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This talk is about performance modeling of systems of
interacting objects, using stochastic models
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The main difficulty of probability : correlations

P[A, B] # P[A]P[B]

Problem: state space explosion
S states per object, N objects = S states
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Can we study (Markovian) models of large systems?

N =1: M/M/1!

N servers
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What happened is a law of large numbers

Some systems simplify as N goes to infinity : objects become independent

03] — n=1000 034 —— ODE (N=w)
0.2 0.2 1
"Theorem”. [im =
N—oco 0.14 0.1+
0.0 . 0.0 .
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Time Time

Mean field approximation

Mean field approximation has been shown to be asymptotically exact and
has been successfully used in many context. For example :
o CSMA (see e.g. Thesis of F. Cecchi), 802.11 (Bianchi's formula)
@ Load balancing (power of two-choice, Mitzenmacher 98 /
Vvedenskaya 96, Tsitsiklis,Xu 2011& 2013)
e Caching algorithms (G and Van Houdt 2015)
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We can study large systems. What about moderate sizes?

N = 1: easy N = oo: easy

What can we do here?
=10 N = 100 N = 1000
; I

N

v
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1purpose of this talk

For many systems, asymptotically:
1
Perf (N) = Perf (o) + NC
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We can study large systems. What about moderate sizes?

N = 1: easy N = oo: easy

What can we do here?
=10 N = 100 N = 1000
; 'l

N
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1purpose of this talk

Perf(N) N,I_)P;rf(oo) + lCE
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4
Mean field approximatio
Refined mean field approximation
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By studying what happens when N — oo, we get a very
good approximation even for N = 10

Coupon Supermarket Pull/push
Simulation (N = 10) 1.530 2.804 2.304
Refined mean field (N = 10)| 1.517 2.751 2.295
Mean field (N = o) 1.250 2.353 1.636
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Outline

@ Kurtz' population model: classical convergence results

9 Accuracy of the approximation and refinement

© In practice

@ Conclusion and recap
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Outline

@ Kurtz' population model: classical convergence results
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We study a population of N interchangeable objects.

X denotes the empirical measure.

Xi(t) = fraction of objects in state i
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CTMC

A continous-time Markov chain (CTMC) with state-space E is given by an
initial state xo and its transitions (¢ € £):

X X+1 at rate  Bp(X).

The drift is f(x) = Y £B(x).
l

1 . .
We assume (E, ||||) is a Banach space, not necessarily R?.
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Population CTMC

Density dependent population process (70s)

A population process is a sequence of CTMC XV, indexed by the
population size N, with state spaces EN C E, with initial state xp and with
transitions (for £ € £):

X=X+ at rate Nj3y(X).

i3
N

The drift is f(x) = Zﬂﬂg

1 . A Td
We assume (E, ||-||) is a Banach space, not necessarily R°.
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Our running example will be the supermarket model

Vvedenskaya et al. 96, Mitzenmacher 98

Example: N servers

Randomly choose two, and select one
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Our running example will be the supermarket model
Vvedenskaya et al. 96, Mitzenmacher 98

X; = fractions of servers with j or
Example: N servers i
: PR oy more jobs.
5 The transitions are:
Np— < - 1
\ CIIIIzIzi X=X+ s at rate Np(X? ; — X?)

1
X=X - Ne,- at rate N(x; — xj+1)

Randomly choose two, and select one

The mean field approximation is given by the (infinite) system of ODE:

X = p(xt_y — x7) — (xi — Xit1)

arrivals departures
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|dea of mean field: Some models simplify as N — oo

Theorem (Kurtz 70s. .. Benaim-Le Boudec 08...Ying 16)
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|dea of mean field: Some models simplify as N — oo

Theorem (Kurtz 70s. .. Benaim-Le Boudec 08...Ying 16)

1

N(t) ~ x .
XN(t) ~ (t)+m

Gt

X3(t) — Fraction of servers with 3 jobs

Example: N servers 03
T e e e e e e =g Ty —— ODE (N =)
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Randomly choose two, and select one 0.00

Time -|£|me
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In practice, can we use the approximation for N = 107
N = 1007

N 10 100 1000 00
Average queue length (simulation) | 2.8040 | 2.3931 | 2.3567 | 2.3527

Table: Two-choice model with p = 0.9
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In practice, can we use the approximation for N = 107
N = 1007

N 10 100 1000 00
Average queue length (simulation) | 2.8040 | 2.3931 | 2.3567 | 2.3527
Error of mean field 0.4513 | 0.0404 | 0.0040 0

Table: Two-choice model with p = 0.9

Under very general conditions:
Q@ The convergence is in O(1/N), not O(1/V'N)
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In practice, can we use the approximation for N = 107
N = 1007

N 10 100 1000 00
Average queue length (simulation) | 2.8040 | 2.3931 | 2.3567 | 2.3527
Error of mean field 0.4513 | 0.0404 | 0.0040 0
Refined approximation 2.7513 | 2.3925 | 2.3566 | 2.3527

Table: Two-choice model with p = 0.9

Under very general conditions:

Q@ The convergence is in O(1/N), not O(1/V'N)
@ We can do better than mean field approximation.
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9 Accuracy of the approximation and refinement
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Why is the accuracy of the approximation 1/N and not

1/vV/N?

