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The SCM model:

> X, = (Xi;) = 21,

., @pn] € CNX™ (or RNX™) with i.i.d. zero mean unit
variance entries and
1 172 1/2
Xn ﬁ[sh...,sn]:%[RN/ zl,~~,RN/ Ty

with Ry € CNXN >0, so that

nEsy1s] = lev/zEa: wTR]l\f/z Ry.
> Ry is the population covariance of the samples (v/ns1, - ,v/nsy).
> the matrix
S 1
Ry = LRY?

V2X, X RN

1 n
ARy =202 = — E 8;8]
n 4
=1
is the sample covariance matrix.
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Further notations:
> for A\1(A) > ... An(A) the eigenvalues of Hermitian (symmetric) A:

N
1
Ly = N Z(S)\i(RN) (random)

N
Z dx;(Ry) (deterministic)

> we further denote the Stieltjes transform
-1 1 A -1
gn(2) = /(A —2) 7 Ly (d)) = b (RN - ZIN) .

Asymptotics: We suppose that, as n, N — oo,
> N/n=cn —¢>0
> L& — LE in distribution.



Reminders: Limiting spectral measure

Theorem (Limiting spectral distribution)
Forz € Ct ={w € C, S[w] >0}, asn, N — oo,

gn(2) =75 1(2)

where t(z) is the unique solution in CT of

_ LE (du)
H=) = / —2(1 +uct(2)) + (1 —c)u’

As a consequence,
a.s,
LN — F

with F the unique probability measure such that t(z) = [(t — z) "1 F(dt).



Reminders: Limiting spectral measure
Plotting F: Numerically, we evaluate

t(x + 1€)

for some e < 1 (e.g., e = 1073)



Reminders: Limiting spectral measure
Plotting F: Numerically, we evaluate

t(x + 1€)

for some e < 1 (e.g., e = 10~ ?) and use the approximation

dF(z) ~ —S[t(x +¢)]dx

3=



Reminders: Limiting spectral measure
Plotting F: Numerically, we evaluate

t(x + 1€)
for some e < 1 (e.g., e = 10~ ?) and use the approximation

1
dF(z) ~ —

: St(x + 1e)]dx

Remark: This strongly assumes F has a density !l



Reminders: Limiting spectral measure
Plotting F: Numerically, we evaluate
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Figure: In red, limiting density for ¢ = .1, ¢ = .3, ¢ = .6. In blue, 3 population eigenvalues of

Ry, each of equal multiplicity.
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Restating the theorem

The co-resolvent result: In the following it will be more convenient to work with
$5%, € C"X™ than ©,X% € CNXN,

> for Ly = 5 3011 0, (zgm)-

> in particular, as Lﬁ — Lfo,

Ly = F=(1-¢)do + cF.

Theorem (Reexpressing the SCM limit)
Forz € Ct, #(2) = [(\ — 2) "1 F(d)) is the unique solution in C* of

= (eve [ 2EAGDY

Remark. t(z),%(z) are linked by czt(z) = 1 — ¢ + zi(2) (from F = (1 — ¢)do + ¢F).



Restating the theorem

Proof. Starting from the result (inverted on both sides):

te /uLR (du)
—z
14 ut(2)

<“'2

multiply by £(2) (# 0) to get

1:_25(2)“(1—/%)

so that, using czt(z) = 1 — ¢ + z1(2),
1 LE(du) LE (du)
) = _;/ 1+ui(z) / —z — zut(2)

and finally, again with czt(z) = 1 — ¢ + 2i(2),

_ LE (du)
te) = / —z(14+wuct(2))+ (1 —c)u

Both results are thus equivalent.
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Spectral analysis
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Motivation

Results so far: Ly 2% F defined by Stieltjes transform t(z) for all z € C*:

> how to plot F7 is it a continuous measure?

> most importantly in practice: how to estimate Ry from >, %7 7

> we only have the link

Ry & LR & gn(2) = t(2) & F & Ly
how to go backwards?
Ln 5 ... 5 Ry

Follow-up of the class: this is the objective of what follows!

> from 3,X%, estimate eigenvalues A\ (Ry), ..., AN(RN) ?

> from 3,X%, estimate eigenvectors ui(Ry),...,un(Rn) ?

11
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Spectral analysis
General results
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From Stieltjes transform to measure

Proposition (Condition on density measure)
For g, Stieltjes transform of y with real support and finite mass. Assume

1
— lim S [gu(zo + wy)] = I(xo) exists
T ylo

for all x € V(xo). Then p has a density in xo equal to I(xq).

Proof. See course notes.

