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1 n
Cny = — E Ty,
n 4
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> If n — oo, then, strong law of large numbers

C’N a.s. CN.
or equivalently, in spectral norm
HéNch’ 2%00.

Random Matrix Regime

> No longer valid if N,n — co with N/n — ¢ € (0, 00),

o -ex] 4o

> For practical N,n with N ~ n, leads to dramatically wrong conclusions
> Even for N = n/100.
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The Large Dimensional Fallacies

Setting: x; € CN iid., 21 ~CN(0,Iy)
» assume N = N(n) such that N/n — ¢ > 1

> then, joint point-wise convergence

N 1 " a.s,
1<0gEN ‘ [CN - IN]ij =y | N e 0 0
> however, eigenvalue mismatch
0=X2(CN)=-.. = AN-n(CN) S AN-nt1(Cn) < ... < AN (CN)
T=MUN)=.. = AN_n(N) = AN_nt1(Cn) = ... = An(IN)

=> no convergence in spectral norm.

6
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The Maréenko—Pastur law

I I
| — — — Empirical eigenvalue distribution
0.8 [~ : Mar€enko—Pastur Law H
| T T T
| | | |
| | | |
| | | |
| | | |
| | |
0.6 [~ I I I 1
| | |
| | |
| | |
2 | | |
2 | I I
L | | |
a 0.4 |- I I —
| |
| |
| |
| |
| |
| |
0.2 — | .
|
|
|
|
|
|

Eigenvalues of C'

Figure: Histogram of the eigenvalues of C’N for N = 500, n = 2000, Cny = InN.
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Definition (Empirical Spectral Density)
Empirical spectral density (e.s.d.) ux of Hermitian matrix Ay € CVX s

| N
UN = N;(SM(AN)‘

Theorem (Mar€enko—Pastur Law [Mar€enko,Pastur’67])

XN € CNX™ with i.i.d. zero mean, unit variance entries.
As N,n — oo with N/n — ¢ € (0,00), e.s.d. un of %XNX]’Q satisfies
a.s.
KN — He

weakly, where
> p1e({0}) = max{0,1—c~'}
> on (0,00), pc has continuous density f. supported on [(1 — /c)?, (1 + +/c)?]

1

2mex

fol@) = ——/(@ = (1 = VO2)(1 + V) —2).
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The Maréenko—Pastur law
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The Maréenko—Pastur law
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Application Interest

In Wireless Communications.
Since 1998,

> [Telatar'98],[Hachem et al.’07] Mutual information Z(x,y) of multivariate
channels (MIMO, CDMA, MAC, etc.):
y=Hz +ow, He CNxn,

I(z,y) = logdet (In + UﬁQHH*) = /log(l + o0 2 pn (dt)

with uy = % Zf\il JAQ(HH*)
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y=Hz +ow, He CNxn,

I(z,y) = logdet (In + 072HH*) = /log(l + o0 2 pn (dt)
with uy = % Zf\il JAQ(HH*)

> [Shamai,Verdu’01],[Wagner et al.’12] Multi-user MIMO rate r of broadcast
channels, linear receivers:
yi = H; . (HH* + aly) ' Hx + ow;

|H; .(HH* + aly) ' H} |2
r=log |1+ : .
02+ ||H; . (HH* + aln)~" H_; .H*, |2
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Application Interest

In Signal Processing.
Since 2005 (mostly),

> [Cardoso et al.’08],[Bianchi et al."11] Hypothesis tests:
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Application Interest

In Signal Processing.
Since 2005 (mostly),
> [Cardoso et al.’08],[Bianchi et al."11] Hypothesis tests:

. ow; Ho
fori=1,...,n, y; = a-l—lcfwi :Hl ,

Amax (% Z?:l yly:) ’}il 5

2z

N g iy Ho
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\/yﬁ(ﬁ st yiyf)_lyn\/a*(ﬁ S yiyr)~la Mo

> [Mestre’08],[Couillet et al."11] Subspace and energy estimation:
fori=1,...,n, y; = Z£:1 vpra(bp) + ow;,

1 .
f <nzyiyi>

i=1
1 & P N

g EZyiyi =0, — 0,
i=1

> former (usually) involves eigenvalues of - 377 | y;y;
. . 1 n *
> later (usually) involves eigenspaces of - >°7" | vy

1>
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Outline

Basics of Random Matrix Theory for Sample Covariance Matrices

The Stieltjes Transform Method
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The Stieltjes transform

Definition (Stieltjes Transform)
For y real probability measure of support supp(p), Stieltjes transform m,, defined, for
z € C\ supp(p), as

mu(z) = [ ).
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The Stieltjes transform

Definition (Stieltjes Transform)
For y real probability measure of support supp(p), Stieltjes transform m,, defined, for
z € C\ supp(p), as

mu(z) = [ ).

Property (Inverse Stieltjes Transform)
For a < b continuity points of u,

b
plla, b)) = tim / Smp (@ +16))de

Besides, if p has a density f at z,

J(@) = lim —S{mp (o +19)].
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The Stieltjes transform

Property (Relation to e.s.d.)
If 4 e.s.d. of Hermitian A € CNXN (e, u= % Ziil dx;(A))

1
myu(z) = Ntr (A—zIy)~ !
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The Stieltjes transform

Property (Relation to e.s.d.)
If 4 e.s.d. of Hermitian A € CNXN (e, u= % Zf;l dx;(A))

1
myu(z) = Ntr (A—zIy)~ !

Proof:

N

mu(z) = [ M) _Ls~ L Ly (diag{Ai(A)} — 2l) !

t—z N

i=1

X(A)—z N

1 -1
= —tr(A—2zI .
Nf( zIN)
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The Stieltjes transform

Property (Stieltjes transform and moments)
For compactly supported p,

[e o)
mu(z) = — Z My, gz *t
k=0

with M, = [ t*pu(dt).

15 /113



The Stieltjes transform

Property (Stieltjes transform and moments)
For compactly supported p,

[e o)
mu(z) = — Z My, gz *t
k=0

with M, = [ t*pu(dt).

If pesd. of A,
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The Stieltjes transform

Property (Stieltjes transform of Gram matrices)
For X € CN*" and

> pesd. of XX*

> gesd X*X
Then
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The Stieltjes transform

Property (Stieltjes transform of Gram matrices)
For X € CN*" and
> pesd. of XX*

> gesd X*X
Then
n N—-nl
mu(2) = mp(z) = —o—
Proof:

SRR S SR I o . N
MW T N M(XX*)—2z N4~ M(X*X)—z N

i=1"" i=1

16
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The Stieltjes transform

Side remark (for wireless communications)

Definition (Shannon Transform)
u real probability measure with Stieltjes transform m,, and support supp(u) C R,
then Shannon Transform V), is

V() = /Ooo log(1 + at)u(dt)

_ /:o (% - mu(—t)) dt.
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The Stieltjes transform

Side remark (for wireless communications)

Definition (Shannon Transform)
u real probability measure with Stieltjes transform m,, and support supp(u) C R,
then Shannon Transform V), is

V() = /OOo log(1 + at)u(dt)

_ /:o (% - mu(—t)) dt.

» Fundamental to capacity calculus in wireless communications

» Can be computed from m/ alone, no need to know .
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Resolvent Identity)
For A, B € CNXN jnvertible,
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Resolvent Identity)
For A, B € CNXN jnvertible,

ATl Bl =A"YB-A)B™ L

Corollary
Fort € C, z € CN, A e CN*XN with A and A + tzz* invertible,
A1z

Adtza)y lo = ——— .
(A+tz™) "z 1+tx*A- 1z
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Rank-one perturbation)

For A, B € CN*N Hermitian nonnegative definite, e.s.d. pof A, t >0, z € CcN,
z € C\ supp(u),

1 1Bl

1 1
tr B(A+txx® — 2In) "t — —tr B(A — 2In) 1] < dist(z. supn())
~ (A+tzz* — zIN) N (A—zIy)™7| < N dist(z, supp(u))
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Rank-one perturbation)

For A, B € CN*N Hermitian nonnegative definite, e.s.d. g of 4, t >0, z € CN,
z € C\ supp(u),

1 1Bl

1 1
tr B(A+txx® — 2In) "t — —tr B(A — 2In) 1] < dist(z. supn())
~ (A+tzz* — zIN) N (A—zIy)™7| < N dist(z, supp(u))

In particular, as N — oo, if limsupy || B|| < oo,

1 1
NtrB(Athxz* —2IN) = NtrB(A —zIN)"t = 0.
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The Stieltjes transform

Three fundamental lemmas in all proofs.

Lemma (Trace Lemma)

For
» x € CN with i.i.d. entries with zero mean, unit variance, finite eighth moment,
» A€ CNVXN deterministic (or independent of z), limsup || 4| = 0 (or a.s.),

then

1 1
—z* Az — —tr A 25 0.
N N

20



Proof of the Maréenko—Pastur law

Theorem (Mar&enko—Pastur Law [Mar€enko,Pastur’67])

Xy € CNX" with j.i.d. zero mean, unit variance entries.
As N,n — oo with N/n — ¢ € (0,00), e.s.d. un of %XNXJ*V satisfies

KN £>,LLc

weakly, where
> pe({0}) = max{0,1 —c~'}
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Theorem (Mar&enko—Pastur Law [Mar€enko,Pastur’67])

Xy € CNX" with j.i.d. zero mean, unit variance entries.
As N,n — oo with N/n — c € (0,00), e.s.d. un of %XNXJ*V satisfies

a.s,
KN — He
weakly, where
> 1e({0}) = max{0,1 - 1}
> on (0,00), pc has continuous density f. supported on [(1 — +/c)?, (1 + +/c)?
1

2mex

fol@) = ——/(@ = (1 = VO2)(1 + V) —2).
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Proof of the Maréenko—Pastur law

Stieltjes transform approach.
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Proof of the Maréenko—Pastur law

Stieltjes transform approach.

Proof
> With uy esd. of 1 Xy X%,

1 1 -1 1 -1
muN(z):Ntr (EXNXXI_ZIN> NZ[(,LXNXKJ_ZIN) :|

i=1 i1
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Proof of the Maréenko—Pastur law

Stieltjes transform approach.

Proof
> With uy esd. of 1 Xy X%,
1 1 -1 1 X/ -1
= —tr | —XnX} — 2] = — XN XN 2T
runt= (i) 355 (ot )

T i1

> Write

*

XN:|:y :|E(CN><77,
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Proof of the Maréenko—Pastur law

Stieltjes transform approach.

