources in this case is the so-called Kelly mechanism [23] whereby resources are
allocated proportionally to each player’s bid, i.e., player i gets

qsXis
Pis= —w (2.2)
Cs+ 2 jeN Xjs
units of the s-th resource (in the above, g5 denotes the available units of said resource and c¢s > 0 is the “entry

barrier” for bidding on it). A simple model for the utility of player i is then given by

ui(xp3x-;) = Z[gipis - Xis ) (2.3)

seS
where x; = (x;5)ses is the bid vector of player i and g; denotes the player’s marginal gain from acquiring a
unit slice of resources. As before, if we write X; = {x; € ]R*?r : 2ses Xis < b;} for the space of possible bids of

player i on the set of resources S, we again obtain a continuous game in the sense of the previous section.

ExampLE 2.3 (CoNGEsTION GaMES). Consider a set of players  that share a set of amenities s € S, each
associated with a nondecreasing convex cost function cs: Ry — R (for instance, these amenities could be
links in an urban traffic network and their corresponding delay functions). Each player i € N has a certain
load p; > 0 which is split over a collection A; C 29 of subsets of amenities a; of S — e.g., sets of links that
form paths in the network. Then, the set of possible actions of player i € N can be represented by the scaled
simplex X; = p;A(A;) = {x; € ]Rfi D D e A; Xia; = pi} of load distributions over A;.

Given a load profile x = (xy,...,xx), costs are determined based on the utilization of each amenity as
follows: First, the demand ws of the s-th amenity is defined as the total load wg = }};cnr Zaias Xiq; ON

said amenity. This demand incurs a cost cg(w,) per unit of load to each player utilizing amenity s, with



¢s: Ry — R being here a nondecreasing convex function. Accordingly, the total cost to player i € A is given
by
()= " Xiay Ciay (%), (2.4)

;g G.Ai

where Ciq, (X) = X eq, ¢s(Ws) denotes the cost incurred to player i by the utilization of the set of amenities
a; € S. The resulting game is called an atomic splittable congestion game and is easily seen to adhere to the

above framework.

2.3. Online Mirror Descent on Continuous Games under Delays We extend the general single-agent
online learning delay model [39] to the multi-agent case. Algorithm 1 gives multi-agent OMD learning under

delays. Several comments are in order here. First, each /;(-) is a regularizer on X}, as defined next.

Algorithm 1 Multi-Agent Online Mirror Descent under Delays

1: Each player i chooses an arbitrary initial y? € R%.
2: fort=0,1,2,... do

3: fori=1,...,Ndo

4 x! = argmaxy, ex; {{yi, xi) — hi(x;)}

s vt =yl e Byegr vix®)

6: end for

7: end for

DerintTioN 2.4, Let D be a compact and convex subset of R”. We say that g : D — R is a regularizer
(with respect to some vector norm || - ||) if g is continuous and K-strongly convex with respect to || - ||: there
exists some K > O such that vz € [0,1],Vd,d’ € D: g(td+ (1 -1)d’) <tg(d)+(1—1)g(d’)— %Kt(l —1)||d’ =dJJ%.

Second, the gradient step size @ in Algorithm 1 can be any positive and non-increasing sequence that
satisfies the standard summability assumption: Y7 @ = 00,3} 1 (@' )? < co.

Third, some words on the delay model: in Algorithm 1, G! denotes the set of rounds whose gradients
become available for player i at the current round 7. Denote player i’s delay of the gradient at round s to be d?
(a positive integer), then this gradient v;(x*) will be available at round s + d? — 1: s € Q;.Hd? ' In particular, if
d? =1,Vs, then this corresponds to the case where player i doesn’t have any delays. Note that each player can
receive out-of-order gradients: this can happen if the gradient at an earlier round has a larger delay than that
of the gradient at a later round. Finally, note that the data (i.e. feedback) each player needs to collect and act

upon is only of dimension d; (i.e. dimension of each player’s actions space), rather than the dimension of the

joint action space.



2.4. Online Mirror Descent on Continuous Games under Both Delays and Noise We can further
incorporate noisy feedback, the second feature of imperfect information, into the existing framework.
Specifically, player 7, instead of receiving a perfect gradient as in Line 5 of Algorithm 1, only receives a noisy
gradient 7 (X®) = v;(X®) + &*! (see Algorithm 2), where {£’ yoo, ={(EHN ¥, is some noise process. Note
that the iterates X! and Y/ are now capitalized to make explicit the fact that they are now random variables.
It is important to point out that the random variables X f and Yl.t are adapted to yo,f 1., .,&", rather than

y9,&L ..., & . We make the following assumption on the noise process:
L 14 1

Algorithm 2 Multi-Agent Online Mirror Descent under Delays and Noise

1: Each player i chooses an arbitrary initial y? eR%,

2: fort=0,1,2,... do

3: fori=1,...,Ndo

4 X! = argmaxy, ex, {(Y/, x;) — hi(x;)}

s YT =Y bal S XD AV 40! Byeqr (XN + £
6: end for

7: end for

AssumpTION 2.1.  Let F! be the canonical filtration induced by the random variables £',. . . &'
1. The noisy gradients are conditionally unbiased: Vt, E[£'*! | F']=0,a.s..

2. The noisy gradients are bounded in second moments: Vt,E[(||€'|*)? | F'] < V,a.s., for some V > 0.

3. A-Variational Stability As mentioned in the introduction, convergence to Nash equilibria does not
hold in general, and can easily fail even in mixed extensions of finite games. Consequently, the existing
literature has focused on obtaining such results in specific finite games (and mixed extensions thereof). In this
section, we define a broad class of continuous games, called A-variationally stable games, study its structural
properties, and give several subclasses of games that belong to this class. In subsequent sections, we establish

last-iterate convergence results in this general class of games.

3.1. Definition and Properties
DerintTION 3.1, Given a continuous game (N, X =[] l’\i | X {u,-}il\i |)-asetC C X is called A-variationally

stable for some A € RY, if C is non-empty and it holds that (with equality if and only if x € C):

N
Zﬁi<vi(x),x,~ —¢;)<0,Vx € X,VeeC.

i=1

As the next lemma indicates, a variationally stable set has special structures:



LemmMma 3.1, In a continuous game (N, X = ]_[i]\; 1 Xis {u,-}l.l\:’ 1), if C is a non-empty A-variationally stable

set, then C is a closed and convex set of all Nash equilibria of the game.

Proof: First we show that any element x* € C is a Nash equilibrium. For any i € \V, take any x; € X; and
any 7 € (0,1], setx = (x5 x (L =T)X] + 725, X7, |, X)) = X5+ 7(x; — x[)e;, where e; is the j-th unit
vector in the standard basis. By convexity of &}, we have x € X'. We then also have

iui(x;‘ +7(x; — x7);X2) = uvi(X)(x; — x7). (3.1
dr

By applying the variational stability condition to the profiles x* and x, it follows that the RHS of the above
equation is strictly negative for all 7 > 0. In turn, this implies that u;(x) < u;(x"), i.e. X* is a Nash equilibrium.

Next, we show that C is closed. Take any convergent sequence {x’/ 352y in C: x/ € C,limj_, x/ =x*. Then,
for any x € X', we have Zf\i L Aivi(X)(x; — x{ ) <0,¥Yj=0,1,.... Therefore, by continuity, it follows that
lim; 0 Zf\i] Avi(x)(x; — x{) = Zf\il Aivi(x)(x; — x7) < 0,¥x € C, thereby implying x* € C. Since {x/ };io is
any sequence in C, C contains all its limit points and is therefore closed.

To see that C is convex, take any x*,y* € C and any 7 € [0, 1]. For any x € X', we have

N
D Amix)(xi = (xxf = (1= 7)y7)) = (3.2)
N =l N
T i) = x7) +(1=7) Y Avi(®)(x; = 7) <O, (3.3)
i=1 i=1

thereby establishing that 7x* + (1 — 7)y* € C.
Finally, to see that C contains all Nash equilibria of the game, assume z* ¢ C is a Nash equilibrium. Then:

N
Z Avi(z*)(x; —77) <0.Vx € X. (3.4)

i=1

Take an arbitrary x* € C. Since C is A-variational stable and z* ¢ C, we have Zf.\i L Avi(Z*)(z] — x7) <0,
implying that Zl].\i 1 Aivi(z*)(x} = z7) > 0, which contradicts Equation 3.4. |

In view of Lemma 3.1, we can define a general class of games based on the structure of the Nash set.

DerINITION 3.2. A continuous game (N, X = ]—[f\i | Xis {Mi}f\:’ |) is said to be A-variationally stable if its
set X'* of all Nash equilibria is a A-variationally stable set.

We emphasize that in a game setting, A-variational stability is more general than an important concept
called operator monotonicity in variational analysis. Specifically, v(-) is called a monotone operator [40] if
the following holds (with equality if and only if x = X):

N
(v(x)—v(X),x-%) = Z(v,-(x) -vi(X),x; — %) <0O,vx,X e X. (3.5)

i=1



It is known that if v(-) is monotone (which defines an important and broad class of games referred to as strictly
diagonal concave games studied in [42]), then a unique Nash equilibrium x* exists and (per the property of a
Nash equilibrium) satisfies (v(x*),x —x*) < 0. Consequently, by expanding Equation 3.5, it then follows that
(v(x),x —x*) < (v(x*),x —x*) <0, where equality is achieved if and only if x = x*. This implies that when
v(x) is a monotone operator, the singleton set of the unique Nash equilibrium is 1-variationally stable. The
converse is not true: when v(x) is not a monotone operator, we can still have a unique Nash equilibrium? that

is A-variationally stable, or more generally, have a A-variationally stable set of Nash equilibria.

3.2. A Simple Sufficient Condition for Variational Stability We now give a condition ensuring that a

unique Nash equilibrium exists and is A-variationally stable.

Lemma 3.2.  Given a continuous game (N, X = Hf\il X, {ui}i]\il), where each u; is twice continuously

differentiable. For each x € X, define the A-weighted Hessian matrix HY(x) as follows:
Aoy | 1 T
Hl.j(x) = Eﬂi Vi, vi(X) + E/lj(in vi(x)) . 3.6)

If H\(X) is negative-definite for every x € X, then X* is the unique A-variationally stable Nash equilibrium.

ReEMARK 3.1. It is important to note that the Hessian matrix so defined is a block matrix: each Hl.’lj(x) isa
d; X d; matrix: Hlflj(x) = %/l,- Vi Vi, ui(x) + %Aj(in Vi, u i(x))". The proofs to both lemmas in this section
are omitted due to space limitation.