13
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Application to the SCM model

Objective: The goal here is to show:
> that the limit law / has a density
> that F can be plotted exactly (not only approximately through %’S[t(m +1£)])
> that the support supp(F) is well identified

Beyond the spectrum: Most importantly, this is a required first step to:
> create a strong link between Ry and ¥,%%

> provide new statistical inference tools on Ry (eigenvalues and eigenvectors).

14



Application to the SCM model

i(z) = (—z+c/

Starting point:

uL R (du)
1+ uit(z)

)71.
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i(z) = (—Z—I—c / ;‘Iﬁi‘zg)q

Two fundamental identities: for all 21,22 € C\ R,

() (fz1) — i(22)) (170/(

Starting point:

i(21)(z2)u? LE (du)
14 ut(21))(1 + ut(22))

) = (21 — 22)t(21)1(22)

- - t(21)E(22)u? LE (du)
(o) (o) - 22i(22)) (1 B c/ (1 + ut(21))(1 + uf(zz)))

o t(z1)t(z2)ulf (du)
=(=n zz)c/ (1 + ut(21))(1 + ui(z2))

Nl N



Application to the SCM model

. uLE (du) ) -1
H2) = [ — o .
(=) ( Z+c/ 1+ ut(z)

Two fundamental identities: for all 21,22 € C\ R,

~ ~ B(2)E(2)u LR (du) \ o
() () ~#) (1-c [ TP IO ) ) - sia)iceo)

Starting point:

- - 7l Y u2 R du

)
[ )il dw)
=G [ G i)

Elements of proof.

> follows immediately from the “scalar resolvent identity”:
1 71 =a71p~1(b — a) (remember the matrix form
A"l - Bl =A"YB - A)B™ ).

> applied to the scalar inverse £(2) = (—z + ¢ [ u/(1 + ui(2))LE (du))~!



Application to the SCM model

Important corollary: taking 21 = 2 € Ct and 20 = Z in (%),

u?LE (du)

2S[E(2)] (1 — cfi())? T

) =2l
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Application to the SCM model

Important corollary: taking 21 = 2 € Ct and 20 = Z in (%),

u?LE (du)

2S[E(2)] (1 — i) T

) =2l

so that, since (2] > 0 and S[E(2)] > 0 (Stieltjes transform of real supported
measure),

w?LE (du)

VzeCt, 1—cli(z)]? | —==—2
(kx*) Vz clt(z)] T uio)2

16



Application to the SCM model

Theorem (Existence of a density)
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zeCt—a
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Application to the SCM model

Theorem (Existence of a density)
For all z € R\ {0}, : .
lim ¢(z) =t°(z) exists.
zeCt—a
This implies that F has a density [ in all R\ {0} equal to
1
flz) = =S[t°(x)].

™

Proof. Two steps:

Step 1. Show that #(z) bounded in a neighborhood B(z) C C*t of z € R.

Step 2. Extract converging subsequences (zy,%(z5)) — (x, %) and show that { is unique.

t(:) Y
R 1R

t(zn
= (20)
\

S
aY
=Y
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Step 1. By contradiction: assume [{(z,,)| — oo for 2, € B(z) — = € R\ {0}, B
bounded.
For zo € CT fixed, from (xx),

~ - t(2n)E(20)u? LE (du)
(i) = 0iCeo) (1= (Ut (=) (1 + u£<7.0>>)

Zn t(ZO uLR (du)
= (2 — 20)e / (1+ ut(zn)) (1 + ui(20))

Goal: show that |£(z,)| — oo induces contradiction!

> By Cauchy-Swcharz’s inequality,

/ t(2n)t(20)u? LE (du) / [£(2n)|2u2LE, (du) |£(20)|2u2LE (du)
1+ ut(z,)) (1 + ut(20) 1+ ut(zn)|? 1+ ut(z0)|2

/ t(2n)t(z0)uLE (du) [£(2n)|2u2LE (du) |£(20)|2LE (du)
14 ut(2n))(1 4+ ut(20)) |1+ut(zn )|2 14+ ut(z0)|2
so that, from (% x %), as n — oo,

/ f(z'n){(z(])UZL?o (du)
(14 ut(2n)) (1 + ut(20))

t(20)t(20)uLE (du)
(1 4 ut(20))(1 4+ ut(20))

‘ <1, limsupc
n

lim sup ¢
n
. L t(20)[2u?LE (d

> Careful! left inequality is strict because | %ﬁém

: [Ez)2u LE (du) |
lim,, [ S w1 < 1 only!

