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❆r♥❛✉❞ ▲❡❣r❛♥❞

❈◆❘❙✱ ❯♥✐✈❡rs✐t② ♦❢ ●r❡♥♦❜❧❡

❆✉❣✉st ✷✵✶✺
■♥st✐t✉t♦ ▲❛t✐♥♦✲❛♠❡r✐❝❛♥♦ ❞❡ ❊st✉❞♦s ❆✈❛♥ç❛❞♦s ✕ ❯❋❘●❙

❆r♥❛✉❞ ▲❡❣r❛♥❞ ✶ ✴ ✶✸



❲❤❛t ❞♦ ✳ ✳ ✳ ❤❛✈❡ ✐♥ ❝♦♠♠♦♥❄

Clean water, solar cells, new drugs against Ebola/AIDS/Cancer, climate evolution,
weather forecast for paragliding, searching for Extra-Terrestrial Intelligence, pulsars,
. . .❆r♥❛✉❞ ▲❡❣r❛♥❞ ❯♥✐✈❡rs❛❧ ❛♥❞ ❊✈❡r ●r♦✇✐♥❣ ◆❡❡❞s ✷ ✴ ✶✸



❱♦❧✉♥t❡❡r ❈♦♠♣✉t✐♥❣

BOINC

Berkeley Open Infrastructure

for Network Computing

About 238 000 active volunteers providing more than
420 800 computers ✭❜✉t ❛❧s♦ s♠❛rt♣❤♦♥❡s ❛♥❞ t❛❜❧❡ts ✳✳✳✮

The average computation power over 24 hours is
around 6 722 PetaFlops

Heterogeneous, dynamic, volatile, unreliable, . . .

❚♦❞❛② t❤❡ ❝♦♠♣✉t❡r ✐s ❥✉st ❛s ✐♠♣♦rt❛♥t ❛ t♦♦❧ ❢♦r ❝❤❡♠✐sts ❛s t❤❡ t❡st

t✉❜❡✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ s♦ r❡❛❧✐st✐❝ t❤❛t t❤❡② ♣r❡❞✐❝t t❤❡ ♦✉t❝♦♠❡ ♦❢ tr❛❞✐t✐♦♥❛❧

❡①♣❡r✐♠❡♥ts
✕ ◆♦❜❡❧ ❝♦♠♠✐tt❡❡ ✭❝❤❡♠✐str②✮✱ ✷✵✶✸

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❛r❣❡ ❈♦♠♣✉t✐♥❣ ■♥❢r❛str✉❝t✉r❡s ✸ ✴ ✶✸



❙✉♣❡r❝♦♠♣✉t❡rs

✶✵✵✱✵✵✵ t♦ ✶✱✵✵✵✱✵✵✵ ❝♦r❡s ✇✐t❤ ❛❝❝❡❧❡r❛t♦rs ✭●P❯✱ ❳❡♦♥ P❤✐✮ ❛♥❞ ❛
❤✐❣❤ t❤r♦✉❣❤♣✉t✴❧♦✇ ❧❛t❡♥❝② ✐♥t❡r❝♦♥♥❡❝t✐♦♥ ♥❡t✇♦r❦

❆♥ ✐♥t❡r♥❛t✐♦♥❛❧ r❛❝❡ ✭❚♦♣✺✵✵✮

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❛r❣❡ ❈♦♠♣✉t✐♥❣ ■♥❢r❛str✉❝t✉r❡s ✹ ✴ ✶✸



❚❤❡ ❈❧♦✉❞

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❛r❣❡ ❈♦♠♣✉t✐♥❣ ■♥❢r❛str✉❝t✉r❡s ✺ ✴ ✶✸



❆ ❇r❡❛t❤t❛❦✐♥❣ ❊✈♦❧✉t✐♦♥

❍②❜r✐❞ ❛♥❞ ✈❡r② ❧❛r❣❡ s❝❛❧❡ ♣❛r❛❧❧❡❧ ❛r❝❤✐t❡❝t✉r❡s t♦ ❛♥s✇❡r ❝♦♠♣✉t❛t✐♦♥
♥❡❡❞s ✐♥ r❡str✐❝t❡❞ ♣♦✇❡r ❡♥✈❡❧♦♣❡s✳