Proof: Per Thereom 6 of [43], the assumption in the lemma implies that:

N
DA wilx) = vil®), xi - ) <O,Yx. K€ X, 3.7)
i=1

where equality holds if and only if x = X. Per Theorem 2 of [43], this inequality then implies that there exists

a unique Nash equilibrium x*. Plug x* into Inequality 3.7 for X, we have that for any x € X:

N N
DL Aix), x5 = x7) < 3 A (vi(x), xi = x7) <0,
i=1 i=1

where the second inequality follows from the fact that x* is a Nash equilibrium. Furthermore, both equality

are achieved if and only if x = x*. This implies that {x*} is A-variationally stable. |

5 When a continuous game admits a unique Nash equilibrium x*, we shall say for convenience that x* is A-variationally stable if {x*}
is A-variationally stable, although it should be kept in mind that variational stability is a property on a set.



3.3. Examples of 1-Variationally Stable Games We end this section with several important classes of
games that satisfy the A-variational stability criterion. This is by no means a comprehensive list. Our goal is
to illustrate that many important and well-known classes of games, some of which are already quite broad,
are in fact subclasses of A-variationally stable games:

ExawmpLE 3.1 (Cournot OLicopoLigs). With notation as in Example 2.1 and A =1, we have

10vi(x) 10vj(x)
H.(x)= =———=+= =—b6;j—b 3.8
U(X) 2 8x, 2 Bx,- Y ’ ( )
where 6;; = 1 if i = j and ¢;; = 0 otherwise. Consequently, we get
H(x) = =b(I+1yxn). (3.9)

Since 1yxy =117, we trivially conclude that Hl.lj (x) is negative-definite for all x. Hence, by Lemma 3.2, the

game admits a unique Nash equilibrium that is 1-variationally stable.

ExampLE 3.2 (KELLY AucTIONS). Our second example of a variationally stable game is the Kelly auction

of Example 2.2. To show this, consider the weighted social welfare function

U() =) g wi(x) = chﬁg’:‘wﬂ 33w = qu’;’ex;g 3 Y we (310)

ieN ieN seS ieN seS s€S ieN seS
Since the function ¢g(x) = x/(c + x) is strictly concave for all ¢ > 0, it readily follows that
a) Each payoff function u; is strictly concave in x; and convex in x_;.
b) The welfare function U(x) is concave in x.

With these properties in mind, let A; = 1/g; and note that

V2 U(x) = Zakvz u(x) = V2 ul(x)+z/lkV g (%)
k=1 k#i
= 2HA(x) = V2, ui(x) + Z A2 (%) (3.11)
k#i

and

V.V, Ulx) = Zakvx,vxj (%) = AV Vo i (X) + 4, Vo V1 (x) + Z AV Vg (%)
k=1 k#i,j

=2HA(x) + Y AV Vg ui(x). (3.12)
k#i,j

To proceed, write the terms in the expressions above as M;;(x) = V.,V U(x), D;j(x) = 6V, Vx,u;i(x), and

ij(x) = (1= 6 )(1 = 8j1) V.,V ur (x), 5O

N
2H(x) = M(x) + D(x) = ) ;B(x). (3.13)



Since U(x) is concave in x, we will also have M(x) 3= 0; by the strict concavity of u;(x) in x;, we also get
D(x) > 0; finally, since each ; is convex in x_;, it follows that Bi(x) <0 foralli=1,...,N, x € X (simply
note that B?(x) is the Hessian matrix of u;(x;; x_;) with the variable x; omitted). Putting all this together, we

get HY(x) > 0, i.e., so the game is variationally stable by Lemma 3.2.

ExAMPLE 3.3 (CONCAVE POTENTIAL GAMES). A game G = (N, X = [_If.\i 1 i {u,-}ili |) is called a potential
game [32] if there exists a potential function V : X — R such that u;(x;,X_;) — u;(%;,X—;) = V(x;,X-;) —
Vi(%:,x_;),Vi € N,Vx € X,V&; € X;. A potential game is further called a concave potential game if the potential
function V(-) is concave. Note that in a concave potential game, we have

1 1 1 T
HY(X) = 540 Vi i) + 5.45(Va, (X))

2

1 1
= 54 Vi, Vi, VOO + 54;(Vo, Vi, V)T (3.14)

Setting A = 1, we obtain H'(x) = V2V, which is negative semi-definite when V is concave. This implies that

in a concave potential game, C = arg maxxex V(X) is 1-variationally stable per Lemma 3.2.

ExamPLE 3.4 (D1acoNaLLY STRICT ConcavE GaMmes). This is a class of continuous games introduced
by Rosen [42]. Specifically, a diagonally strict concave games satisfies the following two conditions:

1) It is a concave game: each u;(x;, x_;) is individually concave in x;.

2) SN A (wi(x) = vi(R), x; — %) < 0,Vx,% € X, for some positive scalars 1,42, ..., A

Note that strictly diagonally concave games strictly include monotone games, which are concave games
satisfying (v(x) — v(X),x — X) < 0,V¥x,X € X'. Namely, a monotone game is a concave game where the joint

gradient is a monotone operator.

ExawmpLE 3.5 (Pseupo-MonoToNE GaMEs). Therecent work [51] relaxed the monotone operator assump-
tion and introduced a broader class of games called pseudo-monotone games. A pseudo-monotone game is a
concave game satisfying, Vx,X € X: If (v(X),x —X) <0, then (v(x),x —X) <O0.

To see that a pseudo-monotone game is A-variationally stable, we start by noting an important characteri-
zation of a Nash equilibrium that is well-known in the literature (e.g. [14]): x* is a Nash equilibrium of a
concave game if and only if for every i € N, and every x € X, (v;(x*),(x; — x;)) < 0. Note that the “only if"
direction holds even in a general continuous game.

Consequently, at a Nash equilibrium x*, we have (v(x*),x — x*) < 0. Since a pseudo-monotone game is a
concave game, its set of Nash equilibria is non-empty, and hence at least one Nash equilibrium x* exists. The
definition of a pseudo-monotone game then immediately implies (v(x),x —x*) < 0, thereby establishing the

conclusion.



Albeit general, not every continuous game is A-variationally stable. To see this, simply note that at the
generality of an arbitrary continuous game, a Nash equilibrium may fail to exist. And, even if a game
admits an equilibrium, this need not be necessarily stable: the class of atomic splittable congestion games of
Example 2.3 satisfies Rosen’s diagonal strict concavity condition when the set of amenities corresponds to a

network with parallel links [36], but not necessarily otherwise.

4. Multi-Agent Online Mirror Descent under Imperfect Information We tackle the convergence
problem of multi-agent OMD under imperfect information: both delays and noise. We start by defining
(Section 4.1) an important divergence measure, A-Fenchel coupling. We then establish its useful properties
that play an indispensable role throughout. Building on this tool, we establish (Section 4.2) last-iterate
convergence of multi-agent OMD to Nash equilibria under synchronous and bounded delays and extend

(Section 4.3) the result to almost sure convergence to Nash equilibria under both delays and noise.

4.1. A-Fenchel Coupling

DeriNiTION 4.1, Let (M, X = Hf\i 1 Xis {u,-}l.’z ,) be a continuous game. For each player i, let h; : X; > R
be a regularizer with respect to the norm || - ||; that is K;-strongly convex.

1. The convex conjugate function A; : R% — R of h; is defined as: h(y:) = maxy, ex; {{xi, yi) — hi(xi)}

2. The mirror map C; : R% — X, associated with regularizer h; for player i is defined as: Ci(y;) =
arg maxy, ex; {{xi,yi) — hi(x;)}. Further, define C: REL i X, with C(y) =(Ci(y1),...,Cn(YN)).

3. For a A € RY,, the A-Fenchel coupling F*: X x RZZ1 4 — R is defined as: FY(x,y) = Zf\il Ai(hi(x;) -
(xi, yi) + hi (yi)).

Note that although the domain of #; is X; c R%, the domain of its conjugate (gradient space) h? is R% .
Since it is not directly relevant to the results presented in this work, we mention in passing that A-Fenchel
coupling generalizes the well-known Bregman divergence function: when A = 1, A-Fenchel coupling coincides
in value with Bregman divergence if x is an inteior point in X’ (but not necessarily otherwise). The two key

properties of A-Fenchel coupling are:

Lemma 4.1. Foreachie{l,...,N}, let h; : X; = R be a regularizer with respect to the norm || - ||; that
is K;-strongly convex and let 1 € RY,. Then Vx € X,Vy,y € R ;
1. Fix,y)>1 SN KA Ci(yi) - xi||? > L(min; K; 4;) SN NG - xil12.

2. FA%5) < FAxY) + i) Ai(Fi = yi, Ci(ye) = xe) + S(max; £5) S (15 = yill)% where || - |} is the dual

norm of || - i (L.e. || yill; = max ., j; <1 {xi, yi)-

RemARk 4.1.  Since each space A} is endowed with norm || - ||;, we can define the induced aggregate

norm || - || on the joint space X as follows: |x| = Zf\; , l1xi]l;. Similarly for the aggregate dual norm:



llyll* = Z,{\i] || y:ll7. Finally, note that Part 1 of Lemma 4.1 implies that FYx,y") > 0= C(y') > xast — co.
We further assume for the rest of the paper that the mirror maps are regular in the following (very weak)
sense: C(y') — x = F*(x,y") — 0 as t — co. Unless one aims for pathological cases, mirror maps induced

by typical regularizers are regular: examples include the commonly used Euclidean and entropic regularizers.

4.2. Convergence of Multi-Agent OMD to Nash under Synchronous and Bounded Delays

AssumptioN 4.1.  The delays are assumed to be:
1. Synchronous: G! = g;,Vi,j,Vt.
2. Bounded: d! < D,Vi,Vt (for some positive integer D).

THEOREM 4.1.  Let (N, X = ]_[l].\i1 X, {ui}i]\il) be a continuous game that admits X* as the unique Nash

equilibrium that is A-variationally stable. Under Assumption 4.1, X' — X*, where X' is given in Algorithm 1.

RemMaRrk 4.2. The proof is somewhat long and involved. To aid the understanding and enhance the
intuition, we break it down into four main steps, the details are omitted due to space limitation.
1. Since the delays are synchronous, we denote by G’ the common set and d’ the common delay at round 7.