Proof
> With uy esd. of 1 Xy X%,

1. /1 . 11 &/ u -1
mHN(z):Ntr EXNXN_ZIN :N ;XNXN—ZIN
—

T i1

> Write

*

XN:|:y :|E(CN><77,

so that, for §[z] > 0,

1
%y*y -z Ly vy
Yn_1y %YNflyﬁ_lf'ZINfl '

n

1 —1
H
(—XNXN - zIN) =
n
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Proof of the Maréenko—Pastur law

Proof (continued)

» From block matrix inverse formula

A B\7'_ (A—BD-'C)~! —A-1B(D - CA-'B)~!
C D “\-(A-BD10)"lcA! (D-CcA™1B)~!
we have

1 -1 1
(7XNX]’§, —zIN) = .
n " —z—z%y*(%YK]ilYN,l —zIp) "y
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Proof of the Maréenko—Pastur law

Proof (continued)

» From block matrix inverse formula

A B! (A-BD"'C)"! —ATIB(D - CA~IB)7!
((J D) B (—(A—BD*IC)”CA’1 (D—-0A™iB)~! )
we have
[(1XNX1*V _ZIN)l] = 1 1 - —1y
n o Ay (YR YN — 2ln) Ty

» By Trace Lemma, as N,n — oo

1 a.s,

1 -1
7XNX* —ZIN) — — 0.
[(n N o —z—2itr (Lvy Vv — 20n) !
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Proof of the Maréenko—Pastur law

Proof (continued)

> By Rank-1 Perturbation Lemma (XA Xy =Y _Yn_1 +yy*), as N,n — oo

1 -1 1 as
“XNXy — =2l - — 0.
|:(n NEN N) ]11 —z—z%tr(%X]’(,XN—zIn)—l
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Proof of the Maréenko—Pastur law

Proof (continued)

> By Rank-1 Perturbation Lemma (XA Xy =Y _Yn_1 +yy*), as N,n — oo

1 -1 1 as
—“XNXy -2l — — 0.
[(n NEN N) ]11 —z—z%tr(%X]*\,XN—zIn)—l

> Since 2tr (X5 Xy —2n) 7t = Ltr (A XN XY —2Iy) 7t - =N L

1 -t 1 as
S XNXE — zIN) - 2500,
|:(n n 17%7zfz%tr(%XNX]*\,fz1N)—1
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Proof of the Maréenko—Pastur law

Proof (continued)

> By Rank-1 Perturbation Lemma (XA Xy =Y _Yn_1 +yy*), as N,n — oo

1 -1 1 as
—XNXN — =21 - — 0.
|:(n NAN N) :|11 —z—z%tr(%X]*\,XNlen)*l

> Since 2tr (X5 Xy —2n) 7t = Ltr (A XN XY —2Iy) 7t - =N L

1 -t 1 as
S XNXE — zIN) - a8y,
|:(n n lfgfzfz%tr(%XNXﬁ,leN)—l

> Repeating for entries (2,2),..., (NN, N), and averaging, we get (for S[z] > 0)

! 250,

My (2) —
o (2) 1—%—z—z%mw\,(z)
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Proof of the Maréenko—Pastur law

Proof (continued)

> Then myy (2) 25 m(z) solution to

1

1—c—z—czm(z)

m(z) =
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Proof of the Maréenko—Pastur law

Proof (continued)
> Then m, (2) &% m(z) solution to

1

1—c—z—czm(z)

m(z) =

i.e., (with branch of \/f(z) such that m(z) — 0 as |z| — o0)

1o 1 VE-05ve) (-0 -vep)

2cz 2c 2cz
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Proof of the Maréenko—Pastur law

Proof (continued)
> Then m, (2) &% m(z) solution to

1

1—c—z—czm(z)

m(z) =

i.e., (with branch of \/f(z) such that m(z) — 0 as |z| — o0)

1o 1 VE-05ve) (-0 -vep)

2cz 2c 2cz

> Finally, by inverse Stieltjes Transform, for z > 0,

2 - _(1— 2
i Lo 20y 2 V(0O =) (o= (1= o)

el0 2mcx

And for x = 0,

S~ (1 _ —1
lslf(’)na\r[m(za)] =(1—c ) 1gesay

Hael(1-ve)2,(14v0)2]}
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Sample Covariance Matrices

Theorem (Sample Covariance Matrix Model [Silverstein,Bai'95])
Let Yy = CI%XN € CNXn  with
» Cn € CNXN nonnegative definite with e.s.d. vy — v weakly,
» Xy € CNX" has i.id. entries of zero mean and unit variance.
As N,n — 0o, N/n — c € (0,00), iy e.s.d. of%YK,YN € C" X" satisfies
fin =% f

weakly, with mj(z), (2] > 0, unique solution with I[mj(z)] > 0 of

mp(z) = <fz+c/1++mﬁ(z)u(dt)>il.
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Sample Covariance Matrices

Theorem (Sample Covariance Matrix Model [Silverstein,Bai'95])
Let Yy = CI%XN € CNXn  with

» Cn € CNXN nonnegative definite with e.s.d. vy — v weakly,

» Xy € CNX" has i.id. entries of zero mean and unit variance.
As N,n — 0o, N/n — c € (0,00), iy e.s.d. of%YK,YN € C" X" satisfies

v 230

weakly, with mj(z), (2] > 0, unique solution with I[mj(z)] > 0 of

mp(z) = <fz+ c/ Ht;mﬁ(z)y(dtoil'

Moreover, i is continuous on RT and real analytic wherever positive.

1 1
. . 1 _ 1 2 2
Immediate corollary: For puy esd. of ~YNY = 2> 00 CRaix;Cg,
a.s,
BUN — [

weakly, with i = cu + (1 — ¢)do.

26
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Sample Covariance Matrices

Side note on other models.
Similar results for multiple matrix models:
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Sample Covariance Matrices

Side note on other models.
Similar results for multiple matrix models:

1 1
> Doubly-correlated (or separable variance profile): Yy = CZ XNT3 (2 fixed
point equations)
Applications in Section “Robust Estimation and Random Matrices”

> Information-plus-noise: Yy = Ay + Xn, AN deterministic

» Variance profile: Yy = Py ©® Xy (entry-wise product)

1
; . _ _ 0z
> Per-column covariance: Yy = [y1,...,Yn], ¥i = Criwi

> etc.
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Sample Covariance Matrices

Retrieving 1 (or fi) from m.

> Since p differentiable (unless maybe in zero), recall that

fl@) 2 p(x) = lim %%[mu(x +18)].
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Sample Covariance Matrices

Retrieving 1 (or fi) from m.

> Since p differentiable (unless maybe in zero), recall that

fl@) 2 p(x) = lim %%[mu(x +18)].

> Thus, to plot f,

> span z = x 4 1€ for all z € R and ¢ small (say, ¢ = 10™3)
> solve mj(x + 12€) by fixed-point algorithm (provably convergent) for each x

> plot (z, [mj(x + 1€)]) for each .
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Sample Covariance Matrices

(0] (i)

Figure: Histogram of the eigenvalues of %YNYK,, n = 3000, N = 300, with Cn diagonal with
evenly weighted masses in (i) 1, 3, 7, (ii) 1, 3, 4.
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Sample Covariance Matrices

Property [Spectral gaps]
1
Let Yy = CJ X as above. Assume [a#,b"] C R\ supp(p), then

[a”,b”] C R\ supp(v), where a¥ = —1/my(a*), b” = —1/m,(b").
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Sample Covariance Matrices

Property [Spectral gaps]
1

Let Yy = CZ Xy as above. Assume [a#,b*] C R\ supp(u), then

[a”,b”] C R\ supp(v), where a¥ = —1/my(a*), b” = —1/m,(b").

x,
Support of 41

Y

Figure: Function x,(m)

, extended inverse of m,, () on real axis, for v = %51 + %53 + %57
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Sample Covariance Matrices

Theorem (Exact Separation [Bai,Silverstein’99])

Let Yy = C]%XN as above with additionally
» XN has entries of bounded fourth order moment
> max;<i<n, dist(A;(Cn),supp(v)) — 0
> limsupy ||Cn]| < oo.

Then, letting [a*,b*] C RT \ supp(u) with corresponding [a”,b"] C Rt \ supp(v),

# {,\i (%YNY](‘,> < a“} =#{N(Cn) < a”}

for all large n a.s., except for zero eigenvalues.
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Sample Covariance Matrices

1072

T T
20 eigenvalues

2.5 |- 20 eigenvalues

X

DYy

20 eigenvalues

-

Figure: Eigenvalues of %YNY?\, versus i, v = $61 + 83 + 3810, N = 60, n = 600.

10
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Sample Covariance Matrices

Estimation of Cy.

> For f complex analytic, estimate of [ f(t)v(dt)?
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Sample Covariance Matrices

Estimation of Cy.

> For f complex analytic, estimate of [ f(t)v(dt)?
» By Cauchy’s integral, for C,, enclosing supp(v),

/f(t)v(dt):f/(% . tf(ji ) v(dt) =

17{ f(z)mu(2)dz.
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Sample Covariance Matrices

Estimation of Cy.

> For f complex analytic, estimate of [ f(t)v(dt)?
» By Cauchy’s integral, for C,, enclosing supp(v),

/f(t)u(dt) :f/ (% b tf(j)zdz) w(dt) = 27”?{ F () (2)dz.

» Reminder: by [Silverstein,Bai’95],

m(w) = (_w-s-c/mwdt))ﬁ

or equivalently

)

mp(w)

33/113



Sample Covariance Matrices

Estimation of Cy.
> Together, with z = —1/m (w),

/

with —1/m;(Cyu) = Cu (thus must be well defined!).
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Sample Covariance Matrices

Estimation of Cy.
> Together, with z = —l/mﬁ(w),
!

with —1/m;(Cyu) = Cu (thus must be well defined!).

» By uniform convergence over C,,

sup |my(2) = muy (2)] =0
z€Cy

L N
(kN = 5 22105, (Lyyvy)) We get

1 my (w)

o Jr ! (‘m @)

)wmmw)#m =5 [ s
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Sample Covariance Matrices

Estimation of Cy.
> Together, with z = —l/mﬁ(w),
!

with —1/m;(Cyu) = Cu (thus must be well defined!).

» By uniform convergence over C,,

sup |my(2) = muy (2)] =0
z€Cy

L N
(kN = 5 22105, (Lyyvy)) We get

1 my (w)

> Since mj, (W) = % SN (i — 2)~1, computation possible via
> numerical integrals
> residue calculus

“om b f(—m) wmuN(w)mdwﬁ/f(t)u(dt).
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Sample Covariance Matrices

Estimation of Cy for atomic v (i.e., f(t) = t).
Theorem (Eigen-Inference [Mestre’08])
1
Let Yy = C]%XN with exact separation condition. Assume

K K

N, .
VN:ZW(stk’ with ZNk:N, Nk/N—>Ck
k=1 k=1

and there is a cluster in j1 that maps {t;} only.
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Sample Covariance Matrices

Estimation of Cy for atomic v (i.e., f(t) = t).
Theorem (Eigen-Inference [Mestre’08])
1

Let Yy = CE,XN with exact separation condition. Assume
K

K
N, .
VN:ZW(stk, with ZNk:N’ Nk/N—>Ck
k=1 k=1
and there is a cluster in ji that maps {t;} only. Let

~ n
=N D> Am—rm)
J mENj

{23;11 Ni + 17 B '723‘:1 Nl}

> j =
> A\ > ...> Ay eigenvalues of%YNY]f,
> K1 > ...> KN eigenvalues of diag(\) — %\F)\ﬁ*

Then, as N,n — oo, N/n — c € (0, 00),
£ 25
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Outline

Basics of Random Matrix Theory for Sample Covariance Matrices

Spiked Models
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Spiked Models

Reminder. According to [Bai,Sil’98], asymptotically no eigenvalue of %YNY;, outside
supp(p) if

1 B[[X,]1) < oo

2. maxj<;<n dist(A;(Cn),supp(v)) = 0

3. limsupy ||Cn]| < oo.
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3. limsupy ||Cn]| < oo.

Breaking the rules. If we break

> Rule 1: Infinitely many eigenvalues may wander away from supp(u).
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Spiked Models

Reminder. According to [Bai,Sil’98], asymptotically no eigenvalue of %YNY;, outside
supp(p) if

1 B[[X,]1) < oo

2. maxj<;<n dist(A;(Cn),supp(v)) = 0

3. limsupy ||Cn]| < oo.

Breaking the rules. If we break

> Rule 1: Infinitely many eigenvalues may wander away from supp(u).

> Rule 2: C'y may create isolated eigenvalues in }LYNY*, called spikes.
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Spiked Models

T

X N
0.8 M H
0.6 | |
0.4 .
0.2 — -

0 XX I x

Lt wp e E2 14wy 4 e 122

Figure: Eigenvalues of %YNYK,, VN = N§451 + %52 + %53 (hence v = 81), N = 500,
n = 1500.



Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let YNy = C]%XN, with
» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

N-SM_f M k .
> N = %51 +Zm:1 Tm51+wm, with wy > ... > wpy.
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let Yy = CZ Xy, with

» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

k, . .
&1 +27A7/{:1 %51+wm, with wy > ... > wps.

Then, as N,n — 00, N/n — c € (0,00), with A1 > ... > An, A = Mi(2YNYR),
> ifwy > fori=1,...,kp,

14+ wm

Wm,

> (1+ e)?

a.s.
Ayt 148 — L+ wm + ¢
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Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let YNy = C]%XN, with
» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

N-SM_f M k .
> N = %51 +Zm:1 Tm51+wm, with wy > ... > wpy.

Then, as N,n — 00, N/n — c € (0,00), with A1 > ... > An, A = Mi(2YNYR),
> ifwy > fori=1,...,kp,

14+ wm

Wm,

> (1+ e)?

a.s.
Ayt 148 — L+ wm + ¢

> ifwm € (0,v/e], Ayt gk g 41— (14 1/0)?
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let Yy = CZ Xy, with

» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

k, . .
&1 +27A7/{:1 %51+wm, with wy > ... > wps.

Then, as N,n — 00, N/n — c € (0,00), with A1 > ... > An, A = Mi(2YNYR),
> ifwy > fori=1,...,kp,

14+ wm

Wm,

> (1+ e)?

a.s.
Ayt 148 — L+ wm + ¢

> if wm € (0,3/C), Moyt then, 141 — (14 1/€)?
> ifwkj € [_\/Ev 0), Amin(N,n) 25 (1 - \/6)2
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
1
Let YNy = C]%XN, with
» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

N-M_ g, M k .
> N = %51 +Zm:1 Tm61+wm: with wy > ... > wpy.

Then, as N,n — 00, N/n — c € (0,00), with A1 > ... > An, A = Mi(2YNYR),
> ifwy > fori=1,...,kp,

l1+w
Nertotlogn 1+ 3 L wm A+ e——" > (14 e)?
Wm
> ifwm € (0, ﬁ], >\k1+.4.+km,1+1 28 1+ \/5)2
B a.s.
> ’fwk?j € [_\/Ev 0), Amin(N,n) — (1 - \/6)2
> other eigenvalues discriminated over c:
> ifwm < —vC <1, fori=1,...,km,
1
AN—hpymeo—kmti =2 1+ wm + it Wm
m

> ifwg; < —Ve e> 1, Ak k1 25 (1 - e)?
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Spiked Models

Proof

» Two ingredients: Algebraic calculus + trace lemma
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Spiked Models

Proof

» Two ingredients: Algebraic calculus + trace lemma

» Find eigenvalues away from eigenvalues of %XNXX,:
1 *
0 = det 7YNYN_)\IN
n
1 * —1
= det(CN) det —XNnXy — )\CN
n

1
= det (7XNXX, — My + 2N — C;,l))
n

1 1 -
n n
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Spiked Models

Proof

» Two ingredients: Algebraic calculus + trace lemma

» Find eigenvalues away from eigenvalues of %XNX;{,:
1 *
n
1 * —1
= det(CN)det —XNnXy — )\CN
n
1
= det (7XNXX, — My + Iy — C;,l))
n
1 * —1 1 * -t
= det 7XNXN_>\IN det IN—‘,-)\(]N—CN) 7XNXN_)‘IN .
n n
> Use low rank property:

IN—Cy' =In—(In+UQU*) ' =U(Ig + Q) 7'U", Qe CE¥K K = k.

Hence

1 1 -1
0 = det (7XNX]*\, - ,\IN) det (IN +U(Ig +Q H~tu* (7XNX1’§, - ,\IN) >
n n



Spiked Models

Proof

» Two ingredients: Algebraic calculus + trace lemma

» Find eigenvalues away from eigenvalues of %XNXX,:
1 *
0 = det 7YNYN_)\IN
n
1 * —1
= det(CN)det —XNnXy — )\CN
n
1
= det (7XNXX, — My + 2N — C;,l))
n
1 * —1 1 * -t
= det 7XNXN_>\IN det IN—‘,-)\(]N—CN) 7XNXN_)‘IN .
n n
> Use low rank property:

In—Cy' =In—(In+UQU*) ' =U(Ig +Q H)7'U", Qe CF*E K="k

Hence

m-

1 1 -1
0 = det (7XNX]*\, - ,\IN) det (IN +U(Ig +Q H"tu* (7XNX1’§, - ,\IN) >
n n

40
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Spiked Models

Proof (2)

> Sylverster’s identity (det(/ + AB) = det(I + BA)),

1 * 1 * -
0 = det (—XNX}"\, - )JN> det (IK +UIg+Q H'U (;XNXN — )JN) U)
n
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Spiked Models

Proof (2)

> Sylverster’s identity (det(/ + AB) = det(I + BA)),

1 1 -1
0 = det (—XNX}'(, - )\IN> det <IK +(Ig +Q H~tu* (7XNX]*V - )\IN) U)
n n

> No eigenvalue outside the support [Bai,Sil’98]: det(%XNX}‘\, — M) has no
zero beyond (1 + +/c)? for all large n a.s.
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Spiked Models

Proof (2)

>

Sylverster’s identity (det(/ + AB) = det(I + BA)),

1 1 -1
0 = det (7XNX}"\, - )\IN) det <1K + (Ix +Q H~tu~ (—XNX]*V - )\IN) U)
n n

No eigenvalue outside the support [Bai,Sil’98]: det(%XNX}‘\, — M) has no
zero beyond (1 + +/c)? for all large n a.s.
Extension of Trace Lemma: for each z € C \ supp(u),

1 —1
U* (gXNX;, - zIN) U 2% my, (2)Ik.
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Spiked Models

Proof (2)

> Sylverster’s identity (det(/ + AB) = det(I + BA)),

1 1 -1
0 = det (—XNX}'(, - )\IN> det <IK +(Ig +Q H~tu* (7XNX]*V - )\IN) U)
n n

> No eigenvalue outside the support [Bai,Sil’98]: det(%XNX}‘\, — M) has no
zero beyond (1 + +/c)? for all large n a.s.

» Extension of Trace Lemma: for each z € C\ supp(u),

1 —1
U* (gXNX}(, - zIN) U 2% my, (2)Ik.

> As a result, for all large n a.s.,

1
0 = det (IK +(Ig +Q H WU (= XnXE — MN)*U)
n

M 1 km
~ I+ —7m ()\))
,L[l ( 1+wn! ©
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Spiked Models

Proof (3)

> Limiting solutions: zeros (with multiplicity) of

Wm

1+ ——
1+ wm

my(A) = 0.
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Spiked Models

Proof (3)

> Limiting solutions: zeros (with multiplicity) of

Wm

1+ ——
1+ wm

my(A) = 0.

» Using Margenko—Pastur law properties (my(2) = (1 — ¢ — z — czmu(2)) 1),

1+wm}M

Wm

)\6{1+wm+c

m=1
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Spiked Models

Theorem (Eigenvectors [Paul’07])
1
Let Yy = CR Xy, with
» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

» Oy =1In + Z%:l WU U, Un € CNXEm eigenbasis, w1 > ... > wyr > 0.
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Spiked Models

Theorem (Eigenvectors [Paul’07])
1
Let Yy = CZ Xy, with

» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

» Oy =1In + Z%:l WU U, Un € CNXEm eigenbasis, w1 > ... > wyr > 0.

Then, as N,n — oo, N/n — ¢ € (0,00), with 4; eigenvectors of Ai(%YNYK,),
> if wm > Ve, with Up = [tigy 4. 4k 1415 Uky oot hom s
1-— cwfn2

LS * 7 a.s,
U UnUp O 5% = I,
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Theorem (Eigenvectors [Paul’07])
1
Let Yy = CZ Xy, with

» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

» Oy =1In + Z%:l WU U, Un € CNXEm eigenbasis, w1 > ... > wyr > 0.

Then, as N,n — oo, N/n — ¢ € (0,00), with 4; eigenvectors of Ai(%YNYK,),

> if wm > Ve, with Up = [tigy 4. 4k 1415 Uky oot hom s

U U U U, 255
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Spiked Models

Theorem (Eigenvectors [Paul’07])
1
Let Yy = CZ Xy, with

» XN with i.i.d. zero mean, unit variance, finite fourth order moment entries

» Oy =1In + Z%:l WU U, Un € CNXEm eigenbasis, w1 > ... > wyr > 0.

Then, as N,n — oo, N/n — ¢ € (0,00), with 1i; eigenvectors of Ai(%YNYK,),
> if wm > Ve, with Up = [tigy 4. 4k 1415 Uky oot hom s

—2
1— cwm

Ui Un U Uy 25 Tt e
> if wm < VE, U UnUSUm 255 0.

Proof: Based on Cauchy integral + similar ingredients as eigenvalue proof

1 1 -1
a*Un U b = —]{ a* (7YNY;\‘, — ZIN) bdz
2m Je,, n

for Cm, contour circling around Mg, .. 4k, 1415+ > Moy 4.tk ONNy.

43 /113



Spiked Models

0.8 —

0.6 |-

lafuql?

0.4 —

0.2 |-

|
0 1 2 3 4

Population spike w1

1
Figure: Simulated versus limiting \ﬂ1u1|2 for Yy = Cz%fXN' Cny = In +wiuiuj,
N/n = 1/3, varying wy.



Outline

Basics of Random Matrix Theory for Sample Covariance Matrices

Fluctuation results
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CLT for Linear Statistics

Theorem (Fluctuations of Linear Statistics [Bai,Silverstein’04])
1
Let YN = C]%XN, XN with i.i.d. complex Gaussian zero mean, unit variance entries.

Assume N(vy — v) £50 and let Ay N =N(un — ). Then, as N/n — oo,
N/n=c+o(N~1Y), for fi,..., fr analytic,

([ n@aux@).., [ h@aux@) £ e Xp)

Gaussian vector with zero mean and covariance matrix

Cov(Xy, Xg) = 5z ?{7{ (21)9751252@))2 my; (z1)mp (22)dz1dza.
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> if N(vy —v) 4 0, valid with A, y = N(un — fiv), fin deterministic equivalent.
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Let YN = C]%XN, XN with i.i.d. complex Gaussian zero mean, unit variance entries.

Assume N(vy — v) £50 and let Ay N =N(un — ). Then, as N/n — oo,
N/n=c+o(N~1Y), for fi,..., fr analytic,
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Gaussian vector with zero mean and covariance matrix

Cov(Xy, Xg) = 5z }{7{ (zl)gsfzzzz))Q my; (z1)mp (22)dz1dza.

Several generalizations:
> if N(vy —v) 4 0, valid with A, y = N(un — fiv), fin deterministic equivalent.

> non-Gaussian X v: additional bias and variance terms proportional to kurtosis.
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CLT for Linear Statistics

Theorem (Fluctuations of Linear Statistics [Bai,Silverstein’04])
1
Let YN = C]%XN, XN with i.i.d. complex Gaussian zero mean, unit variance entries.

Assume N(vy — v) £50 and let Ay N =N(un — ). Then, as N/n — oo,
N/n=c+o(N~1Y), for fi,..., fr analytic,

([ n@aux@).., [ h@aux@) £ e Xp)

Gaussian vector with zero mean and covariance matrix

Cov(Xy, Xg) = 5z }{7{ f(zl)gsfzzzg))Q my; (z1)mp (22)dz1dza.

Several generalizations:

> if N(vy —v) 4 0, valid with A, y = N(un — fiv), fin deterministic equivalent.

> non-Gaussian X v: additional bias and variance terms proportional to kurtosis.