1996 2009 2015

ASCI Red ATI Radeon Nvidia Tegra X1
1 Teraflop 2.4 Teraflop 1 Teraflop

9298 Pentium II 1600 Stream Processors 8-core ARM CPU
1 000 Flops/W 1 600 000 Flops/W 667 000 000 Flops/W

▼② s♠❛rt♣❤♦♥❡ ✐s ❛s ♣♦✇❡r❢✉❧ ❛s ❛ ✷✵ ②❡❛rs ♦❧❞ s✉♣❡r❝♦♠♣✉t❡r

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❛r❣❡ ❈♦♠♣✉t✐♥❣ ■♥❢r❛str✉❝t✉r❡s ✻ ✴ ✶✸



❊♠❜❡❞❞❡❞ ❙②st❡♠s✱ ❙❡♥s♦r ◆❡t✇♦r❦s✱ ■♥t❡r♥❡t ♦❢ ❚❤✐♥❣s ✳ ✳ ✳

❆r♥❛✉❞ ▲❡❣r❛♥❞ ▲❛r❣❡ ❈♦♠♣✉t✐♥❣ ■♥❢r❛str✉❝t✉r❡s ✼ ✴ ✶✸

http://www.digitaltrends.com/home/heck-internet-things-dont-yet/


❈♦♦❦✐♥❣ ❛♥❛❧♦❣②

❊①♣❧♦✐t✐♥❣ ❙❡q✉♦✐❛ ❂ ✻ ♠✐❧❧✐♦♥ t❤r❡❛❞s ❝♦♥st❛♥t❧② ❡①❝❤❛♥❣✐♥❣ ❞❛t❛✦

❍♦✇ ❝❛♥ ✇❡ ❡✈❡♥ ❝♦♥❝❡✐✈❡ ❛ ❝♦❞❡ ❢♦r s✉❝❤ ❛ ♠♦♥st❡r❄

❈♦♠♣✉t❡rs ❛r❡ ✈❡r② ✈❡r② ❢❛st ❜✉t ❛❧s♦ ✈❡r② ✈❡r② ❞✉♠❜

❈♦♠♣✉t❡rs ♠❛❦❡ ✈❡r② ❢❛st✱ ✈❡r② ❛❝❝✉r❛t❡ ♠✐st❛❦❡s

❈♦♠♣✉t❡rs ❛r❡ ♥♦t ✐♥t❡❧❧✐❣❡♥t✱ t❤❡② ♦♥❧② t❤✐♥❦ t❤❡② ❛r❡

❙♦ ❝♦❞✐♥❣ ♠❡❛♥s ✇r✐t✐♥❣ ✈❡r②✱ ✈❡r② ❞❡t❛✐❧❡❞ ✐♥str✉❝t✐♦♥s ✐♥ ❛ ♣❛r❛♥♦✐❞ ✇❛②

❙♦♠❡❤♦✇✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ ❝♦❞✐♥❣ t♦ ✇r✐t✐♥❣ ❛ r❡❝✐♣❡✱ ❛♥❞ r✉♥♥✐♥❣ t❤❡ ❝♦❞❡
❧✐❦❡ ❝♦♦❦✐♥❣