The gradient update in OMD under delays can then be written as:

yitt =yl +a Z vi(x*) =yl +a' {|gz|vi(xt) + Z {vi(x*) - Vi(Xt)}} . 4.1

seg! seg!
Define b} = 3 cgr {vi(x*) — vi(x)}. Using the bounded delay assumption, we establish, after a chain

3
%cx"l)“ where K £ min; K;, L is the Lipschitz constant for v(-),

of inequalities, that |[b}]|" <
Vinax = Maxgex ||[v(X)||* and D is the bound on delays. This implies that lim;_,co l|6%]|; = O for each i.
2. Define b’ = (b,...,b",) and Claim 1 yields that lim; ,c, b’ = 0. Per Equation 4.1 in Claim 1, we can then

write the joint OMD update of all players under delays as follows:

x' =C(y"), 4.2)
y* =y +a' {|G'v(x") +b'}. 4.3)

Let B(x*,e) = {x € X | ||x —x*|| < €} be the open ball centered around x* with radius €. Then, using
A-Fenchel coupling as an energy function and leveraging the handle on b’ given by Claim 1, we establish
that for any € > 0, the iterate x’ will visit B(x*,€) infinitely often, no matter what the initial point x° is.
This is accomplished by applying Statement 2 of Lemma 3.1 to expand Equation C.12, and subsequently
by showing that, through a chain of inequalities, unless the above statement is true, the A-Fenchel coupling,

always non-negative, would go to —oo.



3. Fix any ¢ > 0 and consider the set B(x*,0) £ {C(y) | FA(x*,y) < ¢}. In other words, B(x*,5) is some
“neighborhood" of x*, which contains every x that is an image of some y (under the mirror map C(-))
that is within & distance of x* under the A-Fenchel coupling “metric". Although F*(x*,y) is not a metric,
B(x*,5) contains an open ball within it: for any § > 0, 3e(6) > 0 such that: B(x*,€) c B(x*,5).

4. For any “neighborhood" B(x*,9), after long enough rounds, if x’ ever enters B(x*,9), it will be trapped
inside B(x*, ) thereafter. Mathematically, the claim is that for any § > 0, 3T(6), such that for any # > T(6),
if X € B(x*,6), then x” € B(x*,8),¥7 > t. This is done by considering two possibilities:

(a) Possibility 1: x’ € B(x",&(%));

(b) Possibility 2: x € B(x*,6) - B(x*,e($));

and using a different argument for each possibility to establish that x'*! € B(x*,§) in both cases.
It is now time to put all four elements above together. The significance of Claim 3 is that, since the iterate x’
will enter B(x*, €) infinitely often (per Claim 2), x’ must enter B(x*,) infinitely often. It therefore follows
that, per Claim 4, starting from iteration ¢, x’ will remain in E(x*,é). Since this is true for any ¢ > 0, we

have FA(x*,y’) — 0 as t — oo. Per Statement 1 in Lemma 4.1, this leads to that ||C(y’) —x*|| — 0 as t — oo,

thereby establishing that x’ = C(y") — x* asr — 0.

In fact, the result generalizes straightforwardly to the set of Nash equilibria case, where proof is line-by-line
identical, provided we redefine, in a standard way, every quantity that measures the distance between two
points to the corresponding quantity that measures the distance between a point and a set (by taking the

infimum over the distances between the point and a point in that set). We directly state the result below.

THeEOREM 4.2.  Let (N, X = Hfi 1 X {ui}i]\:’ |) be a continuous game that admits X* as the A-variationally
stable set of Nash equilibria. Under Assumption 4.1, lim,_,« dist(x’, X*) = 0, where dist(-,-) is the standard

point-to-set distance function induced by the norm || - ||.

4.3. Almost Sure Convergence of Multi-Agent OMD to Nash under Delays and Noise The additional
feature of noisy gradients (Algorithm 2) introduces significant new challenges for establishing the convergence
result. For instance, Claim 4 in Remark 4.2, a crucial step in establishing Theorem 4.1, no longer holds
because, a priori, a single noisy gradient can potentially perturb the iterates out of the open neighborhood
around the Nash set. Consequently, we take a different approach here: cast the OMD dynamics in a differential
equation approximation framework and connect the iterates from the OMD algorithm to the solution from
the differential equation. We begin with minimal mathematical preliminaries (see [4]).

DerFiniTION 4.2, A semiflow ¢ on a metric space (M,d) is a continuous map ¢ : R, X M — M: (¢,x) —

¢+(x), such that the semi-group properties hold: ¢y = identity, ¢, = ¢; o ¢ for all (z,5s) € Ry X R,.



ReEmMaRrk 4.3. A standard way to induce a semiflow is via an ordinary differential equation (ODE).
Specifically, as mentioned in [4], if F : R™ — R™ is a continuous function and if the following ODE has a

unique solution trajectory for each initial point ¥ € R™:

& = R
x(0) =%,

then ¢, (%) defined by the solution trajectory x(¢) € R™ as follows is a semiflow: ¢;(¥) = x(t) with x(0) = X.
We say ¢ defined in this way is the semiflow induced by the corresponding ODE.

DeriniTION 4.3, Let ¢ be a semiflow on the metric space (M,d). A continuous function s : R, — M is
an asymptotic pseudotrajectory for ¢ if for every T > 0, the following holds:

lim sup d(s(t+ h),dn(s(2))) =0. 4.4)

[=00<p<T

RemMARrk 4.4. By definition, that s is an asymptotic pseudotrajectory for ¢ means s and ¢ are very close for
sufficiently large r. Specifically, for each T > 0, there is a large enough fy, such that V¢ > 1y, the curve s(¢ + h)
approximates the trajectory ¢y (s(¢)) on the interval & € [0,T] with any pre-specified degree of accuracy.

We next state two martingale convergence theorems (adapted from [18]) that shall be useful: law of large

number for martingales and Doob’s martingale convergence theorem in order.

THEOREM 4.3 (LAW OF LARGE NUMBER FOR MARTINGALES). LetS' =Y _ X k be amartingale adapted
to the filtration S* and {u'}7? | be a increasing sequence of positive numbers with lim; ., u' = co. If Ap € [1,2]

t+1|p|Qt
such that 372 W < o0, a.s. , then:

t
lim — =0, a.s..

t—oo Y

THEOREM 4.4 (DOOB’S MARTINGALE CONVERGENCE). Let S' be a submartingale adapted to the filtration
S', wheret =0,1,2,.... If S" is I'-bounded: sup, ., E[|S"|] < oo, then S' converges almost surely to a random

variable S with E[|S]|] < .
With the above notation in place, we are now ready to state and establish the convergence result.

TueoreM 4.5.  Let (N, X = Hf\i 1 X {u; }Y |) be a continuous game that admits X* as the A-variationally

i

stable set of Nash equilibria. Under Assumptions 4.1 and 2.1, X" in Algorithm 2 converges to X* a.s..

RemaRrk 4.5. The proof builds on the delays-only case, but is more involved and calls for a different

proof strategy. We outline the main steps (again it suffices to consider the single Nash equilibrium case):



1. Using the same notation as Remark 4.2, OMD’s joint gradient update in Algorithm 2 can be rewritten as:

Yl —yt 4ot Z(V(XS)+§S+1) —Y'+a! {|gt|v(Xl)+ Z §S+l +Bt}’ (4.5)

seg! seg!

where B! = ¥ cgi {vi(X*)—v;(X")} and B' = (BY,...,B},). Similar to Claim 1 in Remark 4.2, we establish
that B" — 0 almost surely as t — co. Similar to Claim 2 in Remark 4.2, using A-Fenchel coupling as the
energy function, leveraging B’ — 0,a.s., and using both the law of large number for martingales and
Doob’s martingale convergence theorem [18], we establish that any open ball around x* is recurrent.
Mathematically, for any € > 0 and any initial point x°, the iterate X visit B(x*, ) infinitely often almost
surely. Note that per Claim 3 in Remark 4.2, this then implies that for any ¢ > 0, X’ must almost surely
visit B(x*,5) infinitely often, irrespective of the initial point.

2. Next we consider the ordinary differential equation (ODE) approximation of OMD as follows:

y = v(x),
x=C(y).

This ODE is a mean approximation of Equation 4.5, where both the martingale noise term ;g £stl
and the negligible B’ term are removed, and where |G’| is absorbed into the step-size. This can be written
as y = v(C(y)), which can be verified to admit a unique solution trajectory for any initial condition.
Consequently, per Remark 4.3, this solution induces a semiflow®, which we denote ¢,(y): it is the state at
time ¢ given it starts at y. Note that we have used y as the initial point (as opposed to y°) to indicate that
the semiflow representing the solution trajectory should be viewed as a function of the initial point y.

3. We now relate the iterates generated by OMD to the above ODE’s solution. First, we connect linearly
the OMD iterates YO, Y, Y2, ...,YX ... attimes 0,2 |G%a® + |G|, .. .,Z;:ol |G|, . .. respectively to
form a continuous, piecewise affine curve. Namely:

k+1

Y(£) = Yk—i-(t—Zoz Y — forte] Z|g o, Z|Ql|a)k 0,1,.

where we adopt the usual convention that Zl_:lo a! = 0. We then show that Y (¢) (arandom trajectory) is almost
surely an asymptotic pseudotrajectory of the semi-flow ¢ induced by the above ODE. Mathematically, we
establish that VT" > 0,1im; .o supy <, <7 IY (t + 1), ¢ (Y (2))||* = 0,a.s..

4. Having characterized the relation between the OMD trajectory (affine interpolation of the discrete OMD
iterates) and the ODE trajectory (the semi-flow), we now turn to studying the latter (the semiflow given by

the ODE trajectory). A desirable property of ¢,(y) is that the distance F(x*,¢;(y)) between the primal

6 A crucial point to note is that since C may not be invertible, there may not exist a unique solution for x().



variable x* and the dual variable ¢,(y)) (as measured by the Lyapunov function A-Fenchel coupling) can
never increase as a function of . We refer to this as the monotonicity property of A-Fenchel coupling under
the ODE trajectory, to be contrasted to the discrete-time dynamics, where such monotonicity is absent

(even when perfect information on the gradient is available). More formally, we show that Vy,V0 < s <¢,

FAX*, ¢5(y)) > FA(X", ¢ (y)). (4.6)

5. Continuing on the previous point, not only the distance F*(x*,¢,(y)) can never increase as ¢ increases,
but also, provided that ¢,(y) is not too close to x* (under the A-Fenchel coupling divergence measure),
FA(x*, ¢,(y)) will decrease no slower than linearly. This suggests that either ¢,(y) is already close to x*
(and hence x(7) = C(¢:(y)) is close to x*), or their distance will be decreased by a meaningful amount in
(at least) the ensuing short time-frame. We formalize this discussion into the following mathematical

claim: Ye > 0,Vy, ds > 0, such that:

FAX',6,(y) < max{5. F'(x'.y) - 5}. 4.7)

6. Now consider an arbitrary fixed horizon T. If at time 7, F(x*, ¢o(Y(¢))) is small, then by the monotonicity
property in Claim 4, FA(x*,¢,(Y(t))) will remain small on the entire interval & € [0,T]. Since Y(¢) is an
asymptotic pseudotrajectory of ¢ (Claim 3), Y (¢ + k) and ¢, (Y (¢)) should be very close for & € [0,T],
at least for ¢ large enough. This means that FA(x*,Y(t + h)) should also be small on the entire interval
h € [0,T], if A-Fenchel coupling has a regular enough structure. It turns out that this is indeed the case.