> non-analytic f: result holds for C2 functions, different result for not C'! functions.
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CLT for Linear Statistics

Theorem (Fluctuations of Linear Statistics [Bai,Silverstein’04])
1
Let YN = C]%XN, XN with i.i.d. complex Gaussian zero mean, unit variance entries.

Assume N(vy — v) £50 and let Ay N =N(un — ). Then, as N/n — oo,
N/n=c+o(N~1Y), for fi,..., fr analytic,

([ n@aux@).., [ h@aux@) £ e Xp)

Gaussian vector with zero mean and covariance matrix

Cov(Xy, Xg) = 5z }{7{ f(zl)gsfzzzg))Q my; (z1)mp (22)dz1dza.

Several generalizations:
> if N(vy —v) 4 0, valid with A, y = N(un — fiv), fin deterministic equivalent.
> non-Gaussian X v: additional bias and variance terms proportional to kurtosis.
> non-analytic f: result holds for C2 functions, different result for not C'! functions.

» CLT also exist for bilinear forms: e.g., a*(%YNY]’\‘, — zIn) " th.
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Tracy—Widom Theorem

Theorem (Phase Transition [Baik,BenArous,Péché’05])
Let YN = CJ%XN, with

> XN with i.i.d.complex Gaussian zero mean, unit variance entries,

N->M_ &
sy = Nkmmibmg S kg > > wp >0 (M > 0),
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Tracy—Widom Theorem

Theorem (Phase Transition [Baik,BenArous,Péché’05])
Let YN = CJ%XN, with

> XN with i.i.d.complex Gaussian zero mean, unit variance entries,

N-"M_
> VNZW51+Z%:1 B 81 o w1 > .. > wpr > 0 (M >0).

Then, as N,n — oo, N/n — ¢ < 1,
> Ifwy < +/c (or M =0),

A —(1 2
N3 L-i_;ﬁl) N T2, (complex Tracy-Widom law)
(1+ ve)ich
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Tracy—-Widom Theorem

Theorem (Phase Transition [Baik,BenArous,Péché’05])
Let YN = C]%XN, with

> XN with i.i.d.complex Gaussian zero mean, unit variance entries,

N-SM i km ,
> Ny = %514—2%:1 kﬁL(sthm, w1 >...>wy >0 (MZO)
Then, as N,n — oo, N/n — ¢ < 1,
> Ifwy < +/c (or M =0),

A —(1 2
N3 M N T>, (complex Tracy-Widom law)

(1+Ve)ses
> Ifwi > /e,
1
1 2 1 2\ 2 1
(Gt 0ty [y (1 el t)] £,
c wy w1

with Gy, law of largest eigenvalue of the k x k GUE matrix. In particular, G1(x)
real Gaussian distribution function.
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Tracy—-Widom Theorem

0.5

Figure: Distribution of N33 (1+ \/E)_% M(LXNXE) — (1 ++/2)?] versus

Tracy-Widom (T2), N = 500, n = 1500.

— — — Centered-scaled X\
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Outline

Basics of Random Matrix Theory for Sample Covariance Matrices

Classical Signal Processing Applications
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Source Detection and Enumeration

Context. Observations y1,...,yn € CV, independent with

o ow; , Ho
Yi=\ hsi+ow; , Hi

with o > 0 unknown, s; € C random, h € CV unknown, w; ~ CN(0,1In).
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Source Detection and Enumeration

Context. Observations y1,...,yn € CV, independent with

o ow; , Ho
Yi=\ hsi+ow; , Hi

with o > 0 unknown, s; € C random, h € CV unknown, w; ~ CN(0,1In).

GLRT procedure. [Bianchi,Najim,Debbah,Maida’10]
» Hypothesis test for Yy = [y1,...,yn]

Supy s, o p(YNIhv S, U) 7%0 .

sup, p(Ynlo) 7,
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Source Detection and Enumeration

Context. Observations y1,...,yn € CV, independent with

o ow; , Ho
Yi=\ hsi+ow; , Hi

with o > 0 unknown, s; € C random, h € CV unknown, w; ~ CN(0,IN)

GLRT procedure. [Bianchi,Najim,Debbah,Maida’10]
> Hypothesis test for Yy = [y1, ..., Yn]

Suph,s,o'p(YNlh‘vsva) 710 T
s 1.
sup, p(Ynlo)  #

1
» Provably equivalent to hypothesis test (with A= )\7;(l

A HO
T(Yn) = § gl
~ Z
for some ~ continuous growing with T".
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Source Detection and Enumeration

Context. Observations y1,...,yn € CV, independent with

o ow; , Ho
Yi=\ hsi+ow; , Hi

with o > 0 unknown, s; € C random, h € CV unknown, w; ~ CN(0,IN)

GLRT procedure. [Bianchi,Najim,Debbah,Maida’10]
> Hypothesis test for Yy = [y1, ..., Yn]

SUPph, 5,0 p(YNIh‘v S, O') H
H

<T.
=
sup, p(Yn|o) 1

=)

> Provably equivalent to hypothesis test (with Ai = )\i(lYNY]{,))

=)

H
TYN)2 4= S 7
N Z )\ Hi
for some ~ continuous growing with T".
> As N,n — oo, N/n — ¢, NZ

P(Na(1+\f)‘i -

Vo E51, and

3 (T(¥Yw) = (14 Ve)?) <7 | Ho) = T(y)
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Source Detection and Enumeration

Context. Observations y1,...,yn € CV, independent with

o ow; , Ho
Yi=\ hsi+ow; , Hi

with o > 0 unknown, s; € C random, h € CV unknown, w; ~ CN(0,1In).

GLRT procedure. [Bianchi,Najim,Debbah,Maida’10]
» Hypothesis test for Yy = [y1,...,yn]

=)

SUPph, 5,0 p(YNlh‘v S, O') H
H

<T.
=
sup, p(Yn|o) 1

> Provably equivalent to hypothesis test (with Ai = )\i(%YNYJ{,))

H
<
=

N Z )‘ Ha
for some ~ continuous growing with T".

> As N,n — oo, N/n — ¢, NZ Vo E51, and

=)

T(Yn) & ——7—

4

-3 _l
P(NE(L+ve) 8em 3 (T(Yx) = (14 Ve)?) <7 | Ho) = Ta()
> Setting false alarm rate to 7 implies v > T;l(n), i.e., test

T(Yn) £ (14 Va2 + N 3T (1 + va el

Hi
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Power Estimation

Context. Estimation of p1,...,pr from y1,...,yn independent with
K
Yi = Y V/PrHgsk,i + ow;
k=1

Hj, € CV*Nk jjd. zero mean, variance 1/N, s ; i.i.d. zero mean, unit variance.
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Power Estimation
Context. Estimation of p1,...,pr from y1,...,yn independent with
K
Yi = Y V/PrHgsk,i + ow;
k=1

Hj, € CV*Nk jjd. zero mean, variance 1/N, s ; i.i.d. zero mean, unit variance.

> Spike regime: N}, fixed, use \j — 1+ py + 01;::", (H Hyp =35 8, INy)

1 i — 1
pm?'—s'ﬁm:N— Z %er(chlf)\i)Qfllc).

™ iEND
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Power Estimation

Context. Estimation of p1,...,pr from y1,...,yn independent with

K
Yi = Y V/PrHgsk,i + ow;

k=1

Hj, € CV*Nk jjd. zero mean, variance 1/N, s ; i.i.d. zero mean, unit variance.

> Spike regime: N}, fixed, use \j — 1+ py + 01;::", (H Hyp =35 8, INy)

1 i — 1
pm?'—s'ﬁm:N— Z %er(chlf)\i)Qfllc).

™ iEND

> Large N regime: Ny /N — ¢ > 0, use contour integration method
, n#EN
,n=N

Nméfﬁzv) 2 ey, (M = wi)

a.s. .
Pm < Pm = -1

N N 74
e Tiewn (235 o)
(under cluster m separability condition) with

> 71 > ... > nn eigenvalues of diag(A\) — %ﬁﬁ*
> k1 > ...> Kk eigenvalues of diag(A) — %\/X\/X*
(details in [Couillet,Silverstein,Bai,Debbah’11]).
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Power Estimation

T T T T
Stieltjes approach
—©— Standard method

—10

—15

Normalized mean square error [dB]

-5 0 5 10 15 20 25 30

SNR [dB]

Figure: Estimate NMSE for p; (large Ny regime), three sources, p1 = 1, po = 1/4, p3 = 1/16,
N; = Ny = N3 =4 ,N = 24, n = 128. Comparison between standard statistics (assumes
n > N > Ny) and Stieltjes transform approach.
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Power Estimation

\(\) “a
) S
B )'f“ P00058k

A

Yy

10
J
R
AN
ol
o
=
s
o —10 |-
g
g N
\
5 N
[
£ —-20 1
o
& ?
© \
£ \
2 —30 |-\
\
[L)
\
—40
—15

—10

-5

SNR [dB]

Figure: Estimate NMSE (large Ny, regime), p1 = 10, p2 = 3, p3 =1, Ny = Ny = N3

> Ni/N = N/n=1/10.
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Subspace Methods

Context. Estimate 01,...,0 from y1,...,yn € CN independent,
M
yi =Y /Dma(0m)sm,i + ow;
m=1

with a(0) € CN steering vector, e.g., ULA case [a(0)] exp(2mik sin(6)d).

- 1
VN
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Subspace Methods

Context. Estimate 01,...,0 from y1,...,yn € CN independent,

M
yi =Y /Dma(0m)sm,i + ow;

m=1
1

with a(0) € CN steering vector, e.g., ULA case [a(0)]; = 7N exp(2mik sin(6)d).

MUSIC. Uses a(0)*Uw =0, Uw = [upr41,-.-,un] “noise subspace” of E[y1y]].

54 /113



Subspace Methods

Context. Estimate 01,...,0 from y1,...,yn € CN independent,

M
Yi = Z '\/pma(a’rn)sm,i + ow;

m=1

with a(0) € CN steering vector, e.g., ULA case [a(0)]; = ﬁ exp(2mik sin(6)d).

MUSIC. Uses a(0)*Uw =0, Uw = [upr41,-.-,un] “noise subspace” of E[y1y]].

> Classical MUSIC: by Uy U3y, =% Uw U, (Uw = [@ar41, - - -, 4n]) as n — oo,

M
01,...,00 = deep minima of {1 - Z a(@)*ﬁkﬁ;;a(@)} .
k=1
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Subspace Methods

Context. Estimate 01,...,0 from y1,...,yn € CN independent,

M
Yi = Z \/pma(g’rn)sm,i + ow;
m=1
with a(0) € CN steering vector, e.g., ULA case [a(0)]; = ﬁ exp(2mik sin(6)d).
MUSIC. Uses a(0)*Uw =0, Uw = [upr41,-.-,un] “noise subspace” of E[y1y]].
> Classical MUSIC: by Uy U3y, =% Uw U, (Uw = [@ar41, - - -, 4n]) as n — oo,

M
01,...,00 = deep minima of {1 - Z a(@)*ﬁkﬁ;;a(@)} .
k=1

2
sy 1ochy a(0)*upuja(d),

> Spiked (G)-MUSIC: by a(6)*ayifa(9) =% {—2ks
cpy,
N o
N R 1+
01,...,0p = deep minima of ¢ 1 — %a(@)*ﬁkﬁ,’;aw)
ko1 L Py

(details in [Mestre,Lagunas’08],[Hachem et al.’13]).
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Subspace Methods

10

—10

Cost function [dB]

—15

—20

angle [deg]

Figure: MUSIC versus G-MUSIC, M = 3 sources, N = 20, n = 150, o2 = 0.1. Angles
01 = 10°, 02 = 35°, O3 = 37°.
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Subspace Methods

—16

—18

—20

—22

—24

Cost function [dB]

—26

—— MUSIC
- —--G-MUSIC —

35 37

angle [deg]

Figure: MUSIC versus G-MUSIC, M = 3 sources, N = 20, n = 150, o2 = 0.1. Angles
01 = 10°, 02 = 35°, 63 = 37°.
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Other SP applications

» Covariance Matrix Estimation. Inconsistent in large N, n regime, but
> Linear shrinkage: optimize p in estimate Cy = (1 — PLIYNYS + pIn
> Non-linear shrinkage: optimize Cy = U f(A)U*, with %YNYK, =UAU"™.
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Other SP applications

» Covariance Matrix Estimation. Inconsistent in large N, n regime, but
> Linear shrinkage: optimize p in estimate Cy = (1 — PLIYNYS + pIn
> Non-linear shrinkage: optimize Cy = U f(A)U*, with %YNYK, =UAU"™.