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✽ ✴ ✶✸



Pr❡♣❛r✐♥❣ ❛ P✐♣❡r❛❞❡

❋♦r ✷ ♣❡rs♦♥s✿

❲❛s❤✱ P❡❡❧ ❛♥❞ r♦✉❣❤❧② ❝❤♦♣ ✸ ♣❧✉♠ t♦♠❛t♦❡s

❲❛s❤✱ st❡♠ ❛♥❞ s❡❡❞✱ ❛♥❞ r♦✉❣❤❧② ❝❤♦♣ ✷ ❜❡❧❧ ♣❡♣♣❡rs

P❡❡❧ ❛♥❞ ❝❤♦♣ ✹ ❣❛r❧✐❝ ❝❧♦✈❡s

P❡❡❧ ❛♥❞ t❤✐♥❧② s❧✐❝❡ ✶ ♦♥✐♦♥

■♥ ❛ ✶✷✲✐♥❝❤ s❦✐❧❧❡t ♦✈❡r ♠❡❞✐✉♠ ❤✐❣❤ ❤❡❛t✱ ❤❡❛t ♦❧✐✈❡ ♦✐❧ ✉♥t✐❧ ❤♦t

❆❞❞ ♦♥✐♦♥s✱ ♣❡♣♣❡rs ❛♥❞ ➼ t❡❛s♣♦♦♥ s❛❧t ❛♥❞ s❛✉té✱ st✐rr✐♥❣ ❢r❡✲
q✉❡♥t❧②✱ ✉♥t✐❧ ♦♥✐♦♥s ❛r❡ tr❛♥s❧✉❝❡♥t ❛♥❞ ♣❡♣♣❡rs ❤❛✈❡ st❛rt❡❞ t♦ ❧✐❣❤t❡♥
✐♥ s♣♦ts✱ ❛❜♦✉t ✶✵ ♠✐♥✉t❡s

❆❞❞ ❣❛r❧✐❝ ❛♥❞ ❝♦♥t✐♥✉❡ t♦ s❛✉té ❢♦r ✶ ♠♦r❡ ♠✐♥✉t❡

❙t✐r ✐♥ t♦♠❛t♦❡s ❛♥❞ ♣✐♠❡♥t ❞✬❊s♣❡❧❡tt❡

❘❡❞✉❝❡ ❤❡❛t t♦ ♠❡❞✐✉♠✱ ❝♦✈❡r ❛♥❞ ❝♦♦❦ ✉♥t✐❧ t♦♠❛t♦❡s ❛r❡ st❛rt✐♥❣
t♦ ❢❛❧❧ ❛♣❛rt ❛♥❞ ♣❡♣♣❡rs ❛r❡ s♦❢t ❜✉t st✐❧❧ ❤♦❧❞ t❤❡✐r s❤❛♣❡✱ ❛❜♦✉t ✶✺
♠✐♥✉t❡s

❘❡♠♦✈❡ ❝♦✈❡r ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ❝♦♦❦✱ st✐rr✐♥❣ ❢r❡q✉❡♥t❧②✱ ✉♥t✐❧ ♠✐①t✉r❡
t❤✐❝❦❡♥s ❧✐❦❡ ❛ s❧✐❣❤t❧② r✉♥♥② r❡❧✐s❤✱ ❛❜♦✉t ✺ ♠✐♥✉t❡s ♠♦r❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✾ ✴ ✶✸