This can be made precise as follows: Ve, T > 0,37(e,T) > 0 such that Vr > 7,Yh € [0,T]:
FAKSY(t + b)) < FAX, ¢(Y (1)) + % as.. (4.8)

7. Finally, we are ready to put the above pieces together. Claim 6 gives us a way to control the amount by
which the two A-Fenchel coupling functions differ on the interval [0,7]. Claim 4 and Claim 5 together
allow us to extend such control over successive intervals [T,27T),[2T,3T),. .., thereby establishing that,
at least for ¢ large enough, if FA(x*,Y(¢)) is small, then FA(x*,Y(¢ + h)) will remains small Vi > 0. As
it turns out, this means that after long enough time, if X! ever visits B(x*, ), it will (almost surely) be
forever trapped inside the neighborhood twice that size (i.e. B(x*,2¢)). Since Claim 1 ensures that X’
visits B(x*, €) infinitively often (almost surely), the hypothesis is guaranteed to be true. Consequently, this

leads to the following formal claim: Ye > 0,31 (a positive integer), such that:
FAX",Y (19 + h)) < €,Vh € [0,00), a.s.. (4.9)

To conclude, Equation (4.9) in Claim 7 implies that F 4 (x*,Y") — 0, a.s. as t — oo, where the OMD iterates
Y' are values at integer time points of the affine trajectory Y (7). Per Statement 1 in Lemma 4.1, this leads to

that ||C(Y") —x*|| — 0, a.s. as t — oo, thereby establishing that X’ = C(Y") — x*, a.s. as t — 0.



S. Multi-Agent Delayed Mirror Descent under Imperfect Information The synchronous and
bounded delay assumption in Assumption 4.1 is fairly strong”. In this section, by a simple modification of
OMD, we propose a new learning algorithm called Delayed Mirror Descent (DMD), that allows the result to

be generalized to cases with arbitrary asynchronous delays among players as well as unbounded delay growth.

5.1. Delayed Mirror Descent on Continuous Games The main idea for the modification is that when
player i doesn’t receive any gradient on round ¢, instead of not doing any gradient updates as in OMD, it uses
the most recent set of gradients to perform updates. More formally, define the most recent information set®:

Gt = J.’, if G #0
gl ifgl=0.
With this definition, DMD is given in Algorithm 3: note that G; is always non-empty by definition. As in
OMD, the information each player needs to collect and act upon in DMD is of dimension d;. Note also that if

there is no delay, then DMD recovers OMD in Algorithm 1.

Algorithm 3 Multi-Agent Delayed Mirror Descent

1: Each player i chooses an arbitrary initial y?.
2: forr=0,1,2,... do
3: fori=1,...,Ndo

4 x! =argmaxy, ex; {(yh, x;) — hi(x;)}
5: yirl =yl 4+ |g~—;|236g~; vi(x*)

6: end for

7: end for

5.2. Main Delay Assumption Here we only make the following assumption on the delays:

AssumpTION 5.1, For each player i, lim; Z;:mingt a® =0.

This assumption essentially requires delays to not grow too fast. In particular, delays can be arbitrarily
asynchronous among agents. For concreteness, we next give two more explicit delay conditions that satisfy
the main delay assumption. As made formal by the following lemma, if the delays are bounded (but possibly
fully asynchronous), then Assumption 5.1 is satisfied. Furthermore, by appropriately choosing the sequence

a', Assumption 5.1 can accommodate delays that grow unbounded at a super-linear rate.

7 An important reason that vanilla OMD may fail to converge in the absence of such strong delays assumptions is that players do
not take any actions when no gradient is received. This can potentially lead the joint OMD update off the convergence track when
different players receive gradients at arbitrarily different times.

8 There may not be any gradient information in the first few rounds due to delays. Without loss of generality, we can always start at
the first round when there is non-empty gradient information, or equivalently, assume that some gradient is available at = 0.



Lemma 5.1, Let {d}};? | be the delay sequence for player i.
L. If each player i’s delay is bounded (i.e. 3d € Z.,d} < d,V's), then Assumption 5.1 is satisfied for any
positive, non-increasing, not-summable-but-square-summable sequence {a'}.
2. There exists a positive, non-increasing, not-summable-but-square-summable sequence (e.g. a' =

m) such that if d} = O(slog s),Vi, then Assumption 5.1 is satisfied.

Remark 5.1. The proof, which is given in the appendix, indicates that one can also easily obtain
slightly larger delay growth rates: O(tlogtloglogt),O(tlogtloglogtlogloglogt) and so on, by choosing the
corresponding step size sequences. However, we believe such rates are only marginally larger and do not
focus on them here. Further, it is conceivable that one can identify meaningfully larger delay growth rates that
still satisfy Assumption 5.1, particularly under more restrictions on the degree of delay asynchrony among

the players. We leave that for future work.

5.3. Convergence of Multi-Agent DMD to Nash under Asynchronous and Unbounded Delays

TueoreM 5.1.  Let (N, X =T] l’\i | X {u; }N \) be a continuous game that admits X* as the A-variationally

1
stable set of Nash equilibria. Under Assumption 5.1, lim,_, dist(x', X*) = 0, where X' is given in Algorithm 3.
ReEMARK 5.2. The proof uses a similar framework as the one in Remark 4.2, although the details are
different. Building on the notation and arguments given in Remark 4.2, we again outline main ingredients.
Once again, it suffices to consider the single Nash equilibrium case. Details are given in the appendix.
1. The individual gradient update in DMD can be rewritten as:
o' : vi(x*) = vi(x')
— vi(x*) =yl +a'v;(x") + o’ _—
A ‘ 2. G|

seglf segf

t+1 _ .t

i =yt

Vi (x*)—vi(x")

G| > wecan write player i’s gradient update as:

By defining: b’ = 2isegt
Y=yl (vi(x') + BY).

By bounding b!’s magnitude using the delay sequence, Assumption 5.1 allows us to establish that ! has
negligible impact over time. Mathematically, the claim is that lim; . [|6}]|} = 0.

2. The joint DMD update can be written as:

x' = C(y'), (5.1)
v =y + o' (v(x') +b). (5.2)

Here again using A-Fenchel coupling as the energy function and leveraging the handle on b’ given by
Claim 1, we show that for any € > 0 the iterate x’ will visit B(x*,€) infinitely often. Furthermore, per

Claim 3 in Remark 4.2, B(x*,€) c B(x*,6). This implies that X’ must enter B(x*,§) infinitely often.



3. Again using A-Fenchel coupling, we show that under multi-agent DMD, for any “neighborhood" B(x*,),
after long enough iterations, if X’ ever enters B(x*,9), it will be trapped inside B(x*,¢) thereafter.

Combining the above three elements, it follows that under multi-agent DMD, for any ¢ > 0, starting from

iteration ¢ (depending possibly on §), X will remain in B(x*,5). Since this is true for any § > 0, we have

FA(x*,y") — 0 as t — oo, thereby establishing that x’ = C(y") — x* as t — 0.

5.4. Almost Sure Convergence of Multi-Agent DMD to Nash under Delays and Noise Similar to
Section 2.4 and adopting the same notation therein, when there are both delays and noise, multi-agent DMD
is given in Algorithm 4. Characterizing convergence properties in the presence of both asynchronous delays

and noise is more challenging. Here we only focus on the case where all delays are bounded.

Algorithm 4 Multi-Agent Delayed Mirror Descent under Noise

1: Each player i chooses an arbitrary initial y?.
2: fort=0,1,2,... do
3: fori=1,...,Ndo

4; X! =argmaxy, ex, {(Y/, x;) = hi(xi)}
t - t
S VSN Beg TX) S Y+ Gn g (i(X) + 7

6: end for

7: end for

By using a similar framework in Remark 4.5, we obtain the following almost sure convergence result:

THEOREM 5.2. Let (N, X = Hl].\i 1 i {ui}il\i |) be a continuous game that admits X* as the A-variationally
stable set of Nash equilibria. Under Assumption 2.1, if all delays are bounded (i.e. d; < D,Vi,t), then X' in

Algorithm 4 converges to X*a.s..

REMARK 5.3.  One thing to note is that if G/ is always non-empty for every agent i (but otherwise fully
asynchronous), then almost sure convergence to Nash would still hold even when delays grow unbounded at
a O(tlogt) rate in the presence of noise. Extending the convergence result to O(zlog¢) delays without this
non-emptiness assumption (i.e. general arbitrary asynchrony in the presence of noise) is much harder and
requires a substantially different argument in characterizing the behavior of the iterate dynamics. Nevertheless,

we believe the result is still true and leave the full analysis for future work due to space limitation.



6. Discussion and Future Work In this paper, we have presented a framework of multi-agent online
learning under imperfect information. To further demonstrate the broad applicability of this framework, we
quickly discuss some consequences of our results, which can be applied to domains which may not appear
at first sight directly related to the problem we are studying here. For space concerns, we will only focus
on stochastic optimization. Specifically, a one-player game is an optimization problem, where each Nash
equilibrium corresponds to an optimal solution. Consequently, specializing our result to the case where there
is noise but no delay, we obtain that stochastic mirror descent converges to global optimal solutions almost
surely for star-convex objectives. One step further, if we consider a different special case where each agent
shares the same objective, we again obtain a stochastic optimization problem, but this time a distributed
stochastic optimization problem where each agent is updating the global decision variables jointly. In this case,
our result again gives almost sure convergence to global optimal solutions under fairly general conditions.

With the above said, we also believe much future work remains. For instance, it remains to extend the
convergence result to both arbitrarily asynchronous and unbounded delays. We believe the result is still true,
however, the proof will likely be substantially different. Another direction is to study other types of imperfect
information such as feedback loss or duplicate feedback. Another thing to mention is that algorithms studied
in this paper (OMD and/or DMD) are analyzed with respect to a family of admissible step-sizes. Sometimes
an optimal step-size sequence can be chosen to optimize some additional criterion such as computational

budget [46]. We leave this investigation and its implications on the applications for future work as well.

References
[1] Arora, Sanjeev, Elad Hazan, Satyen Kale. 2012. The multiplicative weights update method: A meta-algorithm and applications.
Theory of Computing 8(1) 121-164.

[2] Balandat, Maximilian, Walid Krichene, Claire Tomlin, Alexandre Bayen. 2016. Minimizing regret on reflexive banach spaces

and learning nash equilibria in continuous zero-sum games. arXiv preprint arXiv:1606.01261 .
[3] Bastani, Hamsa, Mohsen Bayati. 2015. Online decision-making with high-dimensional covariates .
[4] Benaim, Michel. 1999. Dynamics of stochastic approximation algorithms. Seminaire de probabilites XXXIII. Springer, 1-68.