N
1
Xi = N Z l{Object nis in state i}

n=1
@ Even if the objects were independent, the central limit theorem :

Xi = P [Object n is in state /] —i—O(\%).

~ x; (mean field approximation)
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Why is the accuracy of the approximation 1/N and not

1/vV/N?

N
1
Xi = N Z l{Object nis in state i}

n=1
@ Even if the objects were independent, the central limit theorem :

Xi = P [Object n is in state /] —i—O(\%).

~ x; (mean field approximation)

@ Our metric is different :
E [X;] = P [Object n is in state /] .

C 1
= x; + N + O(W) Our result
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Steady-state analysis : main assumptions

(A0) sup > |112181(x)] < oc.
J4

(A1) The stochastic process is a density dependent population process.

(A2) The drift f is twice-differentiale
(A3) The ODE has a globally stable attractor , i.e., for any solution x of
the ODE x = f(x) :

Ix(£) = 7| < Ce™*[1x(0) — || .

(A4) For each N, the population process has a unique stationary
distribution.
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The constant can be easily evaluated numerically
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The constant can be easily evaluated numerically

Let 7 be the fixed point of the mean field approximation and
A=Df(r) B=D(r) Qj= lil;Bur).
¢

Let W be the unique solution of the Lyapunov equation

AW + (AW)T = Q

THEOREM 3.1. Assume that the model satisfies (A0-A4). Let h : & — R be a twice-differentiable
function that has a uniformly continuous second derivative. Then,

oh 1 0*h
lim N (E™ [h(xM)] —h(m)) =Y =)V + = Y ——(m)Wj; 2
Mm([()]wniﬁthgﬁ%mw @
where the matrices A, C and W are defined above and V; is equal to:
_ 1
Vi=- ;(A D |G+ Ekzk By, ke Wiy ks | - 3
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Proof (1/2) — Comparison of generators

The generators of both systems are:

(LMR)(x) = 32 NBG)(h(x + 1) — h(x)
el
= Bi(x)Dh(x) - £ = Dh(x) - f(x)
lel
If his C?, then:
lim N(LMN) — A)h(x) = Zﬁg (x)D?h(x) - (¢, ¢)
N—oo éel:
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Proof (2/2) — Stein’s method (+ perturbation theory)

e}

Let G be the function Gp(x) = /0 (h(®¢(x)) — h(r))dt, where ®;(x) is

the solution of the ODE x = f(x) starting in x at time 0.
Then :

NE [h(X") ~ h(r)| = NE [AGy)(X™)]

= NE (A~ LM)(Gp)(xM)]

1

= JE %: Bu(XM)D2GR(XN) - (¢, 0)| + O(1/N)

1 2
-5 %:@(w)o Gh(m) - (£, 0).
The computation of D?Gj,(7) gives you the result (perturbation theory).
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Outline

© In practice
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What can we do in practice?

Perf(N) ~ Perf (o0)

L C
N

refined mean field approximation

@ C cannot be computed in closed form very often.

@ Numerical evaluation is easy, e.g.,
https://github.com/ngast/rmf_tool/

Coupon Supermarket| Pull/push
Simulation (N = 10) 1.530 2.804 2.304
Refined mean field (N = 10)| 1.517 2.751 2.295
Mean field (N = oo) 1.250 2.353 1.636
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https://github.com/ngast/rmf_tool/

A simple example : SIR

3 1+ 2x

1 C
The transitions are:

1

+N(_1’ 1,0) at rate xs + 2xsx
1

+N(O’ —1,1) at rate x;
1

—i—N(l,O, —1) at rate 3xg
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A simple example : SIR

In [1]: # To load the library
import src.rmf_tool as Imf

# To plot the results

import numpy as np

import matplotlib.pyplot as plt
tmatplotlib inline

In [2]: # We create a "density dependent population process”
3 1 —+ 2)(/ ddpp = rmf.DDPR()
# We then add the three transitions :
ddpp.add_transition([-1,1,0],lambda x:x[0]+2*x[0]*x[1])
ddpp.add_transition([0,-1,+1],lambda x:x[1])
]_ ddpp.add_transition([1,0,~1],lambda x:3*x[2])