Pr❡♣❛r✐♥❣ ❛ P✐♣❡r❛❞❡

❋♦r ✷ ♣❡rs♦♥s✿

❲❛s❤✱ P❡❡❧ ❛♥❞ r♦✉❣❤❧② ❝❤♦♣ ✸ ♣❧✉♠ t♦♠❛t♦❡s

❲❛s❤✱ st❡♠ ❛♥❞ s❡❡❞✱ ❛♥❞ r♦✉❣❤❧② ❝❤♦♣ ✷ ❜❡❧❧ ♣❡♣♣❡rs

P❡❡❧ ❛♥❞ ❝❤♦♣ ✹ ❣❛r❧✐❝ ❝❧♦✈❡s

P❡❡❧ ❛♥❞ t❤✐♥❧② s❧✐❝❡ ✶ ♦♥✐♦♥

■♥ ❛ ✶✷✲✐♥❝❤ s❦✐❧❧❡t ♦✈❡r ♠❡❞✐✉♠ ❤✐❣❤ ❤❡❛t✱ ❤❡❛t ♦❧✐✈❡ ♦✐❧ ✉♥t✐❧ ❤♦t

❆❞❞ ♦♥✐♦♥s✱ ♣❡♣♣❡rs ❛♥❞ ➼ t❡❛s♣♦♦♥ s❛❧t ❛♥❞ s❛✉té✱ st✐rr✐♥❣ ❢r❡✲
q✉❡♥t❧②✱ ✉♥t✐❧ ♦♥✐♦♥s ❛r❡ tr❛♥s❧✉❝❡♥t ❛♥❞ ♣❡♣♣❡rs ❤❛✈❡ st❛rt❡❞ t♦ ❧✐❣❤t❡♥
✐♥ s♣♦ts✱ ❛❜♦✉t ✶✵ ♠✐♥✉t❡s

❆❞❞ ❣❛r❧✐❝ ❛♥❞ ❝♦♥t✐♥✉❡ t♦ s❛✉té ❢♦r ✶ ♠♦r❡ ♠✐♥✉t❡

❙t✐r ✐♥ t♦♠❛t♦❡s ❛♥❞ ♣✐♠❡♥t ❞✬❊s♣❡❧❡tt❡

❘❡❞✉❝❡ ❤❡❛t t♦ ♠❡❞✐✉♠✱ ❝♦✈❡r ❛♥❞ ❝♦♦❦ ✉♥t✐❧ t♦♠❛t♦❡s ❛r❡ st❛rt✐♥❣
t♦ ❢❛❧❧ ❛♣❛rt ❛♥❞ ♣❡♣♣❡rs ❛r❡ s♦❢t ❜✉t st✐❧❧ ❤♦❧❞ t❤❡✐r s❤❛♣❡✱ ❛❜♦✉t ✶✺
♠✐♥✉t❡s

❘❡♠♦✈❡ ❝♦✈❡r ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ❝♦♦❦✱ st✐rr✐♥❣ ❢r❡q✉❡♥t❧②✱ ✉♥t✐❧ ♠✐①t✉r❡
t❤✐❝❦❡♥s ❧✐❦❡ ❛ s❧✐❣❤t❧② r✉♥♥② r❡❧✐s❤✱ ❛❜♦✉t ✺ ♠✐♥✉t❡s ♠♦r❡

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✾ ✴ ✶✸



❈♦♦❦✐♥❣ ❂ ❡①❡❝✉t✐♥❣ t❤❡ r❡❝✐♣❡ ✐♥ t❤❡ r✐❣❤t ♦r❞❡r

◆♦t❡ t❤❛t ②♦✉ s❤♦✉❧❞ ♣r♦❜❛❜❧② ❝❤❛♥❣❡ t❤❡ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♣r❡♣❛r❛t✐♦♥
t✐♠❡

Heat oil

Add onions, peppers

Add garlic

Add tomatoes

Serve

Wash

Stem & seed

Chop

Wash

Stem & seed

Chop

Peel

Slice Peel

Chop

Wash

Peel

Chop

Wash

Peel

Chop

Wash

Peel

Chop

Wash

Peel

Chop

Pr♦❝❡ss♦rs ❛❝t✉❛❧❧② ❞♦ t❤✐s
❦✐♥❞ ♦❢ t❤✐♥❣s ❛✉t♦♠❛t✐❝❛❧❧②✦

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✶✵ ✴ ✶✸



●♦✐♥❣ ❡✈❡♥ ❢❛st❡r✳✳

❚❤✐s r❡❝✐♣❡ ✐s ♣❡r❢❡❝t ✐❢ ②♦✉ ❛r❡ ❛ s✐♥❣❧❡ ❝♦♦❦ ❛♥❞ ❤❛✈❡ ✶ ❦✐t❝❤❡♥ s✐♥❦✱ ✶
❦♥✐❢❡✱ ✶ ❝✉tt✐♥❣ ❜♦❛r❞✱ ✶ s❦✐❧❧❡t