[5] Bloembergen, Daan, Karl Tuyls, Daniel Hennes, Michael Kaisers. 2015. Evolutionary dynamics of multi-agent learning: a

survey. Journal of Artificial Intelligence Research 53 659-697.
[6] Blum, Avrim. 1998. On-line algorithms in machine learning. Online algorithms. Springer, 306-325.

[7] Blum, Avrim, Eyal Even-Dar, Katrina Ligett. 2006. Routing without regret: On convergence to nash equilibria of regret-
minimizing algorithms in routing games. Proceedings of the twenty-fifth annual ACM symposium on Principles of distributed

computing. ACM, 45-52.

[8] Busoniu, Lucian, Robert Babuska, Bart De Schutter. 2010. Multi-agent reinforcement learning: An overview. Innovations in

multi-agent systems and applications-1. Springer, 183-221.

[9] Cesa-Bianchi, Nicolo, Gabor Lugosi. 2006. Prediction, learning, and games. Cambridge university press.



(10]

(11]

[12]

[13]

(14]

(15]

[16]

(17]

(18]

(19]

(20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

Chien, Steve, Alistair Sinclair. 2007. Convergence to approximate nash equilibria in congestion games. Proceedings of the

eighteenth annual ACM-SIAM symposium on Discrete algorithms. Society for Industrial and Applied Mathematics, 169-178.

Coddington, A., N. Levinson. 1955. Theory of Ordinary Differential Equations. International series in pure and applied
mathematics, R.E. Krieger. URL https://books.google.com/books?id=AUAbvgAACAA].

Cohen, Johanne, Amélie Héliou, Panayotis Mertikopoulos. 2017. Learning with bandit feedback in potential games. NIPS ’17:

Proceedings of the 31st International Conference on Neural Information Processing Systems.

Desautels, Thomas, Andreas Krause, Joel W Burdick. 2014. Parallelizing exploration-exploitation tradeoffs in gaussian process

bandit optimization. Journal of Machine Learning Research 15(1) 3873-3923.

Facchinei, Francisco, Jong-Shi Pang. 2003. Finite-Dimensional Variational Inequalities and Complementarity Problems.

Springer Science & Business Media.

Fudenberg, D., D.K. Levine. 1998. The Theory of Learning in Games. EBSCO eBook Collection, MIT Press. URL
https://books.google.com/books?id=G6vTQFluxuEC.

Fudenberg, Drew, David K. Levine. 1998. The Theory of Learning in Games, Economic learning and social evolution, vol. 2.

MIT Press, Cambridge, MA.

Grover, Aditya, Maruan Al-Shedivat, Jayesh K Gupta, Yura Burda, Harrison Edwards. 2018. Learning policy representations in

multiagent systems. International Conference on Machine Learning.

Hall, P, C.C. Heyde. 1980. Martingale limit theory and its application. Probability and mathematical statistics, Academic
Press. URL https://books.google.com/books?id=xxbvAAAAMAA].

Hazan, E. 2016. Introduction to Online Convex Optimization. Foundations and Trends(r) in Optimization Series, Now Publishers.

URL https://books.google.com/books?id=IFxLvgAACAA].

Joulani, Pooria, Andras Gyorgy, Csaba Szepesvari. 2013. Online learning under delayed feedback. Proceedings of the 30th
International Conference on Machine Learning (ICML-13). 1453-1461.

Kakade, Sham M., Shai Shalev-Shwartz, Ambuj Tewari. 2012. Regularization techniques for learning with matrices. The
Journal of Machine Learning Research 13 1865-1890.

Kalai, Adam, Santosh Vempala. 2005. Efficient algorithms for online decision problems. Journal of Computer and System
Sciences 71(3) 291-307.

Kelly, Frank P., Aman K. Maulloo, David K. H. Tan. 1998. Rate control for communication networks: shadow prices,

proportional fairness and stability. Journal of the Operational Research Society 49(3) 237-252.

Krichene, Syrine, Walid Krichene, Roy Dong, Alexandre Bayen. 2015. Convergence of heterogeneous distributed learning in
stochastic routing games. Communication, Control, and Computing (Allerton), 2015 53rd Annual Allerton Conference on.
IEEE, 480-487.

Lam, Kiet, Walid Krichene, Alexandre Bayen. 2016. On learning how players learn: estimation of learning dynamics in the

routing game. Cyber-Physical Systems (ICCPS), 2016 ACM/IEEE 7th International Conference on. IEEE, 1-10.

Littlestone, Nick, Manfred K Warmuth. 1994. The weighted majority algorithm. INFORMATION AND COMPUTATION 108
212-261.

Mehta, Ruta, Ioannis Panageas, Georgios Piliouras. 2015. Natural selection as an inhibitor of genetic diversity: Multiplicative
weights updates algorithm and a conjecture of haploid genetics. ITCS ’15: Proceedings of the 6th Conference on Innovations in

Theoretical Computer Science.

Menache, Ishai, Asuman Ozdaglar. 2011. Network games: Theory, models, and dynamics. Synthesis Lectures on Communication
Networks 4(1) 1-159.


https://books.google.com/books?id=AUAbvgAACAAJ
https://books.google.com/books?id=G6vTQFluxuEC
https://books.google.com/books?id=xxbvAAAAMAAJ
https://books.google.com/books?id=IFxLvgAACAAJ

[29]

(30]

(31]

(32]
(33]

[34]

(35]

(36]

[37]

(38]

(39]

(40]
[41]
[42]

[43]

[44]

[45]

[46]

(47]

(48]

[49]

[50]

Mertikopoulos, Panayotis, Christos Papadimitriou, Georgios Piliouras. 2018. Cycles in adversarial regularized learning.
Proceedings of the Twenty-Ninth Annual ACM-SIAM Symposium on Discrete Algorithms. SIAM, 2703-2717.

Mertikopoulos, Panayotis, Christos H. Papadimitriou, Georgios Piliouras. to appear. Cycles in adversarial regularized learning.
SODA ’18: Proceedings of the 29th annual ACM-SIAM symposium on discrete algorithms.

Mertikopoulos, Panayotis, Zhengyuan Zhou. 2018. Learning in games with continuous action sets and unknown payoff functions.

Mathematical Programming 1-43.
Monderer, Dov, Lloyd S Shapley. 1996. Potential games. Games and economic behavior 14(1) 124-143.

Monnot, Barnabé, Georgios Piliouras. 2017. Limits and limitations of no-regret learning in games. The Knowledge Engineering
Review 32.

Nemirovski, Arkadi Semen, David Berkovich Yudin. 1983. Problem Complexity and Method Efficiency in Optimization. Wiley,
New York, NY.

Nesterov, Yurii. 2009. Primal-dual subgradient methods for convex problems. Mathematical Programming 120(1) 221-259.
Orda, Ariel, Raphael Rom, Nahum Shimkin. 1993. Competitive routing in multi-user communication networks 1(5) 614-627.

Palaiopanos, Gerasimos, loannis Panageas, Georgios Piliouras. 2017. Multiplicative weights update with constant step-size in
congestion games: Convergence, limit cycles and chaos. NIPS ’17: Proceedings of the 31st International Conference on Neural

Information Processing Systems.

Perkins, Steven, Panayotis Mertikopoulos, David S. Leslie. 2017. Mixed-strategy learning with continuous action sets 62(1)
379-384.

Quanrud, Kent, Daniel Khashabi. 2015. Online learning with adversarial delays. Advances in Neural Information Processing
Systems. 1270-1278.

Rockafellar, R Tyrrell, Roger J-B Wets. 2009. Variational analysis, vol. 317. Springer Science & Business Media.
Rockafellar, Ralph Tyrell. 2015. Convex analysis. Princeton university press.

Rosen, J Ben. 1965. Existence and uniqueness of equilibrium points for concave n-person games. Econometrica: Journal of the

Econometric Society 520-534.

Rosen, J Ben. 1965. Existence and uniqueness of equilibrium points for concave n-person games. Econometrica: Journal of the

Econometric Society 520-534.

Shalev-Shwartz, Shai, Yoram Singer. 2007. Convex repeated games and Fenchel duality. Advances in Neural Information
Processing Systems 19. MIT Press, 1265-1272.

Shalev-Shwartz, Shai, et al. 2012. Online learning and online convex optimization. Foundations and Trends® in Machine
Learning 4(2) 107-194.

Shanbhag, Uday V, Jose H Blanchet. 2015. Budget-constrained stochastic approximation. Winter Simulation Conference (WSC),
2015. 1IEEE, 368-379.

Shoham, Yoav, Kevin Leyton-Brown. 2008. Multiagent systems: Algorithmic, game-theoretic, and logical foundations.
Cambridge University Press.

Viossat, Yannick, Andriy Zapechelnyuk. 2013. No-regret dynamics and fictitious play. Journal of Economic Theory 148(2)
825-842.

Viossat, Yannick, Andriy Zapechelnyuk. 2013. No-regret dynamics and fictitious play. Journal of Economic Theory 148(2)
825-842.

Xiao, Lin. 2010. Dual averaging methods for regularized stochastic learning and online optimization. Journal of Machine
Learning Research 11(Oct) 2543-2596.



[51] Zhu, Minghui, Emilio Frazzoli. 2016. Distributed robust adaptive equilibrium computation for generalized convex games.

Automatica 63 82-91.

[52] Zinkevich, Martin. 2003. Online convex programming and generalized infinitesimal gradient ascent. ICML ’03: Proceedings of

the 20th International Conference on Machine Learning. 928-936.

Appendix. Missing Proofs

A. Proof of Lemma 4.1 For the first statement, note that by a well-known result in convex analysis
(see [41]) when x} = C;(y;), it holds that y; is a subgradient of A; at the point x]: h;(x;) > hi(x}) + yi(x; — x]).
This then implies that, for any 5 € (0,1]:

Ai(hi(x}) + yi(B(x; = x{))) < ilihi(x;k +B(x; — x7)) = 4;hi((1 = B)x] + Bx;) < (A.1)
A{(1 = B)hi(x]) + Bhi(x;) — EKiﬁ(] - B)llxi — x; 117}, (A2)

where the last inequality follows from the fact that 4; is K;-strongly convex.

Connecting the first and the last term of the above inequality chain, we have:
Ay = 37) < (B + Aifh) = 5 KA1 = Bl = 5 1P
Dividing both sides by S (since 8 > 0) and rearranging, we obtain:
SKA(L = Bl 1 < A = i) = iy = ).