> Improved (sparse) PCA. PCA on %YIY*, Zc{l,...,N}, Yz € CIZIXN sych
that

2
‘ maximum

‘(ﬁi,z)*ul

with 4§ € CN PCA vector of %YIYI* extended with zeros.
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Beyond sample covariance matrices

> Toepitz covariance matrices: Toeplitzification T(%YNY]T]) consistent in large
N, n regime,

1 a.s,
HT (*YNY;\‘,) —CnN|| =0
n

(with [T(X)]i; = % k[ X1k, k+(i—j)). Many results beyond RMT regime
[Bickel,Levina’08],[Wu,Pouramadi’09],[Vinogradova,Couillet, Hachem’14].
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Beyond sample covariance matrices

> Toepitz covariance matrices: Toeplitzification T(%YNY]T]) consistent in large
N, n regime,

1 a.s,
HT (*YNY;\‘,) —CnN|| =0
n

(with [T(X)]i; = % k[ X1k, k+(i—j)). Many results beyond RMT regime
[Bickel,Levina’08],[Wu,Pouramadi’09],[Vinogradova,Couillet, Hachem’14].

» Kernel matrices: used in BSS, spectral clustering, etc.

ziT; , sample covariance matrix
K ;= k(zi,z;) = lzrx;|? , kurtosis-based BSS
exp(—||z; — x]|?) , Gaussian kernel.

Few results [EIKaroui'10].
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Outline

Robust Estimation and Random Matrices
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Context

Baseline scenario: z1,...,z, € CV (or RN) iid. with E[z1] =0, E[z12}] = Cn:
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Context

Baseline scenario: z1,...,z, € CV (or RN) iid. with E[z1] =0, E[z12}] = Cn:
> If z1 ~ N(0,Cn), ML estimator for Cy given by sample covariance matrix
(SCM)

1 n
Cny = — E Ty
n 4
i=1
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Context

Baseline scenario: z1,...,z, € CV (or RN) iid. with E[z1] =0, E[z12}] = Cn:
> If z1 ~ N(0,Cn), ML estimator for Cy given by sample covariance matrix
(SCM)

1 n
T
=
> [Huber'64] If z1 ~ (1—¢)N(0,Cn)+¢eG, G unknown, robust estimator (n > N)

lo
Zmax {81, C} x;x; for some 41,02 > 0.
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Context

Baseline scenario: z1,...,z, € CV (or RN) iid. with E[z1] =0, E[z12}] = Cn:
> If z1 ~ N(0,Cn), ML estimator for Cy given by sample covariance matrix
(SCM)

n
1 *
= — E Ty
ni3

> [Huber'64] If z1 ~ (1—¢)N(0,Cn)+¢eG, G unknown, robust estimator (n > N)

. £l
Cy = Zmax {81, C} x;x; for some 41,02 > 0.

> [Maronna’76] If z; elliptical (and n > N), ML estimator for Cy given by

1 n 1 . )
Cn =~ g u Nxz(‘ x;x; for some non-increasing u.
i=1

60

113



Context

Baseline scenario: z1,...,z, € CV (or RN) iid. with E[z1] =0, E[z12}] = Cn:
> If z1 ~ N(0,Cn), ML estimator for Cy given by sample covariance matrix
(SCM)

n
1 *
= — E Ty
ni3

> [Huber'64] If z1 ~ (1—¢)N(0,Cn)+¢eG, G unknown, robust estimator (n > N)

. £l
Cy = Zmax {81, C} x;x; for some 41,02 > 0.

> [Maronna’76] If z; elliptical (and n > N), ML estimator for Cy given by

1 n 1 . )
Cn =~ g u Nxz(‘ x;x; for some non-increasing u.
i=1

» [Pascal’'l3; Chen’'11] If N > n, z; elliptical or with outliers, shrinkage extensions

60
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Context

Results only known for N fixed and n — oo:

> not appropriate in settings of interest today (BigData, array processing, MIMO)
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Context

Results only known for N fixed and n — oo:

> not appropriate in settings of interest today (BigData, array processing, MIMO)

We study such Cy in the regime

N,n — oo, N/n — c € (0,00).
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Results only known for N fixed and n — oo:

> not appropriate in settings of interest today (BigData, array processing, MIMO)

We study such Cy in the regime

N,n — oo, N/n — c € (0,00).

» Math interest:

> limiting eigenvalue distribution of C'y .
> limiting values and fluctuations of functionals f(Cn)
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Context

Results only known for N fixed and n — oo:

> not appropriate in settings of interest today (BigData, array processing, MIMO)

We study such Cy in the regime

N,n — oo, N/n — c € (0,00).

» Math interest:

> limiting eigenvalue distribution of C'y .
> limiting values and fluctuations of functionals f(Cn)

» Application interest:
> comparison between SCM and robust estimators
> performance of robust/non-robust estimation methods
> improvement thereof (by proper parametrization)
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Outline of Theoretical Content

> First order convergence:

[ex - 8x] 225 0

for some tractable random matrices Sy .
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Outline of Theoretical Content

> First order convergence:

[ex - 8x] 225 0

for some tractable random matrices Sy .

> Second order results:
Nl-¢ (a*é}@vb - a*é}“\,b) 250

allowing transfer of CLT results.
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Outline of Theoretical Content

> First order convergence:

[ex - 8x] 225 0

for some tractable random matrices S'N.
> Second order results:
Nl-¢ (a*C’ﬁ,b - a*é}“\,b) 250
allowing transfer of CLT results.

» Applications:
> improved robust covariance matrix estimation
> improved robust tests / estimators
> specific examples in statistics at large, array processing, statistical finance, etc.
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Outline

Robust Estimation and Random Matrices
Robust estimates of scatter for elliptical and outlier data
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Model Description

Definition (Maronna's Estimator)

For x1,...,xn € CN with n > N, C‘N is the solution (upon existence and
uniqueness) of

. 1 &
Cn = ;Z ( zz) Ty
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Model Description

Definition (Maronna's Estimator)
For x1,...,xn € CN with n > N, C‘N is the solution (upon existence and
uniqueness) of

. 1 &
Cn = ;Z ( zl) Ty

where w : [0,00) — (0, 00) is
> non-increasing
> such that ¢(z) £ 2zu(x) increasing of supremum ¢oo with

1< oo <c b ce(0,1).
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Model Description

Definition (Maronna's Estimator)
For x1,...,xn € CN with n > N, C‘N is the solution (upon existence and
uniqueness) of

. 1 &
Cn = ;Z ( x1> Ty

where w : [0,00) — (0, 00) is
> non-increasing
> such that ¢(z) £ 2zu(x) increasing of supremum ¢oo with

1< ¢oo <c 1, ce(0,1).

Remark (Correlation Invariance)

_1 - 1,
For some Cny > 0, calling &; £ Cn?zi, Cn e Cy2CNCy2,

=

- 1 1 w1\ .
Cn = g;u (leCN :1:1) ;T
If Elx;xzf] = Cy, sufficient to assume Elz;xf| = In
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Model Description

Assumption (“Elliptical” Data)

x1,...,Tn independent,
1
_ 2
x; = /T CRw;
» w; € CV isotropic, ||wi||? = N

» Cn = 0, limsupy [|CN]| < o0

> 7; > 0 deterministic (or random independent of w;)
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Model Description

Assumption (“Elliptical” Data)

x1,...,Tn independent,
1
_ 2
x; = /T CRw;

» w; € CV isotropic, ||wi||? = N
» Cn = 0, limsupy [|CN]| < o0
> 7; > 0 deterministic (or random independent of w;)

» for vy, = %Z?:1 d,, and some m > 0,

in([0,m)) <1 — ¢! for all large n (as.)

v

[ Ton(dT) = 1 (ass.).
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Model Description

Assumption (“Elliptical” Data)

x1,...,Tn independent,
1
_ 2
x; = /T CRw;

» w; € CV isotropic, ||wi||? = N
» Cn = 0, limsupy [|CN]| < o0
> 7; > 0 deterministic (or random independent of w;)

» for vy, = %Z?:1 d,, and some m > 0,

in([0,m)) <1 — ¢! for all large n (as.)

v

[ Ton(dT) = 1 (ass.).

Fact (Existence and Uniqueness)
By [Kent&Tyler’'91], for each n > N, Cy is a.s. well-defined.
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Model Description

Assumption (Tail Control)
For each a > b > 0,

lim sup, 7 ([t, 50))

p(at) — p(bt)

—0

as t — oo.
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Model Description

Assumption (Tail Control)
For each a > b > 0,

lim sup, 7 ([t, 50))

p(at) — p(bt)

—0
as t — oo.

a+1
a+tzxz’

Example: If u(z) = 7; i.i.d., sufficient to have E[r{ T¢] < co.
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Model Description

Assumption (Random Matrix Regime)
As n — oo,

N
CNéf%CE(O,l).
n
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Large dimensional behavior

Definition (v and )
Letting g(x) = (1 — co(x)) ™! (on Ry),

v(z) 2 (wog~ 1) (x) non-increasing

P(x) 2 zv(z) increasing and bounded by .
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Large dimensional behavior

Definition (v and )
Letting g(x) = (1 — co(x)) ™! (on Ry),
v(z) £ (uog ') ()

¥(z)

H>

Lemma (Rewriting C'y)
It holds (with Cy = Iy) that

eyel

with (d1,...,dn) € RY

1 A 1
di = —wiC tw; = ;
N ¢

a.s. unique solution to

E TJ’U TJ

J?f%

Z Tiv (Tid;)

non-increasing

zv(x) increasing and bounded by .

ww;

-1
]) wi, t=1,...,n.
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Large dimensional behavior

Remark (Quadratic Form close to Trace)

Random matrix insight: (% Dt ij(’rjdj)ij;)_l “almost independent” of w;, so
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Large dimensional behavior

Remark (Quadratic Form close to Trace)

Random matrix insight: (% Dt ij(’rjdj)ij;)_l “almost independent” of w;, so

-1 -1
1, (1 i 1 1
di = —wj | — Zij(Tjdj)ijj w; ~ —tr | — Zij(Tjdj)ij; ~ YN
i N\

=

for some deterministic sequence (yn){_,, irrespective of .
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Large dimensional behavior

Remark (Quadratic Form close to Trace)
Random matrix insight: (% i Tiv(Tidi)wiwy) T L “almost independent” of w;, so

—1 -1

1
ZTJ’U Tidj)wiw; w; Ntr ZT]U Tid;)wiw; ~ YN
it "

d; =

ZH

for some deterministic sequence (yn){_,, irrespective of .

Lemma (Key Lemma)
v(Tid;)
v(TiVN)

with vn unique solution to

/ VN) ),
1+ cp(myn)

Letting e; =

we have

max |e; — 1] 35 0.
1<i<n

(Proof in a few slides.)
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Large dimensional behavior

Theorem (Large dimensional behavior [C,Pascal,Silverstein'13])

With the notations and assumptions above,

[ex - 5] 250

with

5 1 .
Sy £ -~ > v(min)wiay.