■❢ ②♦✉r ✇✐❢❡ ❤❡❧♣s ②♦✉ ♦✉t ❛♥❞ ❤❛s ❤❡r ♦✇♥ ❦♥✐❢❡ ❛♥❞ ❝✉tt✐♥❣ ❜♦❛r❞✱ ②♦✉
✇✐❧❧ ❡❛s✐❧② ❣♦ ❢❛st❡r

❇✉t ✐❢ ②♦✉ ✇❛♥t t♦ ♣r❡♣❛r❡ ❢♦r ✷✵✵ ♣❡rs♦♥s✱ ✐t ✇✐❧❧ st✐❧❧ t❛❦❡ ❛ ❧♦t ♦❢ t✐♠❡

❲♦✉❧❞ ❛s❦✐♥❣ ✹✵ ❢r✐❡♥❞s t♦ ❤❡❧♣ r❡❛❧❧② ❤❡❧♣ ❄

▼❛②❜❡✳ ✳ ✳ ♣r♦✈✐❞❡❞ t❤❡② ❤❛✈❡ t❤❡✐r ♦✇♥ ❝✉tt✐♥❣ ❜♦❛r❞s✱ ❦♥✐✈❡s✱ ❛♥❞ ②♦✉
♠❛♥❛❣❡ t♦ ✜t t❤❡♠ ❛❧❧ ✐♥ ②♦✉r s♠❛❧❧ ❦✐t❝❤❡♥

❨♦✉ ✇✐❧❧ ❛❧s♦ ♣r♦❜❛❜❧② ♥❡❡❞ ❛❞❞✐t✐♦♥❛❧ s❦✐❧❧❡ts

❈♦♦r❞✐♥❛t✐♦♥ ✐s ❤♦✇❡✈❡r ❣♦✐♥❣ t♦ ❜❡ ❛ ♥✐❣❤t♠❛r❡✱ ❡s♣❡❝✐❛❧❧② ✐❢ t❤❡②
❞♦ ♥♦t ❛❧❧ ❝❤♦♣✴♣❡❡❧✴s❧✐❝❡ ❛t t❤❡ ❡①❛❝t s❛♠❡ s♣❡❡❞

❙♦❧✈✐♥❣ ❜✐❣❣❡r ♣r♦❜❧❡♠s r❡q✉✐r❡s ♠♦r❡ ♣r♦❝❡ss♦rs✱ ♠♦r❡ ♠❡♠♦r②✱ ❛ ❢❛st ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ♠❡❞✐✉♠✱ ❛♥❞ ❛ t❤♦r♦✉❣❤ ♦r❣❛♥✐③❛t✐♦♥ t❤❛t t❛❦❡s t❤❡ r✐❣❤t ❞❡❝✐✲
s✐♦♥s ♦♥ t❤❡ ✢②

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✶✶ ✴ ✶✸



●♦✐♥❣ ❡✈❡♥ ❢❛st❡r✳✳

❚❤✐s r❡❝✐♣❡ ✐s ♣❡r❢❡❝t ✐❢ ②♦✉ ❛r❡ ❛ s✐♥❣❧❡ ❝♦♦❦ ❛♥❞ ❤❛✈❡ ✶ ❦✐t❝❤❡♥ s✐♥❦✱ ✶
❦♥✐❢❡✱ ✶ ❝✉tt✐♥❣ ❜♦❛r❞✱ ✶ s❦✐❧❧❡t

■❢ ②♦✉r ✇✐❢❡ ❤❡❧♣s ②♦✉ ♦✉t ❛♥❞ ❤❛s ❤❡r ♦✇♥ ❦♥✐❢❡ ❛♥❞ ❝✉tt✐♥❣ ❜♦❛r❞✱ ②♦✉
✇✐❧❧ ❡❛s✐❧② ❣♦ ❢❛st❡r