Taking the limit that 8 approaches O (from above) results: A; h; (x;) — A; hi (x]) = 4; yi (x; — x7) = %Ki/l,- [l x; —x; ||l.2.
Summing over all i’s, we then obtain:

N

N
Z{/lihi(xi) = Aihi(x]) = A;yi(xi — x7)} 2 Z
)

i=1

Kidil|x; — x; |17

N =

The conclusion then follows by noting that:

N N
FAY) = D Ailhi(er) = xiyi + B (i) = D i) = iy + ] yi = hy(x) (A3)
11=Vl 1 1 i=1 N
112 . 2
> Z} SKidillxi =51 2 z(mimKizi); IC(e) = 7. (A4)

where the last inequality follows by noting that x* = C;(y;).
For the second statement, we start by citing here a useful result in [40] (Theorem 12.60): For a proper,
lower semi-continuous and convex function f : R” — R and a value o > 0, f* is o-strongly convex (with

respect to norm || - ||*) if and only if f is differentiable and satisfies:

fR) < f(x)+ < VF(x),X—x) > +%|li—x|l2,\%x,i,



where R = [—c0, 00]. Note that in the original statement, only the Euclidean norm || - ||, is used (Definition
12.58 in [40] defined strong convexity implicitly in terms of the Euclidean norm), in which case || - [|5 = || - [
However, as stated here, the same result holds true for any pair of norms (|| - ||, || - |[|*) by a straightforward
adaptation of their proof.

Next, we note that in our case, each 4; is K;-strongly convex with respect to norm || - ||; and since 4; is
proper, lower semi-continuous and conve, it follows that (h;)* = h; (Theorem 11.1 in [40]). Further, it can
be easily checked that A is proper, lower semi-continuous and convex (since it is a point-wise maximum of

affine functions per its definition), it therefore follows that the K;-strong convexity of (k)" (with respect to

[I-1I7* =l - Il:) implies that A is differentiable and satisfies:
kg o~ * *\/ ~ 1 ~ * ~
hi (3i) < i (vi) + (B;)"(vi) (5 — i) + ﬁ(”yi = yill})% Vi, 9 (A.5)
. 3 U e
= hi (i) + Gy (i = yi) + 5= (U5 = il )2, Vi, Fi (A.6)
1

where the equality follows because (h))’(y;) = Ci(y;).
Therefore, it then follows that upon substituting the preceding inequality for each A (y;) into F 4x,§) =
N i(hi(x) = x5 + h}(¥i)), we have:

N N
A B N

FAx,§) < ; Ai(hi(x;) — x; 9;) + ; Ai{h; (yi) + Ci(yi) (i — yi) + 2_K,-(”yi —vill)?*} (A7)

A

2K;

N N
Zfli{hi(xi)*'h?()’i)_xiyi +xi(yi = Yi) + Ci(yi)(¥i — yi))} +Z (5 = yillF)? (A.8)
i1 i1

N N
Ai . .
= FA(x.y) + Zl i3 = yi)(Cilyi) = x) + Z‘ i (17 = ill)? (A9)

2
N 1 1 N
SFU(xy)+ Zl A3 = ¥ (Cilye) = ) + 5 (max 2) ;myz- =yill)?. (A.10)

B. Proof to Theorem 4.1 We present the details to each of the four steps outlined in Remark 4.2.

1. We start by fixing some notation. Let y* = (y{,...,y},),X" = (x{,...,x},) be the iterates generated

in Algorithm 1. Since X is compact and v(-) is continuous, V/: =

i = MaXy, cx: [lvi(®)|I; < 00, Vinax

maxyey |[[vX)||* = Zl].\il Vi . <oo. Since each h;(-) is K; strongly convex (with respect to || - ||;), it follows
from a well-known result in convex analysis [41] that the choice map C(:) is %—Lipschitz continuous,
where K £ min; K;. Finally, since each v;(-) is Lipschitz continuous, v(-) is Lipschitz continuous as well

and denote the Lipschitz constant as L.



Since d' < D,Vt, it follows that |G'| < D and minG’ >t — D + 1, for otherwise at least one gradient

comes from D + 1 rounds before. Further, per the OMD update (first equality in Equation 4.1), we have:

N N
Iy =yl = D =yl = D llet > i) (B.1)
i=1 i=1

segt
N N
<@ ) IO <@’ D16 Vinax < ' DV (B.2)
i=1 seg? i=1

By definition, we can expand b’ as follows:

br= ) {wix) —vi(x)} < DL =X = Y LICG) - Chll < Y %nys -y (B3)

segt segt segt segt

L . . - .
< 2 A =y Iy =y T -y (B.4)
L seg!
< 2 2 @ DVax +0* " DV -+ + 0" Do} (B.5)
seg?
LDV, : LDV, ! LDV, d
=%Zza"s%|g’| > o < = > e (B.6)
seqG! k=s s=minG? s=minG?

t

< LDZVmaX Z o < LD3Vmax Q’I_DH

< O,as t , B.7
X —0,ast — o B.7)

s=t-D+1

where the first inequality in Equation B.3 follows from the fact that v(-) is L-Lipschitz continuous, the
second inequality in Equation B.3 follows from the fact that C(-) is %-Lipschitz continuous, Equation B.5
follows from Equations B.1 and B.2 and the first inequality in Equation B.6 follows from that o’s are
non-negative and the second inequality in Equation B.7 follows from «’ is non-increasing. Lastly, the
convergence to 0 in Equation B.7 follows from the fact that o is square-summable.

. Fix an arbitrary € > 0. Assume for contradiction purposes that x” only visits B(x*,¢) a finite number of
times and hence let 1 — 1 be the last time X’ is in B(x*,€): Vt > t°,x’ € X — B(x*,€). Since X — B(x*,€) is a
compact set and v;(X) is continuous in x and since by assumption Zfl L Aivi(X)(x; —x7) <0,Vx € X, x #x7,
it follows that there exists a cmax(€) < 0 such that

N

Z Aivi(X)(x; — x7) < cmax(€),Vx € X — B(X", €). (B.8)
i=1

Per Claim 1, lim;_,, b’ = 0, therefore, ||b’||* is bounded and we denote Bmax = max; ||b’||*. Next denote

R = maxyey ||X||, Amax = max; A; and B £ max; (aztl)ji/l‘ and note that 372 | B < 0. Using Lemma 4.1, we
have V¢ > 1:
FA'y'™) = FAx" y' + o' {|G |v(x") +b'}) < (B.9)

N
FAX',y') + Z (@' {1G" vix") + BEN(Ci(v) = x7) + B (NG v(x") + b||")* = (B.10)
i=1



FAx'y') +a! {|gf Zaw )t - x; >+Za Bt~ x; )}+ﬁ(IIIQ’IV(X)+b’II P @I

< FUXy )+a’t{lgtlcmax(e)+/lmax||bz” IIX =1} + B {2311 vxOIM)* +2(Ib° 7)) (B.12)

< FY(x"y")+a {|gf|cmax<e> + Amax RID' ||} + 28" (D*Vig o + Birax) (B.13)
. o [ 20 a¥IG¥] o (b
<FUxy' )+<Za )] Cinax(€) + Amax RS —— (B.14)
k=t0 Zk:zoa Zk:zoa
+2<Zﬁ YD Vigax + Biax)s (B.15)
k=tY

where Equation (B.12) follows from Equation (B.8) and Equation (B.14) follows from telescoping.

Next, we show that:

1< 1i tk:to a*|G¥|
im ; — <D. (B.16)
t—00 Zk:[() 0%

Partition the rounds into intervals {0,1,...,D —1},{D,D +1,...,2D — 1},.... Since each gradient is
received exactly once with at most delay D, the gradients corresponding to the first interval will have
been completely received by time 2D — 1 (i.e. by the end of the second interval). Similarly, the gradients
corresponding to the /-th interval will have been all received by time (/ + 1)D — 1. Consequently, since a’

is non-increasing, it follows that:

Zak|g’<|>ZDo/D > Z ok = oo,

k=2D-1
Consequently,
DY [l I YA e I Y] (el
lim = = lim n T = lim ~ 12 > 1.
DAY =0 Y0 @ 1= N hean 1 @

t k | t |
Finally, “O—a < D follows easily by noting that |G| < D.
k=10
Next, note that since lim; ., b" =0 and 3,7 a’ = oo, it follows that:

E ok |bE

Z;c:to a*
Combining Equation B.16 and Equation B.17, we obtain:
- % "IQ"I o @ DK
(Z k){ k= to Cmax(e)%-/lmaxRL — —00, as f — 0o,

t k
k=t0 k 0@ k=10 ¥

— 0, as t — oo, B.17)

Since 337", B* < o, Equation (B.14) implies that F!(x*,y") — —co, which contradicts the first statement
in Lemma 4.1. The claim therefore follows.
. Assume for contradiction purposes no B(x*, €) is contained in B(x*,§), which means that for any § > 0,3y,
such that [|Q(y") — x*|| = § but F4(x*,y") > . This produces a sequence {yl}[’io such that C(y') — x* but
FA(x*,y") > €,VI. This contradicts with the fact that the choice map C(-) is 1-Fenchel coupling conforming,

because by definition it holds that if C(y’) — x, then F4(x,y") — 0. Consequently, the claim follows.



4. Fix a given 6 > 0. Since g’ is summable and o’ is not summable but square summable, it follows that

B —0,a" - 0,% — oo as t — oo. There, denote

aﬁt

(a) T'(8) =argmin, {r | B* < m,\?’s >t}

(b) T?(6) = argmin, {t | cmax(€(£)) < =2 AmaxRI[b*||*, Vs > 1}.

(C) T’;(é) = a_rgmint{t | a’ < m Vs > t}
4 — 3 (1/_ 4(D vm'lx max)
(d) T*(6) = argmin,{¢ | B —_CmaX(E( ) Vs >t}

We have T!(6) < 00,T?(8) < oo (since lim;_, ||b’||* = 0 and note that cmax(e(g)) < 0 by definition),
T3(68) < 00,T*(8) < 0. Take
T(5) = max(T"(6), 7*(6), T*(6), T*()}.

Now take any ¢ > T(5). We show that if X’ € B(x*,5), then x'*! € B(x*,5). To see that this statement holds,

let x' € B(x*,6), which implies that F4(x*,y’) < 6. Note that it suffices to consider G* # 0, for otherwise

Now there are two possibilities:
(a) Possibility 1: x’ € B(x",€(%)).
(b) Possibility 2: x” € B(x*,8) — B(x",($)).

Under Possibility 1, it follows

N
FA,y™ ) < Ay + o ) AIG i) + B} (xd =)+ B'(IIG v(x) + B[ (B.18)

N
< FA(x%y') +a le-b’-(x? —x))+ B {2311G v + 216" 1)} (B.19)
=1
< FAx"y)+a /lmaXRBmaX +2B8(D*V2, +B2.) (B.20)
) 26
< FAx",y") + ———— AmaxRBmax + D*V .o +B2 B.21
Y R By o R B+ gy (P Ve + i) (82D
<2.00 (B.22)
=3%3%17 '

where the second inequality follows from A-variational stability and the last inequality follows from the
fact that X’ € B(x*,€(3)) € B(x*,$) per Claim 2.