=1
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Large dimensional behavior

Theorem (Large dimensional behavior [C,Pascal,Silverstein'13])
With the notations and assumptions above,

e — 8] 25 0
with
1 n
SN 2 - ZU(THN)MOS?
nis1
. 11 & 1 3
equivalently, Sy =~y5'= > (riyn)CEww;C%
n
i=1
Corollaries

» Spectral measure: ugN — uiN “£50as. (uX & %Z?:1 Ox,(x))
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Large dimensional behavior

Theorem (Large dimensional behavior [C,Pascal,Silverstein'13])

With the notations and assumptions above,

¥

with
1 n
Sy 2 =Y wv(riyn)wia]
Lt
N 11 & 1 1
equivalently, Sy =~y — Z (riyn)Crwiw; CF
n
i=1
Corollaries

» Spectral measure: u% —MSN “£50as. (uX & 721 105,(x))
Xi(S

> Local convergence: max;<;<n |Ai(C’N) — ~N)| 2%0.
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Large dimensional behavior

Theorem (Large dimensional behavior [C,Pascal,Silverstein'13])

With the notations and assumptions above,

¥

with
1 n
Sy 2 =Y wv(riyn)wia]
Lt
N 11 & 1 1
equivalently, Sy =~y — Z (riyn)Crwiw; CF
n
i=1
Corollaries

» Spectral measure: u% —MSN “£50as. (uX & 721 105,(x))
Xi(S

> Local convergence: max;<;<n |Ai(C’N) — ~N)| 2%0.

» Norm boundedness: limsupy ||Cn| < co

— Bounded spectrum (unlike SCM!)
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Large dimensional behavior

- Eigenvalues of C nr

Aisusqg

1.5

0.5

diag(I125, 31125, 101250), 75 ~ I'(.5,2) i.id.

Figure: n = 2500, N = 500, C'n
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Large dimensional behavior

T T T T
- Eigenvalues of C'

- Eigenvalues of SN

Density

0}

Figure: n = 2500, N = 500, C'n = diag([125, 31125, 10I250), 7i ~ I'(.5,2) i.i.d.
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Large dimensional behavior

T T I I
- Eigenvalues of C'

- Eigenvalues of SN

Approx. Density

Density

Figure: n = 2500, N = 500, Cy = diag(I125, 3125, 101250), 7 ~ T'(.5,2) i.i.d.
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v(7id;)

Proof of the Key Lemma: max; |e; — 1| &3 0, ¢; = )

Property (Quadratic form and vy)

-1
max iw ZT v(TjvN)wiw; wi —yn| 50
125, U T YN )Wj i N .

J#z
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_ v(ridi)

a.s.,
e~ U= 0 e =3t

Proof of the Key Lemma: max;

Property (Quadratic form and vy)
-1
1

a.s.
max —w E Tjv T]’YN)U)]U) w; — YN | — 0.
1<i<n 7
j 1

Proof of the Property

> Uniformity easy (moments of all orders for [w;];).
> By a "quadratic form similar to trace” approach, we get
-1
max |— 7;0(T, ww w; —m(0)] — 0
1955, ; 50(T YN )Jw; i (0)
JF

with m(0) unique positive solution to [MarPas’67;SilBai’95]

~ )
mO) = [ Pl

> ~n precisely solves this equation, thus m(0) = yn.
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Proof of the Key Lemma: max; |e; — 1| &3 0, ¢; = (ridi)

v(TivN)
Substitution Trick (case 7; € [a,b] C (0, 00))
Up to relabelling e; < ... < ep, use
-1
1 * 1 *
v(ThyN)en = 0(Tndn) =v | Th —wj | — Zn v(Tid;)  wiw; Wn
N ni ——
=v(TiYN)ei

1
1 1
<w (TnenleZ <n Z Tiv(Ti’YN)wiwf> wn>
<n

<w (Tnegl('yN —¢en)) as., en — 0 (slow).
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Proof of the Key Lemma: max; |e; — 1| &3 0, ¢; = (ridi)

v(TiYN)
Substitution Trick (case 7; € [a,b] C (0, 00))
Up to relabelling e; < ... < ep, use
-1
1 L[ .
V(TN en = V(Tndn) =v | Ta—wh [ =D 7 v(ndi)  wiw] w
N ni ——
=v(TiYN)ei
1 1 -t
<w Tneleﬁwz <n ZTiU(Ti’YN)wiw;k> Wn,
<n

<w (Tnegl('yN —¢en)) as., en — 0 (slow).

Use properties of 1) to get

¥ (Tnyn) <9 (Tnen vn) (1 7&%1)71
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Proof of the Key Lemma: max; |e; — 1| &3 0, ¢; = lrids)

v(TiYN)
Substitution Trick (case 7; € [a,b] C (0,00))
Up to relabelling e; < ... < ep, use
-1
1 * 1 *
v(ThyN)en = 0(Tndn) =v | Th —wj | — ZTZ‘ v(Tid;)  wiw; Wn
N ni ——
=v(TiYN)ei
1 1 -
<w Tneglﬁwz <n Kznnv(n'y]v)wiw;‘> Wn

<wv (Tn(’«;l('YN —¢en)) as., en — 0 (slow).

Use properties of 1) to get

-1
¥ (ravn) <9 (raer ) (1= envy?)

Tn — 70 >0

Conclusion: If e, > 1+ £ i.0., as T, € [a,b], on subsequence { N =70 > 0

P(T0v0) < Y (IOJ;YOZ) , a contradiction.
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Proof of the Key Lemma: max; |e; — 1] 250, ¢; =

v(TivN)
General 7; case
» Control of
—1
A —iw* lX:T'v(ﬂ"d)w'w* w;
M_Ninv.J 3% )W %
J#i
-1
1 1
—wa - Z Tjv(Tydj)wjw; w;.
i
T <M

> Rationale: Large M bring small Ay but (possibly) large 7,
— Relative control between tail of 7, and flattening of .

v(7id;)
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Proof of the Key Lemma: max; |e; — 1] 250, ¢; =

v(TivN)
General 7; case
» Control of
—1
A —iw* lX:T'v(ﬂ"d)w'w* w;
M_Ninv.J 3% )W %
J#i
-1
1 1
—wa - Z Tjv(Tydj)wjw; w;.
i
T <M

> Rationale: Large M bring small Ay but (possibly) large 7,
— Relative control between tail of 7, and flattening of .

This concludes the proof.

v(7id;)
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Spiked Model Extension

Assumption (Signal Model)
Ti,...,Zn independent,

L
T =Y Py + v/Tw;

=1

» w; € CN, 7; as previously, (for simplicity) oy, — ¥
> s;; € Ci.i.d., mean 0, variance 1
»pr2>...2pL 20

> ai,...,ar, € CV deterministic with Zlel paja; — diag(pi)iL:I.
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Spiked Model Extension

Assumption (Signal Model)

Z1,...,Zyn independent,

Z \/70'!512 + \/‘sz

=1

» w; € CN, 7; as previously, (for simplicity) oy, — ¥

> s;; € Ci.i.d., mean 0, variance 1

»pr2>...2pL 20

> ai,...,ar, € CN deterministic with Zlel praja; — diag(pi)iL:I.

Theorem (Extension of pure-noise model [C'2014])

As n — 00, under previous assumptions,
Hé’N _ SNH a.s, 0

where

O)
3\»4

n
Z (ri)mizy

(same result but different model, v = limy vn )
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Spiked Model Extension

— Sy follows a spiked random matrix model.

8 T I I
[ Eigenvalues of C
Limiting spectral measure 1

6 - |
2
2 4 - —
5
[a} Ay

2 |- |

0 I I I I I II

0 0.2 0.4 0.6 0.8 1 1.2

Eigenvalues

Figure: Eigenvalues of Cn, u(z) = (1 + a)/(a 4+ @) with a = 0.2, L =2, p1 = pg = 1,
N = 200, n = 1000, Student-t impulsions.
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Spiked Model Extension

— But eigenvalues allowed to wander away from limiting support.

8

Density
IS

[ Eigenvalues of C

Limiting spectral measure 2

| | l |

Ay

Figure: Eigenvalues of Cn,u
N = 200, n = 1000, Student-t impulsions.

0.6 0.8 1

Eigenvalues

() =1+ a)/(a+ ) witha=0.2, L =2, py =ps =1,

76 /113



Spiked Model Extension

— Noise eigenvalues are bounded by some ST.

[ Eigenvalues of C

Limiting spectral measure 2

8

Density
IS

Ay

| | l | II

0.6 0.8 1 1.2

Eigenvalues

Figure: Eigenvalues of Cn, u(z) = (1 + a)/(a 4+ @) with a = 0.2, L =2, p1 = pg = 1,
N = 200, n = 1000, Student-t impulsions.
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Spiked Model Extension

1 n
— To be compared versus SCM =~ > | z;x]

1.2

I I
[ Eigenvalues of SCM

Limiting spectral measure

Density

Eigenvalues

*

Figure: Eigenvalues of % S xizy, L =2,p1 =p2 =1, N =200, n = 1000, Sudent-t

impulsions.
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Spiked Model Extension

Some important remarks:

> If p1 = ... =pr =0, noise-only model and

Z’/’TH) + 8 ¢00(1+\/E)2_

<S
N (1 = cpoo)y

limsup ||Cx || = hmsup
N
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Spiked Model Extension

Some important remarks:

> If p1 = ... =pr =0, noise-only model and

Z’/’TH) + 8 ¢00(1+\/E)2'

<S
N (1 = cpoo)y

limsup ||Cx || = hmsup
N

> If p1 > ... > pr > 0, informative spikes if det(.é'N — zIy) has solutions beyond
S+ (and not Sii), i.e., if

- S(uty) o\
v e ()

with 6(z), z > Sf[, unique solution to

5(z) = c< x+/1+§” tzv t’y)D(dt))il.
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Spiked Model Extension

Theorem (Spiked estimation, known 7 [C'2014])
With the SVD AA* = 31 | quupu) and Oy = SN Magal (\ > ... > An),

1=

Extreme eigenvalues. For each j withp; > p—,

{ a.s, 6(A ')U(T’Y) ~ -
A A; > ST as., where — /]7 d =p;.
i = A > a.s., where c( T4 0(A,)ro(r) v(dr) Dj
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Spiked Model Extension

Theorem (Spiked estimation, known 7 [C'2014])
With the SVD AA* = S°F | quiu} and Cn = SN N (a > ... > Ay),

1=

Extreme eigenvalues. For each j withp; > p—,

{ a.s, 6(A ')U(T'Y) ~ -
A A; > ST as., where — /]7 d =p;.
i = A > a.s., where c( T4 0(A,)ro(r) v(dr) Dj

Power estimation. For each j with p; > p_,

N -1
(e o N
</1+5(5\j)71)(7'y) (d )) P
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Spiked Model Extension

Theorem (Spiked estimation, known 7 [C'2014])
With the SVD AA* = S°F | quiu} and Cn = SN N (a > ... > Ay),

1=

Extreme eigenvalues. For each j withp; > p—,

3 a.s, 6(A)U(T'Y) ~ -1
A A; > ST as., where — /]7 d =p;.
i = A > a.s., where c( T4 o(A,)ro(m) v(dr) Dj

Power estimation. For each j with p; > p_,

N -1
(e o N
</1+5(;\j)77)(7'y) (d )) P

Bilinear form estimation. For a,b € CV, ||la|| = ||b|| = 1, and j with p; > p_,

E a*upupb — E wia™ b 250
k,pr=p; k,pr=p;

o _/ v(ty)o(dt) / v(tA{)D(dt) L }/5(&k)2t2v(t7)29(dt)
' (1 + 5<xk>w(m)2 1+ 6(Ap)to(ty) ¢ (1 + 6(;\k)tv(t7))2
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Spiked Model Extension

Theorem (Spiked estimation, unknown 7 [C'2014])
With the SVD AA* = S5 | quuju; and Oy = SN Magal,

Empirical estimates.