❇✉t ✐❢ ②♦✉ ✇❛♥t t♦ ♣r❡♣❛r❡ ❢♦r ✷✵✵ ♣❡rs♦♥s✱ ✐t ✇✐❧❧ st✐❧❧ t❛❦❡ ❛ ❧♦t ♦❢ t✐♠❡

❲♦✉❧❞ ❛s❦✐♥❣ ✹✵ ❢r✐❡♥❞s t♦ ❤❡❧♣ r❡❛❧❧② ❤❡❧♣ ❄

▼❛②❜❡✳ ✳ ✳ ♣r♦✈✐❞❡❞ t❤❡② ❤❛✈❡ t❤❡✐r ♦✇♥ ❝✉tt✐♥❣ ❜♦❛r❞s✱ ❦♥✐✈❡s✱ ❛♥❞ ②♦✉
♠❛♥❛❣❡ t♦ ✜t t❤❡♠ ❛❧❧ ✐♥ ②♦✉r s♠❛❧❧ ❦✐t❝❤❡♥

❨♦✉ ✇✐❧❧ ❛❧s♦ ♣r♦❜❛❜❧② ♥❡❡❞ ❛❞❞✐t✐♦♥❛❧ s❦✐❧❧❡ts

❈♦♦r❞✐♥❛t✐♦♥ ✐s ❤♦✇❡✈❡r ❣♦✐♥❣ t♦ ❜❡ ❛ ♥✐❣❤t♠❛r❡✱ ❡s♣❡❝✐❛❧❧② ✐❢ t❤❡②
❞♦ ♥♦t ❛❧❧ ❝❤♦♣✴♣❡❡❧✴s❧✐❝❡ ❛t t❤❡ ❡①❛❝t s❛♠❡ s♣❡❡❞

❙♦❧✈✐♥❣ ❜✐❣❣❡r ♣r♦❜❧❡♠s r❡q✉✐r❡s ♠♦r❡ ♣r♦❝❡ss♦rs✱ ♠♦r❡ ♠❡♠♦r②✱ ❛ ❢❛st ❝♦♠✲
♠✉♥✐❝❛t✐♦♥ ♠❡❞✐✉♠✱ ❛♥❞ ❛ t❤♦r♦✉❣❤ ♦r❣❛♥✐③❛t✐♦♥ t❤❛t t❛❦❡s t❤❡ r✐❣❤t ❞❡❝✐✲
s✐♦♥s ♦♥ t❤❡ ✢②
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❆♥❞ ✐s ✐t r❡❛❧❧② t❤❡ s❛♠❡ ✇✐t❤ ❝♦♠♣✉t❡rs❄

■❢ I✶ ✇r✐t❡s z ❛♥❞ I✷ r❡❛❞✴✇r✐t❡s z ✱ t❤❡♥ I✶ ❛♥❞ I✷ s❤♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ t❤❡ r✐❣❤t
♦r❞❡r [Bernstein66]

❉❛t❛ ❞❡✜♥❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ✐♥✲
str✉❝t✐♦♥s✴t❛s❦s

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ S = np.zeros(n, float)

✾ for j in reversed(range(0,n)):

✶✵ x[j] = (b[j] - S[j]) / A[j][j] # pivot (D_j)

✶✶ for i in range(0,j): # parallel loop

✶✷ S[i] = S[i] + A[i][j] * x[j] # update (U_i,j)

❛❞❛♣t✐♥❣ ❣r❛♥✉❧❛r✐t②

♦♣t✐♠✐③❡❞ ❝♦❞❡ ✈❡rs✐♦♥s ❢♦r ❡❛❝❤ r❡✲
s♦✉r❝❡ ✭❈P❯✴●P❯✴❛✉t♦✲t✉♥✐♥❣✮

❞②♥❛♠✐❝ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣

♣♦rt❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡s

U✺,✷ U✺,✶ U✺,✵

U✹,✸ U✹,✷ U✹,✵U✹,✶

U✷,✶

U✸,✶ U✸,✵

U✺,✻

D✷

U✷,✵

D✹

D✶

U✺,✹

D✸

D✵

U✺,✸

U✸,✷

D✺
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❆♥❞ ✐s ✐t r❡❛❧❧② t❤❡ s❛♠❡ ✇✐t❤ ❝♦♠♣✉t❡rs❄