Under Possibility 2, it follows from Equation B.13 that

* * 6
FAx*y'™) < Fi(x ,y’)+a’{|g’|cmax(e(§))+/lmaxR||b’|| }+2/3 (D*V2, +B2.) (B.23)
4 Cmax(f(é)) "'/lmaxR”btW<
< FAx"y") + 2B/ (D*V2,, + BA )4 = 2 +1 B.24
(Y)ﬁ(m*m%ﬂ 2DV, + B B
L Cmax(€($))

pl 2 ma. 2

< FAx*,y')+28 (V2 + B2 ax){ﬁt —4(Vr%ax o +1 (B.25)

< FAx"y') <, (B.26)



where the second inequality follows from |G’| > 1 since it is not empty by assumption and c¢pax < 0,

the third inequality follows from ApaxR||b’||* < —%cmax(e(%)) since ¢ > T?(5) and the second-to-last

a'  Cmax (5( )

- 4
I 4(Vr%dx+3%ax) +1 < 0since t > T*(6).

inequality follows from %

C. Proof to Theorem 4.5 We prove in turn each of the 7 claims laid out in Remark 5.2.

1. Adopt the same notation in the proof to Claim 1 in Remark 4.2 and let Y* = (Y/,...,Y} ), X" = (X{,...,X},))
be the iterates generated in Algorithm 2. That BY — 0 almost surely follows exactly the same argument (path-
by-path) as that to ' — 0 in the proof for the first claim of Theorem 4.1. Fix an arbitrary € > 0. Assume for
contradiction purposes that X’ only visits B(x*, €) a finite number of times and hence let ° — 1 be the last
time X’ is in B(x*,€). Since Y™ =Y + @' ¥ q: (v(X*) + €)=Y + & {|G'V(X") + Ygeqr £ + BT},

we have that V¢ > 79

F/I(X*’Yt+1) :F/I(X*,Yt +a' {lgtlv(xl)+ Z §s+1 +Bt}) (Cl)
segt
<F(x, Yf>+ZA (@ (' vi(X) + B + Y &G =)+ BANG (X + B + ) &)
i=1 seG! seg’
(C.2)
= FA(x"Y") +a |gf|ZMl(x X! —xF)+a Z“Z ENX -x)+a Za BI(X! - x})
segt
(C.3)
+B (NG (X + B + Y &) (C4)
seg?
< FAX'Y') + @' |G |Brax(€) + @' Zz (Z ENX - xb)+a Zz BI(X! - x}) (C.5)
i=1 seg?t
+3p' {Dz(llv(X’)Il*)z +(IB'17)?+D Y (¢! ||*)2} (C.6)
seg’
t N
< FAY) + (O ¥ 16 b (€) + Z Zﬂ (> &t -xn+ Z “ B - )
k=10 k=t0 i=1 segk k=t0 i=1
(C.7)
+3 ) B~ {D?(nv(Xf)n*)2 +(IB'I")?+D ) <||§S“||*)2} (C3)
k=t0 segt
k
= P Y+ <Z ak|g’<|>{ max(€) + Za <Z ,—W( D ETE-x0) (C9)
k=19 k=10 “k=10 segGk
+Z< Zt“—klgk' BEU(XS - x; >>}+3Z,8 {D2<||v<X’>|| P+UBI?+D ) e >2}
i=1 10 Hk=10 10 segt
“ ¢ (C.10)

— —o00, a.s., (C.11)



where the last inequality holds because 3’ o (Zsegr EN(XF - x) > 0,as. as t — o

k=r0 W
by law of large numbers for martingales, fet0 W k“(Xk x7) — 0, a.s. as t — oo (since
B'—0as.ast—00),337 o BAD> (VX)) +(IB1I)* + D Lseg: (1€ 1)} — C, as.ast — oo,
for some random variable C that is almost surely finite by Doob’s martingale convergence theorem and
22: 20 a¥|G¥| — o0 as t — co. This contradicts the first statement in Lemma 4.1 and the claim therefore
follows.

. Since each Ah;(+) is K; strongly convex, h(-) = (hi(:),...,hn(+)) is K-strongly convex, where K = min;{K;}.
By a standard result in convex analysis [41], C(:) is %—Lipschitz continuous. Since v is lipschitz continuous
by assumption, v(Q(-)) is Lipschitz continuous. Consequently, standard results in differential equations
([11]) imply that a unique solution exists for the ODE.

. [4] gives sufficient conditions that ensure a random trajectory to be an asymptotic pseudotrajectory of a
semiflow almost surely. We next state one set of sufficient conditions directly in the current context. If for
some ¢q > 2, the following list of conditions are satisfied:

(a) sup, E[(I€"1]]*)7] < oo;

(®) Zyo(@)'*F <oo;

(c) sup, [|x'|| < eo;

then the affinely interpolated process Y (¢) is an asymptotic pseudotrajectory of the semi-flow ¢ induced by
the ODE almost surely: VT' > 0,1lim; .o supy<j, <7 |Y (t + 1), $n (Y (2))||* = 0,a.s.. Choose g = 2, the above
conditions can be easily verified: (a) holds by the assumption on the martingale noise; (b) holds since o'
is square summable; (c) holds since the decision space X" is compact. Therefore the claim follows.

. By a well-known result in variational analysis ([40]), each &;(-) is differentiable and

dh(;—)()lyl) = Ci(yi)- (C.12)

Note further that since ¢,(y) is the solution to the ODE (under the initial condition y), we have

‘wd;t(” = v(x(t)). Written out component-wise, we have

d(¢:(y));

= (). (C.13)

We can thus compute the derivative of A-Fenchel coupling as follows:

FAX*, ¢4(y)) _ ) A {hi(x)) = (e (9)ix; + (9 ())i)}

7 N 7 (C.14)
— Cdr
N
= 2 A {=vix)] + vixO)Cilyn} (C.16)

~.
Il



N
= D vix(O)(xi(1) = x7) <0, (C.17)
i=1

where the second equality follows from Equation (C.12), the third equality follows from Equation (C.13),
and the last inequality follows from x* is A-variationally stable. The monotonicity property therefore
follows.

5. For any given € > 0, pick an é > 0 per Claim 2 in Remark 4.2 such that B(x* €é) C B(x*,g). By
Equation (C.17), we have

N

Z Avi(X(0))(x: (1) — x7) < 0, V(1) # X"

i=1

FAX 6i(y) _
dt
Since X — B(x*,€) is a compact set and each v;(-) is a continuous function, we have

N
Z Avi(X(0)(x:(1) — x7) < —ae,Vx(t) € X — B(X*, ), (C.18)
i=1

for some positive constant ag.
Starting at y, by time s, there are two possibilities. The first possibility is that x(s) € B(x", 5). In this
case, by definition,

FAX',95(¥) < 5. (C.19)

The second possibility is that x(s) ¢ B(x", 5). This implies that x(¢) ¢ B(x", €),Vt € [0, s], because otherwise,
since B(x*,€) C B(x*,5), it must be that X(s9) € B(x*,5) for some s € [0,s]. This then implies that, by
the monotonicity property established in Claim 4, FA(x*,¢,(y)) < FA(x*,¢5,(y)), thereby leading to
x(s) € B(x*, %), a contradiction.
Since x(1) ¢ B(x", 5),Vt € [0,s], we have x(7) ¢ B(x",€),Vt € [0, s], leading to that Equation C.18 holds
e

for ¢ € [0, s]. Therefore, taking s = az> e obtain:

* * * 6
FAX,¢5(y) S FA(X,y) —des = F(X"y) — 5. (C.20)
Equation (C.19) and Equation (C.20) together establish that:
Ao € LA % €
F (X ’¢S(y))smax{§7F (X ,Y)_E}

6. Let R = sup,.y ||X]|, which is finite since X" is compact. By the definition of dual norm and denote

Amax = max; A;, we have

N
D A+ 1) = (Y (¢ + )} (Ci(@ (Y (¢ + h)) = x]) < (€21
i=1



N
Z/lill(Yi(t +h) = ¢, (Y (2 + IDIF NGB, (Y (1 + 1)) = X)) < AmaxRIY (2 + B) = 12 + W)Y, (C.22)
i=1

where ¢;'1(Y(t + h)) is the i-th component of ¢y, (Y (¢ + h)).
V (/lmaxR)z"'ZEK/l —Amax R

Fix some T > 0 and define K; = max; I/l<_l, and § = 15, . Per Claim 3, we have

VT >0,1im sup ||Y(¢+h),¢n(Y(©))]|* =0,a.s..

=0 0<p<T

Consequently, choose 7(8,T) such that ||[Y (¢ + h), o5 (Y (1))||* < 8,Vt > 7. Expanding A-Fenchel coupling,
we obtain that V¢ > 7 and Vh € [0,T]:

FAXSY(t +h) = FAX* ¢u(Y (1) + Y(t + 1) — ¢pp(Y (1)) < FA (X", ¢ (Y (1)) (C.23)
N

+ 3 4 {(Yi(t + h) = gL (YD F(Ci(8 (Y () — x7) + Ka(Y (£ + h) — g (Y (1)) (C.24)
i=1

< FAX, ¢n(Y (1) + AmaxRIY (2 + B) = ¢n()I* + Ka(|[Y (2 + h) — ¢u (Y ())[|*)? (C.25)

< FAX*,¢p(Y (1)) + Amax RS + K162 (C.26)

< FAX", ¢n(Y (1)) + Amax R V(xR Z?K* ~AmaxR g VlmacR) ; ;EK”‘ “AmaxRo 00y

2 211( — Amax R (W@ R)2+;K — Amax R)?
< F/l(X*, ¢h(Y(l‘))) + Apax R ‘/(/lmaxR) +2€K, max + le( max €N max (C.28)
2K, 4K3
= P an(Y () + 3, (C.29)

where the first inequality follows from Equation (C.22) and the last equality follows from straightforward
algebraic verification. The claim is therefore established.

7. We start by fixing an arbitrary € > 0. Per Claim 5, there exists an s > 0 (depending on €) such that
Equation (4.7) holds. Set the horizon T = s. Per Claim 6, there exists a 7 (depending on both € and T)
such that Equation (4.8) holds Vz > 7. Now, per Claim 1, X’ visits B(x*,6) infinitely often®. Therefore,

pick an integer 7o > 7 such that X7 € B(x*, 5). With this choice of 7, we know that by definition of B,
A * €
F*(x",Y (1)) < 3 (C.30)

Our goal is to establish that FA(x*,Y (19 + h)) < €,Vh € [0,00). To that end, partition the time [0, c0) into
disjoint time intervals [0,7),[T,2T),...,[nT,(n+ 1)T),. ...