I~ .4
A a.s; A A * A—1
Y —An — 0, ,Yn_;_zlﬁmic(i)ml
i=
.| a.s, oA L1 sy
max |7; — 7| — 0, 7 £ ——x;C ;.

<M An N0
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Spiked Model Extension

Theorem (Spiked estimation, unknown v [C'2014])
With the SVD AA* = S5 | quuju; and Oy = SN Magal,

Empirical estimates.

N B ke
'Y*'Yngo’ 'YnénZNmiC(i)lmi
i=1
.| a.s, oA L1 sy
max |7; — 7| — 0, 7 £ ——x;C ;.
T, <M An N (4)

Power estimation. For each j with p; > p_,

80



Spiked Model Extension

Theorem (Spiked estimation, unknown v [C'2014])
With the SVD AA* = S5 | quuju; and Oy = SN Magal,

Empirical estimates.

; 1.1 4
A a.s; A A * A—1
TT IR0 R D) el
im
.| a.s, a1 A
max |7; — 7| — 0, 7 £ ——x;C ;.
;<M An N ()

Power estimation. For each j with p; > p_,

Bilinear form estimation. For a,b € C, ||la|| = ||b|| = 1, and j with p; > p_,

§ a*upulb — E wpa*aLanb 2% 0
k,pr=p; k,pr=p;

for the corresponding Wy, = f({#:},6(Ap)).
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Spiked Model Extension

— Application to angle estimation with
a; = a(6y), 0; € [0,2m)
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Spiked Model Extension

— Application to angle estimation with
a; = a(0y), 6; € [0,2m)

Corollary (Robust G-MUSIC)
Define firG (0) and fige (0) as

{pj>p—}I

ARG(0) =1— > wga(6) axiza(0)
k=1

H{pj>p_}I
e (@) =1— > dpa(0)*xija()
k=1
Then, for each j with p; >p_,
6; %9,
Hem a.s,
9]6» P L} 9j

where

0, £ argmingev(oj) {rc(0)}

TP £ argmingey (g, {TiRg (0)} -

81 /113



Spiked Model Extension

—8— MUSIC

T

%]
T T T T T T
Ll 1 1
£

Mean square error E[|61 — 01|

H
o
|
=y
LB ALLL SR AL S SRR AL LA B RARLL]
vl vl ol ol

| | | | | |
0 5 10 15 20 25

w
o

p1,p2 [dB]

Figure: MSE for estimate of §; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°,
Student-t impulsions, u(z) = (1 4+ a)/(a 4+ x) with a = 0.2, p; = p2.
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Spiked Model Extension

107t T T T T T E
) E —g— MUSIC
[ | | —a— Robust MUSIC

1072 E *
& C ]
ES 1073 E E
| F &
By I §
5 107tE E
R = e
s I ]
o 1077 E
& = E|
3 F E
g - i
S 1076 E =
o E E
= F g
1077 E
sl | | | | I I |

10-8
0 5 10 15 20 25 30

p1,p2 [dB]

Figure: MSE for estimate of §; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°,
Student-t impulsions, u(z) = (1 4+ «)/(a + z) with a = 0.2, p1 = pa.
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Spiked Model Extension

—8— MUSIC
—a— Robust MUSIC
| —o— G-MUSIC

— -o— - Emp. G-MUSIC

%]

— |
S E
‘ &
- i
% A\ §
5 i
5
[ E
5 E
] E
g ]
< —
3 E
s F ]
1077 E
10-8 L I I I I | | |
-5 0 5 10 15 20 25 30
p1,p2 [dB]

Figure: MSE for estimate of §; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°,
Student-t impulsions, u(z) = (1 4+ «)/(a + z) with a = 0.2, p1 = pa.
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Spiked Model Extension

—8— MUSIC
—a— Robust MUSIC

10—2 | —o— G-MUSIC
i — -0 - Emp. G-MUSIC
a 7| | —@— Robust G-MUSIC
< 1073 4:
| 5 | — @ - Emp. robust G-MUSIC
E
< :
= —4
R El
N E
o
= §
o _
o 1077 E
f:“ .
= N
5 1076 E
g E.
10-7
10-8 ‘ ‘
—5 0 5 10 15 20 25 30
p1,p2 [dB]

Figure: MSE for estimate of §; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°,
Student-t impulsions, u(z) = (1 4+ a)/(a 4+ ) with a = 0.2, p; = p2.
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Spiked Model Extension

107! £ 5
E
N -
[ N
Y b
1072 -
— r E
Q@ - ]
< N ]
| 1073 E E
— = E
=l [ B
S r i
5 -4 = -
g 10Tk E
] = .|
L [ B
© I —
3
g 107°F
< E
3 r
= [
106 |
E .
- E
[ N
L | | | | |
-7
10
—5 10 15 20 25 30

p1,p2 [dB]

—o— G-MUSIC
— -O0— - Emp. G-MUSIC

Figure: MSE for estimate of #; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°, sample
outlier scenario 73 = 1, i < n, 7, = 100, u(z) = (1 + a)/(a + x) with o = 0.2, p1 = p2.
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Spiked Model Extension

101 F =
3 - | —e— G-MusIC
E
o | | = - - Emp. G-MUSIC
F\‘ B
o B | | —@— Robust G-MUSIC
10 E E
E g — -@— - Emp. robust G-MUSIC
a I :
& " il
| 1073 E E
o E B
&' P ]
S B i
5 —4 -
g 10 E El
] = B
o r ]
© - B
3
g 107°E E
c = B
3 = E
= [ -
1076 |
S
F b
= 1
t N
10-7 l l l l l l
-5 0 5 10 15 20 25 30

p1,p2 [dB]

Figure: MSE for estimate of #; = 10°, N = 20, n = 100, L = 2 sources at 10° and 12°, sample
outlier scenario 73 = 1, i < n, 7, = 100, u(z) = (1 + o) /(a + x) with o = 0.2, p1 = pa.
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Outlier Data

Original setting of Huber

Assumption (Outlying Data)

Observation set

X = [xlv o T(1—ep)ns @ly - oy G’Enn]
where z; ~ CN(0,Cy) and a1, ...,ac,n € CN deterministic with
Enmn 1

lim sup — —a’Cila; < oo
n pn;N TN T

(or only a.s. if a; random).
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Outlier Data

Theorem (Outlier Rejection [Morales-Jimenez,C,McKay'14])

Asn — oo,
where
(1—en)n enm
& Ay
SN:'U('YN)f § xzx + — E aL n
L)
with yn and a1,n, ..., 0, n,n Unique positive solutions to

-1
1 (1 —e)v(n) 13
=—trCy | ————F——=C +fE v(ain)a;al
TN N N <1+C’L}(’\/N)7N N n & (ain)
-1
(0j,n) aj

3T

1 1—¢)v 1R
az ( )o(yN) N+ = Z

PN\ Tt n

a;f ai, 1=1,...,exn.
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Outlier Data

» Fore,n =1,

—1 n—1 —1

L

Outlier rejection relies on %ai‘C;,lal s L
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Outlier Data

» Fore,n=1,

- )\ 1= “1(1) 1
Sy =v (%) — Z ziz) + (v (¢1 _(C) NaTCJle) +o(1)) airal

L

. . . . 1 _x~—1
Outlier rejection relies on -ajCy

» For a; ~CN(0,Dy), en — € >0,

a1 s 1.

(1—en)n Enn
N 1
SN =v(yn) — Z zizy +v(an) — Z a;a;
noa= ni=
1 (1 —&)v(7m) ev(am) >*1
n=—trC C D
v N reN <1 + cv(Yn)n N+ 1+ cv(an)an N

an = StrDy ( (1 —e)v(n) On + Sv(an)) DN)f1 .

N

14 cv(vn)yn 1+ cv(an)an
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Outlier Data

» Fore,n=1,

R 1)\ 1 =2 -1(1) 1

. . . . 1 _x~—1
Outlier rejection relies on -ajCy

» For a; ~CN(0,Dy), en — € >0,

a1 s 1.

(1—en)n Enn
N 1
SN = n) — i ; n) — 0 ;
N=vOa) s 3wl +uan) Y el
=1 =1
1 (1 —&)v(7m) ev(am) >*1
n = —trC C D
v N reN <1 + cv(Yn)n N+ 1+ cv(an)an N
1 1 - mn n -1
an = “trDy ( (1 —g)v(yn) On + cv(an) DN) .
N 14 cv(vn)yn 1+ cv(an)an
For e, — 0,
_ (I—en)n Enn -1
5 o ()1 v, 1 (1) 1 1 .
SN:U(I—C - ; xi:ci—l—;;v Ty NtrDNCN a;a;

Outlier rejection relies on %tr DNC;]1 s L
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Outlier Data

Deterministic equivalent eigenvalue distribution

T I I I

10 ’ —--- L (I7en)n o 0% (Clean Data) k
1
1
I
st ! -
1
I
I
I
61 | |
I
I
1
I
I \
4 | \ |
I \\
I
l ‘\
! A\
I
21 AN N
1 AN
1 S~
I =~
1 e ___
oLt | | | B bt
0 0.1 0.2 0.3 0.4 0.5

Eigenvalues

Figure: Limiting eigenvalue distributions. [Cn]i; = 9li=il DN = In, € = .05.
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Outlier Data

Deterministic equivalent eigenvalue distribution

Figure: Limiting eigenvalue distributions. [Cn]i; = 9li=il DN = In, € = .05.

10

T T T

—--- L (ITen)n o 0% (Clean Data)

—— % X X* or per-input normalized

Eigenvalues

0.5
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Outlier Data

T I I I

10 — _——_— 1 l—en)n

- 1 5 (17em)™ oo ¥ (Clean Data)
c \
0 Iy —— %XX* or per-input normalized
£ Iy N -
2 | —CnN
s L1
K 81
© 1
g 1
=
5 |
> I
S |
.20 61
)
° |
15 I
Q 1
2 !

|
= a4t
(7
° !
= |
2 |
c
£ 1
£ |
[} 2
2
j9 1
o 1

I

|

0
0

Eigenvalues

Figure: Limiting eigenvalue distributions. [Cn]i; = 9li=il DN = In, € = .05.
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Outline

Robust Estimation and Random Matrices

Robust shrinkage estimates of scatter
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Shrinkage Estimators

Context

> Generalize robust estimators to N > n
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Shrinkage Estimators

Context

> Generalize robust estimators to N > n
> Exploit Ledoit—Wolf type shrinkage (4pIxn regularization)
> Optimize degree of freedom p.

Assumption (Pure-noise model)
Independent z1,...,z, € CV,

T = T2

with
> 1; > 0 arbitrary
> z; ~CN(0,Cn), limsupy [|Cn|| < co

s 1 N
> vn =y 2im Ox(oy) Y
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Shrinkage Estimators

Two estimators in the literature

Definition (Abramovich—Pascal estimate)
For p € (max{0,1 — n/N},1], unique solution Cn(p) to

Property: %tr CA'R,I(p) =1.
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Shrinkage Estimators

Two estimators in the literature

Definition (Abramovich—Pascal estimate)

For p € (max{0,1 — n/N},1], unique solution Cn(p) to

Property: %tr C’I;l(p) =1.