■❢ I✶ ✇r✐t❡s z ❛♥❞ I✷ r❡❛❞✴✇r✐t❡s z ✱ t❤❡♥ I✶ ❛♥❞ I✷ s❤♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ t❤❡ r✐❣❤t
♦r❞❡r [Bernstein66]

❉❛t❛ ❞❡✜♥❡ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ✐♥✲
str✉❝t✐♦♥s✴t❛s❦s

✶ import numpy as np

✷ A = np.array([[1, 1, 1, 1], [0, 1, -3, -1],

✸ [0, 0, 6, 1] , [0, 0, 0, 4]], float)

✹ b = np.array([6, 5, -4, 8], float)

✺

✻ n = len(b)

✼ x = np.zeros(n, float)

✽ S = np.zeros(n, float)

✾ for j in reversed(range(0,n)):

✶✵ x[j] = (b[j] - S[j]) / A[j][j] # pivot (D_j)

✶✶ for i in range(0,j): # parallel loop

✶✷ S[i] = S[i] + A[i][j] * x[j] # update (U_i,j)

❛❞❛♣t✐♥❣ ❣r❛♥✉❧❛r✐t②

♦♣t✐♠✐③❡❞ ❝♦❞❡ ✈❡rs✐♦♥s ❢♦r ❡❛❝❤ r❡✲
s♦✉r❝❡ ✭❈P❯✴●P❯✴❛✉t♦✲t✉♥✐♥❣✮

❞②♥❛♠✐❝ ❧♦❛❞ ❜❛❧❛♥❝✐♥❣

♣♦rt❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡s

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♦❦✐♥❣ ❛♥❛❧♦❣② ✶✷ ✴ ✶✸



❆s ❛ ❈♦♥❝❧✉s✐♦♥

❖✉r s♦❝✐❡t② ✭❝✐t✐③❡♥s✱ ❝♦♠♣❛♥✐❡s✱ s❝✐❡♥❝❡✱ ✳ ✳ ✳ ✮ r❡❧✐❡s ✭♦❢t❡♥ ♦❜❧✐✈✐♦✉s❧②✮ ♦♥
❣✐❣❛♥t✐❝ ❝♦♠♣✉t❛t✐♦♥ ✐♥❢r❛str✉❝t✉r❡s

❍♦✇ t♦ ❞❡s✐❣♥✴✉s❡✴♦♣t✐♠✐③❡✴✉♥❞❡rst❛♥❞ s✉❝❤ ✐♥❢r❛str✉❝t✉r❡s❄

❙❝❛❧❛❜✐❧✐t②

❋❛✐r s❤❛r✐♥❣

❋❛✉❧t t♦❧❡r❛♥❝❡

❈❛♣❛❝✐t② ♣❧❛♥♥✐♥❣

❊♥❡r❣② ❝♦♥s✉♠♣t✐♦♥

▼♦❞❡❧✐♥❣✴❛♥❛❧②s✐s✴❡✈❛❧✉❛t✐♦♥✴❡①♣❡r✐♠❡♥t❛t✐♦♥

❙✐♠✐❧❛r ✐ss✉❡s ✇✐t❤ ❛♥② ❧❛r❣❡ ❞✐str✐❜✉t❡❞ ✐♥❢r❛str✉❝t✉r❡

❍P❈✴❝❧♦✉❞✴✳ ✳ ✳

❲✐r❡❧❡ss ♥❡t✇♦r❦s

❙♠❛rt ❣r✐❞s

❚r❛♥s♣♦rt❛t✐♦♥ s②st❡♠s

❆r♥❛✉❞ ▲❡❣r❛♥❞ ❈♦♥❝❧✉s✐♦♥ ✶✸ ✴ ✶✸
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