Per Claim 4, the monotonicity property given in Equation (4.6) implies that:
* % % €
FAX', (Y (10))) < F1X, oY (10)) = FA(X", Y (7)) < 5,¥h 2.0, (C31)

9 All the statements made here are true almost surely. We will omit repeatedly saying that for convenience. Alternatively, one can
think of this as a path-by-path argument and each ensuing statement is made for a particular sample path that comes from a probability
1 space.



where the equality follows from the semi-group property of a semiflow.

Per Equation (4.8), for 4 € [0,T), we then have:

FAXS,Y (10 + h)) < FAXE, én (Y (10))) + < ; + g —e, (C.32)

where the last inequality follows from Equation (C.31).

Now assume inductively that Equation (C.32) holds for every & € [nT,(n+1)T), where n is a non-negative
integer. We then have Vi € [nT,(n+ 1)T):

FAX"Y(10+T + h)) < FAX", ¢r (Y (10 + h))) + < max{ JFAX,Y (19 + h)) - -} g g

(C.33)
where the first inequality follows from Equation (4.8), the second inequality follows from Equation (4.7),
and the third inequality follows from the induction hypothesis F*4(x*,Y(ry + h)) < €. Consequently,
Equation (C.32) holds for every h € [(n+ 1)T,(n+2)T), thereby completing the induction and establishing
that:
FAx",Y (10 + h)) < €,Vh € [0,0).

D. Proof of Lemma 5.1 For Statement I, first note that since o’ is square-summable, we have
lim; _e0(@’)? =0, thereby implying lim;_,o, @’ = 0. This further leads to max,ef;—g+1,,]@° — 0, as t — oo for
any fixed d.

Since the delay is bounded by d, G! is non-empty at least once in every D consecutive rounds. When it
is non-empty, the most delayed gradient must have occurred on or after round 7 — d + 1. Putting these two
pieces together, we conclude that on any round ¢, the most delayed gradient must have occurred on or after
round ¢ — 2d + 1. Consequently, we have minG! >t —2d + 1. This leads to

t
lim @’ < lim @’ <1lim2d max «a’=0.

t—o00 N t—o00 t—o00 s€E l‘—2d+1,t
s:minglf s=t-2d+1 s€l 1

For Statement 2, take o’ which is obviously positive, non-increasing and square-summable.

1
tlogtloglogt ’
; 1 _ t; 5t : 7
Since /S:4 st =logloglogt — co as t — oo, @' is not summable. Next, let G} be given and let 7 be

the most recent round (up to and including ¢) such that Qif is not empty. This means:
G =Gl.Grk=0,Vk e (71]. (D.1)
Note that since the gradient at time 7 will be available at time 7 + dif — 1, it follows that

(—i<d. (D.2)



Note that this implies 7 — oo as t — oo, because otherwise, 7 is bounded, leading to the right-side a’f being
bounded, which contradicts to the left-side diverging to infinity.

Since d? = O(slog s), it follows that d7 < Kslog s for some K > 0. Consequently, Equation D.2 implies: 7 <
7+Ktlog7. Denote s’ . =min Gl’ , Equation D.1 implies that s! . =minG lf , thereby yielding s” . + dis‘;i“ -1=17
Therefore:

PRI S (D.3)

Equation (D.3) implies that sfmn — 0o as t — oo, because otherwise, the left-hand side of Equation (D.3) is
bounded while the right-hand side goes to infinity (since 7 — oo as r — oo as established earlier).

With the above notation, it follows that:

t t 7 t
. s . S _ . S S min mln
tll)rgj a’ < zlgg Z a’ = tll)rglo Z a’ + Z a’y < zll)rgo {d a’*win + (flogf)a’ } (D.4)
s=nnng’ =st. s:s[’nin s=f+1
d min Kflogf
o8 (D.5)
(smm) log(s’ . )log log(smm) 7+ 1)log(7 + 1)loglog(f + 1)
log(s Kflogt
< lim mm) g( mm) +— - 0g _ (D6)
T oo | (st )log(smm) loglog(s! . ) (f+ 1)log(f +1)loglog(7 + 1)
K
< lim - D.7
o {log log(s” . ) log log(f+ 1) D7)

where the second inequality follows from

I ; T, is a decreasing sequence and the last equality follows from

: s _ t
the assumption d; = o(slog s) and that s, — oo as t — co. |

E. Proof of Theorem 5.1 We first prove Claim 1. Using the same notation as Claim 1 in Remark 4.2,

and per the DMD update, we have

Y-y —Zny’“ vl —Zn'gt Dot <e Z|g, DUl @D

eg‘ veg’
N
Z G719 Vines = @' Vs (E.2)
i=1 l
By definition, we can expand b’ as follows:
vi(x¥) — v (x* ) 1
bl = Z T g— Z LiIx* - (E.3)
segy ! e
1 1
== LIIC(Y) CyN < == —llys—ytll* (E.4)
G | G Zg K

L * * — *
<X Z{ny R e R A (ES)



L 1
<—— {@ Vinax + M W -0 + @' Vinax } (E.6)
Kigi 2
_ LVpax 1 S b LV 1 5 % o < LV
== @ZZOJ <= @|g| Z Z o, (E.7)
1 seglf k=s s:minG‘ s= mlnG’

where the inequality in Equation E.3 follows from the fact that v(-) is L-Lipschitz continuous, the inequality
in Equation E.4 follows from the fact that C(-) is % -Lipschitz continuous, Equation E.6 follows from
Equations E.1 and E.2 and the first inequality in Equation E.7 follows from that a’’s are non-negative. Finally,

the above chain of inequalities immediately implies the result by noting that per Assumption 5.1,
1
% Z~ a® = 0.
s=min G
To prove Claim 2, Fix an arbitrary € > 0. Assume for contradiction purposes that x’ only visits B(x*,€) a
finite number of times and hence let 1 — 1 be the last time x’ is in B(x*,€): Vr > 1%, x' € X — B(x*, €). Since
X — B(x*,€) is a compact set and v;(X) is continuous in X and since by assumption Zf\i P Aivi(X)(x; — x7) <

0,Vx € X,x # x*, it follows that there exists a cyax(€) < 0 such that

N
Z Aivi(x)(x; — x]) < cmax(€),Vx € X = B(X",€). (E.8)
i=1

Per Claim 1, lim,;_,.. b’ = 0, therefore, ||b?||* is bounded and we denote Bmax = max; ||b’||*. Next denote

R = maxxex [|X]], dmax = max; A; and B’ = max; (azrl);i’l" and note that Y77, B < co. Using Lemma 4.1, we
have Vr > 19:

FAx5y™*) = FAxy + o' {v(x') +b'}) < (E.9)

N
FAx*y") + Z (@ {vi(x") + BE(Ci(yh) = x) + B (IIv(x') + b ||*)* = (E.10)

i=1
FAx",y") +a' {Z/l vi(X)(x! = x; )+Z/1 Di(x! - x; )}+,8 (|v(x") +b![*)? (E.11)
< FAX'Y') + @ {cmax(€) + Amax I I* IIX —x*|1}+ 8" {2(llv(x)I1*)* + 2(/Ib 1)} (E.12)
< F\x%y')+a' {cmdx(o + Amax RID "} + 28" (Viaux + Bra) (E.13)

Lo ak|b|
< FY(x"y' )+(Z ') 3 binax(€) + AmaxR L} 2(2 BV + Baa), (E.14)
k=10 k=t0 k=t0

where Equation (E.12) follows from Equation (E.8) and Equation (E.14) follows from telescoping.

Consequently, since lim; b’ =0 and }.;7 ' = oo, it follows that:

k=10
t
Zk:to a,k

t Clk”bk”*
————— — 0, as t —> o9,



therefore implying that:

t kkuH*

(Z @ ) { max(E) + /lmaxRL

}—>—oo, ast — oo,
oa’k
k=t9 k=t

Since Y , B < oo, Equation (E.14) implies that F*(x*,y") — —co, which contradicts the first statement
in Lemma 4.1. The claim therefore follows.
Finally, we establish Claim 3. Fix a given 6 > 0. Since B’ is summable and o’ is not summable but square

summable, it follows that ' — 0,a’ — 0,% — oo as t — oo. There, denote

aﬁt

1. T'(6) = argmin, {t | B* < ,Vs >t}

S(Vl'%zlx Bl'zna )
2. Tz(é) = argmin, {7 | Cmax(f(_)) < =2Amax R||b ||, Vs 2 1}.

3. T3(6) = argmint{t |’ < m Vs > l}
4 — 3 a” 4(Vmax+Bmax) >
4, T%(6) = argmin,{¢ | > p—T Iy ,Vs >t}

We have T1(8) < 00,T%(5) < o0 (since lim,_, |[b’]|* = 0 and note that cmax(€($)) < 0 by definition), 7°(5) <
00, T*(6) < 0. Take
T(8) = max(T"(5), T%(8), T°(8), T*(9)}-

Now take any ¢ > T'(6). It suffices to show that if X’ € B(x*,8), then x'*! € B(x*,8). To see that this statement
holds, let x’ € B(x*,6), which implies that F4(x*,y") < 6.
Now there are two possibilities:
1. Possibility 1: x" € B(x*,e(%)).
2. Possibility 2: x’ € B(x*,5) — B(x*, e(%)).
Under Possibility 1, it follows

N
FAY™) < FAKY) o ) {vi(x) + B} (x! = x) + B (Iv(x) + b ||7)? (E.15)
L=1
<F(x"y') +a' Zﬂ Bi(xf = x7) + B {20lv(xo) ) + 2(1b 1)} (E.16)
< FY(x",y") +a’ /lmaXRBmaX+2,B( V2 + Bhax) (E.17)
0 26
FY(x", ——— lnaxRBpax + ———— V2 + B E.18
s (Xay? DBy ™0 i Vot ) (19
<+l 42= E.1
S5+7+3 J, (E.19)

where the second inequality follows from A-variational stability and the last inequality follows from the fact
that x’ € B(x*,e(%)) c B(x*, %) per Claim 2.

Under Possibility 2, it follows from Equation E.13 that

* x 0
FIxy™) < FIxy) +of {cmax<e(§)> + Amax I } + 2" (Vinax + Brnax) (E.20)



. ' Cmax(€(§)) + AmaxRID'||*
< FY(x*,y") +2B' (V2 + B2, & 2(‘2/2 B +1 (E.21)
max max
. a' Cmax(e(g))
< FY(x*,y") +2B' (V2. + B2..) TN, +1 (E.22)
max max
< FY{(x"y") <, (E.23)

where the second inequality follows from A R||b"||* < —%cmax(e(g)) since ¢ > T*(6) and the second-to-last

¢ e (8
inequality follows from %% +1 <0 since t > T*(5). |
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