In [3]: ddpp.set_initial state([.3,.2,.5]) # initial state
ddpp. plot_ODE_vs_simulation(N=1000)

The transitions are: 0

1 05
+N(_1’ 1,0) at rate xs + 2xsx

1 03
+N(O’ —1,1) at rate x; 0

1 0 2 4 3 [ 10

—i—N(l,O, —1) at rate 3xg

fm»\»w-ww\

In [5]: x = ddpp.fixed_point ()
¢ = ddpp.theoretical_C()
print(x)
print(c)

[ 0.26259518 0.55305361 0.1843512 ]
[ 0.15875529 -0.11906646 -0.03968882]
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More complex example : the two-choice model

ddpp = rmf.DDPE()
K = 20 # we truncate at 20

# The vector 'e(i)' is a vector where only the $iSth coordinate equals $1§

def e(i
1 = np.zeros(X)
1[i]j =1
return(l)

# We then add the transitions :

£ ii H
Randomly choose two, and select one Y

ddpp.add_transition(e(i),

eval('lambda x: rho*(x[{}1*x[{}] - x[{}1*x[{}] )'.format(i-1,i-1,i,i) ))
if i<K-13

ddpp.add_transition(-e(i),
T+ eval('lambda x: (x[{}] = x[{}])'.format(i,i+1) ))
The transitions are

ddpp.add_transition(e(0), lambda x i rho*(1-x[0]*x[0]))

. ddpp.add_transition(-e(X-1), lambda x : x[X-1])
(for i e {1...K}):

ddpp.set_initial state(e(0)) # initial state

print('\t\t N=10\t  N=50\t N=inf',end='')
for rho in [0.7,0.9,0.95]:

1 2 2 print('\nrho=',rho, '\t' ,end=' ')
+*e, rate Np(X 1 X; ) X = ddpp. fixed point()
N 11— 1 ¢ = ddpp.theoretical C()
for N in 10,50,np. inf:

1 print(sum(x+c/N),end=" ')
N=10 N=50 £
- e, rate N(X, - X,+1) rho= 0.7 1.21502419299 1.14709894998 1.13011763922
N rho= 0.9 2.75129433831 2.43238017933 2.35265163959
rho= 0.95 4.10172926564 3.39146081504 3.21389370239
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For the two-choice (and many models), the quality of the
approximation degrades as p approaches 1

The average queue length satisfies:

m"(p) = €1 log

1;) + O(1/N)

Nicolas Gast — 25 / 29



For the two-choice (and many models), the quality of the
approximation degrades as p approaches 1

The average queue length satisfies:

=0 a(iorr )+ ema(ih) o)

—————
order of magnitude larger

(based on a numerical evaluation of the c(p) ~

P’ L
21—p
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Power of two-choice : the impact of with/without
replacement

—— constant D (mean-field v.s finite N system)

84 ——- correction due to with replacement / without

6 .

4

2 .

0 1 T T T T T
0.5 0.6 0.7 0.8 0.9
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Outline

@ Conclusion and recap
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Recap

© The accuracy of mean field approximation is O(1/N).

» Works for transient and steady-state
» Works for infinite-dimensional state space.

@ We can use the rate of convergence to define a refined approximation.
The main ideas are:
» It is easy to compute x = lim XN
N—oo

» It is easy to compute C = lim N(XV —7)

N—oo

» The new approximation is x + C/N.

The refined approximation is often accurate even for N = 10:

Coupon [Supermarket Pull/push
Simulation (N = 10) 1.530 2.804 2.304
Refined mean field (N = 10)| 1.517 2.751 2.295
Mean field (N = o) 1.250 2353 1.636
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To go further :
More examples in the paper, e.g.: two-choice with /without replacement.

Open questions
@ Multistable equilibria.
e Can we go to the order O(1/N?)? It is useful?

@ Non-homogeneous population, e.g., caching

Main references :

@ A Refined Mean Field Approximation by Gast and Van Houdt. To
appear in SIGMETRICS 2018 https://hal.inria.fr/hal-01622054/
https://github.com/ngast/rmf_tool/

@ Expected Values Estimated via Mean Field Approximation are
O(1/N)-accurate by Gast. SIGMETRICS 2017.
https://github.com/ngast/meanFieldAccuracy

Nicolas Gast — 29 / 29


https://hal.inria.fr/hal-01622054/
https://github.com/ngast/rmf_tool/
https://github.com/ngast/meanFieldAccuracy

Thank you!
http://mescal.imag.fr/membres/nicolas.gast

nicolas.gast@inria.fr
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