Definition (Chen estimate)
For p € (0, 1], unique solution Cx(p) to

= BN(P)
On(p) = 28
~trBy(p)
. 1 & Ty
B =09 5ty
i=1 NTiYN

Property: %tr Cn(p) =1.
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Large dimensional analysis

Theorem (Abramovich—Pascal estimator [C,McKay'14])
For Re = [e + max{0,1 — ¢~ 1},1] as n — co with N/n — ¢ € (0, 00),

sup HCN(P Sn(p)|| 0
peR
with
1 1—
Sn(p) = a Zzzz +plN

Ap) 1= (1= pen &

and 4(p) unique positive solution to

t
= [
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Large dimensional analysis

Theorem (Chen estimator [C,McKay'14])
Letting Re = [e,1], as n — oo with N/n — c € (0,00),

sup [|Cn(p) — Sn(p)|| == 0
PER:

where

Ty

s +—L2 T
N(p) = l—p—l—Tp Zzzzl 1-p+1, N

in which T, = py(p)F(¥(p); p) with, for all z > 0,

F(a;p) = %(pfc(lfmw\/§<pfc(1fp>>2+<1fp>§

and ¥(p) unique positive solution to

t
1:/m(p) p———l

T A=A FGim)
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Large dimensional analysis

Corollary (Model Equivalence)
For p € (0, 1], there exists a unique (p, p) such that

_ S g () =(1- )liZ'z*Jr I
b T dny) N Py 2 misi + ol

Besides, p — p and p — p are continuously increasing and onto.

Consequence: both estimators equivalent in limit to Ledoit-Wolf on z; (not z;).
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Optimal asymptotic shrinkage
Uniform convergence allows for optimization over p.
Proposition (Optimal Frobenius-norm Shrinkage)
For each p, define

N 2
Aolo) = Lo [ CN()
DNler =y (}vtrCAN(p) CN)

3 1 3 5
Dy(p) = Nt" (Cn(p) — Cn)
M,2—1
DY =27 (M,,2, order-2 moment)
c+ Ml,72 -1
c
*
= c+ My72 -1
and p*, p* unique solutions to
P Ty .

Then,

inf Dy(p) =% D*, inf Dy(p) =% D*
PER: PER.

Dy (p*) &% D*, Dn(p*) 2% D*.
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Optimal asymptotic shrinkage

Proposition (Optimal Frobenius-norm shrinkage estimate)
Let o, pn be solutions to

AN CN
~trOn(pn) 1 1 %) 2 1
N\ m = T ) | T

* = -1
s 1 v i ON(AN)T Tz
PN 2ozt~ Ty |2 N

. . z;“C" (pN) "Ly * 2
L=pn 4Ny T " Ly [(1 n H)}_

Then
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Optimal asymptotic shrinkage

3 T T T T T T
—@— inf (0.1 (DN (0}
E
g 2| .
a
2
g [
Q2
°
[
o
8
©
£ 10 |
o
=2
3
0 I I I I I I
1 2 4 ) 16 32 64 128

n [logy scale]

Figure: Optimal shrinkage, N = 32, [Cn]i; = pli=al, po clairvoyant estimator of (Chen et al.,
ing € ~(1—p)L ziv]
2011) assuming Cn (p) ~ (1 —p) 5 >, Toony 1o + pln.
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Optimal asymptotic shrinkage

3 T T T T T :
—@— inf (g 1) {Dn(»)}
—6— D*

£

2 2 N
w
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g [
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©
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1 2 4 8 16 32 64 128

n [logy scale]

Figure: Optimal shrinkage, N = 32, [Cn]i; = pli=al, po clairvoyant estimator of (Chen et al.,
ing € ~(1—p)L ziv]
2011) assuming Cn (p) ~ (1 —p) 5 >, Toony 1o + pln.

96 /113



Optimal asymptotic shrinkage

3 T T T T x :

—@— inf (g 1) {DN ()}
o— D*

—&— DN (o)

Normalized Frobenius norm

| | | | |
1 2 4 8 16 32 64 128

n [logy scale]

Figure: Optimal shrinkage, N = 32, [Cn]i; = pli=al, po clairvoyant estimator of (Chen et al.,
ing € ~(1—p)L ziv]
2011) assuming Cn (p) ~ (1 —p) 5 >, Toony 1o + pln.
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Optimal asymptotic shrinkage

3 T T T T T T
—8— inf,c(g,1){DN (P}
—6— D*

—H&— DN (p0)

- ®-DN(PN)

Normalized Frobenius norm

| | | | |
1 2 4 8 16 32 64 128

n [logy scale]

Figure: Optimal shrinkage, N = 32, [Cn]i; = pli=al, po clairvoyant estimator of (Chen et al.,
ing € ~(1—p)L ziv]
2011) assuming Cn (p) ~ (1 —p) 5 >, Toony 1o + pln.
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Optimal asymptotic shrinkage

Shrinkage parameter

—@— argmin, Dy (p)
0 T T | | | |
1 2 4 8 16 32 64 128

n [logg scale]

Figure: Shrinkage parameter p, N = 32, [Cn]i; = rli=al,
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Optimal asymptotic shrinkage

Shrinkage parameter

—@— argmin, Dy (p)
o— 5*
T
2

T | | | |
4 8 16 32 64 128

n [logg scale]

Figure: Shrinkage parameter p, N = 32, [Cn]i; = rli=al,
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Optimal asymptotic shrinkage

Shrinkage parameter

0.2 |H N
—@— argmin, Dy (p)
e ﬁ*
—— /o
0 T T | | | |
1 2 4 8 16 32 64

n [logg scale]

Figure: Shrinkage parameter p, N = 32, [Cn]i; = li=al,

128
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Optimal asymptotic shrinkage
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Figure: Shrinkage parameter p, N = 32, [Cn]i; = rli=al,
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Outline

Robust Estimation and Random Matrices

Second-order statistics
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Fluctuations of C‘N

Context (about sup, [[C (p) = S (p)| = 0)
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Fluctuations of C‘N

Context (about sup, [ Cy(¢) = S (p)]|  0)

Implies: propagation to Sy (p) of first order results on Cy(p)
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> Because of self-averaging, we hope: a*Cn (p)b— a*Sy(p)b = o(Nfé)
» Since VNa*(Sn(p) — E[Sn(p)])b = N (0, 02), this would imply

VNa*(Cn(p) — EICN (p))b — N(0,02).
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Fluctuations of C’N

Theorem (Fluctuation of bilinear forms [C,Kammoun,Pascal'14])

Let a,b € CN with ||a|| = ||b|]| = 1. Then, as n — co, N/n — ¢ € (0,00), for all
e>0,kezZ,

sup N'7% |a*Ck (p)b — a* 5% (0)b| 35 0.

PERK
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Theorem (Fluctuation of bilinear forms [C,Kammoun,Pascal'14])

Let a,b € CN with ||a|| = ||b|]| = 1. Then, as n — co, N/n — ¢ € (0,00), for all
e>0,kezZ,

sup N'7% |a*Ck (p)b — a* 5% (0)b| 35 0.
PERK

(with e < %, desired result)
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Proof idea
. : T B
> First write (with d; = #2;C )

OR

A~ A~ A l—p 1 L 1 1 A—1
* A— *a—1 * A—1 . ¥
a*Cytb—a* Syt = a*Cy <1 a )anE { di}zlzz>SNb
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Proof idea

> First write (with d; = %z:é(:)lzl)

Al . A 1-— 11 1 W) A
T e (e e e M e PR R

» We prove easily (classical proof but with speed)

1_ a.s,
max N2~ °|d; — -0
1<i%n | i 'YN‘

Not good enough.
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Proof idea

> First write (with d; = %z:é(:)lzl)

Al . A 1-— 11 1 W) A
T e (e e e M e PR R

» We prove easily (classical proof but with speed)

1_ a.s,
max N2 ¢|d; — -0
|22 |di — ]
Not good enough.

> IDEA 1: Exploit self-averaging

» But too hard. Since d; implicit.

101 /113



Proof idea

» IDEA 2: Introduce intermediate quantity

-1

- 1 1 1—p 1 & %525
d; = —2fS jzi=—z2f | ———MM— + pl zi
z(p) sz (4) Z; NZ; 1_ (1 *p)CN n Jz#:l N PIN 1

and write

a*é&lb—a*gﬁlb—l_ip Za C zz*Silb{—fi}
1—(1—p)eny n YN d;

Term (A)

1—p 11 1
+ 7(1*0_1(7 {T — —} 2'27‘)5'_1&

1—(1—-p)en N nlz:l d; di| TN
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Proof idea

» IDEA 2: Introduce intermediate quantity

-1

N PSP T L—p 177
di(p) = 756 % = 4 m;j; TN
and write
a*Clb—a*S3tb = _l=r 1 Za C Lz z*Silb [— — i}
N N 1—(1—p)eny n YN d;

Term (A)

n

1-p wi—1(1 1 1 ) &a—1
—a"C — = — — | ziz; |)SN b
o (s [1 7]

i=1
Term (B)
> Key lemma for both Terms (A)-(B):
Lemma (Key Lemma, Self-averaging)
2p
Za S zzz 5'7 b(—z S(l) ’YN) :O(N72p)
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Application to GLRT detection

Context (Hypothesis Test)

We observe 1, ...,&n, z; = /T,w;, w;||2 = N isotropic, and receive

_ Z 7H0
v= ap+zx , Hi

with « > 0 unknown, p € CN known.
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Application to GLRT detection

Context (Hypothesis Test)

We observe x1, . ..,2n, ; = /T,w;, ||w;||? = N isotropic, and receive
_ €z , Ho
Y ap+zx , Hi
with « > 0 unknown, p € CN known.

Definition (GLRT Detector)

Tn(p)

N
3l

with
lv*Cy' ()pl

\/y*CN (p) y\/p Cx
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Application to GLRT detection

Theorem (Asymptotic detector performance [C,Kammoun,Pascal'14])
Under Hg, as n — oo with N/n — ¢ € (0,00),

¥ 72
I (TN(p) > \/—N) — exp <_W>’ —0

sup
PERK
where
2 sl P*CnQY (p)p
on(p) =

5p*QN(B)p~ %trCNQN(B) . (1 —c(1 7B)Qm(7£)2%trCJQVQ?V(£))

with Qn (p) £ (In + (1 — p)m(—p)Cn) ™" and p = plp + 52 = 52) ™"

104 /113



Application to GLRT detection

Proposition (Empirical performance optimum)

Let
P op
. 1 p*CN (o)
2 A N
on(p) = - ~
N 2(1—cy +enp) (1—p)
Then,

sup 0% (p) — 6% (p)| = 0.
PERK
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Application to GLRT detection

Proposition (Empirical performance optimum)

Let
R (L)
. 1 p*CN (o)
2 A N
on(p) = - ~
N 2(1—cy +enp) (1—p)
Then,
sup |03 (p) — 6% (p)| =3 0.
PERK
Besides, let

PN € argmin,cr, {63 (p)}-

Then, for every v > 0,

P (VNI (k) >7) = int {P(VNTx() > )} 0.
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Application to GLRT detection
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Figure: False alarm rate P(Tx (p%) >T), N=200or N =100, p=N"2[1,...,1]",

[Cn]ij = 7li=3l N/n = 1/2.
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Application to GLRT detection
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> Further properties of robust estimators of scatter (fluctuations of linear statistics).

» Accurate characterization of gain versus SCM with deterministic outliers.

» Extension to robust regression: first results in [El Karoui'13]

n
B = argming pn Zf (yi —xiB), vi ER, z; € RN,

=1

More general framework: BigData RMT

> Kernel random matrices (application to spectral clustering, kernel PCA)
> (A)symmetric graphical models (adjacency, Laplacian matrices), neural nets

> Sparsity considerations (sparse PCA).
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The End

Thank you.
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