< 1 but



Application to the SCM model

Step 1. As a consequence, we find

lim sup |2, t(2n) — 20t(20)| < oo.
n
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Step 1. As a consequence, we find

limsup |z, t(2n) — 20t(20)| < o0o.
n

But we assumed

lim sup |2,t(2n) — 20t(20)| > limsup |zn| - |£(zn)| = |20] - [£(20)| = o0
n n

(recall z,, /4 0). This is a contradiction!
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Application to the SCM model

Step 1. As a consequence, we find

limsup |z, t(2n) — 20t(20)| < o0o.
n

But we assumed

lim sup |2, t(2n) — 20t(20)| > limsup |z,
n n

(recall z,, /4 0). This is a contradiction!

|+ [E(2n)] = l20] - [£(20)] = o0

Step 2. §ince t(2y,) bounded for 2z, € B(x), let 210, 22,0 — @ With t(21.,) — t1 and

{(22,n) — t2. By (%),

o 7 . _e E(Zl‘rr,)i’(ZZJz)ungo (du)
(t(Nl.n) t( 2,71,)) <1 (1 +u£(21”))(1 ¥ ug(ZQm,))

To show that ¢; = fo, it suffices to show that

E(ZL71)5(22-71)u2L}o{0(du)

) = (Z],,,,722,”)5(21_”)E(ZQJ,,) nio}o 0.

liminf |1 — ¢
n

1+ ut(z1.,))(A + ut(z2.0))

>0
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Step 1. As a consequence, we find

limsup |z, t(2n) — 20t(20)| < o0o.
n

But we assumed

lim sup |2,t(2n) — 20t(20)| > limsup |zn| - |E(zn)| = |20] - [£(20)] = o0
n n

(recall z,, /4 0). This is a contradiction!

Step 2. Since t(zn) bounded for z,, € B(z), let 21 ,,, 22, — x with t(21.,) — t1 and

(22 n) g t2 By (*)

t(Zl‘”,){(ZZJz)u2L§</; (du)

(t(z1.0) — E(22,0)) <1 R

.71))(1 + UE(ZQ,TI))

To show that ¢; = fo, it suffices to show that

liminf |1 — ¢
n

E(ZL?Y,)E(ZZ-W') 2LE (du)

) = (Zl.r!,izQ,H,){(Zl.H)E(ZQ,TI,) ’ﬂi0>0 0.

(1 -+ u{(L] _,,))(1 + ’Uzt(ZQ,n,))

>0

This is again “in spirit” the strict inequality case of cauchy-Schwarz, but

21,0, %2,n are not fixed!
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Step 1. As a consequence, we find

limsup |z, t(2n) — 20t(20)| < o0o.
n

But we assumed

lim sup |2,t(2n) — 20t(20)| > limsup |zn| - |£(zn)| = |20] - [£(20)| = o0
n n

(recall z,, /4 0). This is a contradiction!

Step 2. Since t(zn) bounded for z,, € B(z), let 21 ,,, 22, — x with t(21.,) — t1 and

(zz n) — ta2. By (%),

(i(-1.0) = i(2.0)) <1 o [ o)) ut L (dw)

.71))(1 + UE(ZQJI))

To show that ¢; = fo, it suffices to show that

liminf |1 — ¢
n

E(ZL?Y,)E(ZZ-W') 2LE (du)

) = (Zl.’r!,izQ,H,){(Zl.H)E(ZQ,TI,) ’ﬂi0>0 0.

(1 -+ u{(L] _,,))(1 + ’Uzt(ZQ,n,))

>0

This is again “in spirit” the strict inequality case of cauchy-Schwarz, but

21,0, %2,n are not fixed!
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An option is to use a polarization method on R [ J #1022 ) u” Lo (du) :|

(see details in course notes)
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Step 2. Since t(zn) bounded for z,, € B(z), let 21 ,,, 22, — x with t(21.,) — t1 and
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(t(z1.0) — E(22,0)) <1 R

.71))(1 + UE(ZQ,TI))

To show that ¢; = fo, it suffices to show that

liminf |1 — ¢
n

E(ZL?Y,)E(ZZ-W') 2LE (du)

) = (Zl.r!,izQ,H,){(Zl.H)E(ZQ,TI,) ’ﬂi0>0 0.

(1 -+ u{(L] _,,))(1 + ’Uzt(ZQ,n,))

>0

This is again “in spirit” the strict inequality case of cauchy-Schwarz, but

21,0, %2,n are not fixed!

An option is to use a polarization method on R [ J

(see details in course notes)

This concludes the proof.
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Important Remark. Recall that
. LE 1 LE
t(z):(_z_i_c/ui(du)) <:>Z:—~7+C/w
1+ ut(z) t(z) 1+ ut(z)

> #(2) defined on CT with image £(CT), and so with explicit inverse

with

2() 1 E(CT) > Ct

/uLR (du)
t»—>—:+ .
1+ ut

> tempting to extend z(-) to C\ {f € R, —1/i € supp(LLL)}, where z(-) is “valid”.

> in particular, the restriction to R* \ { € R, —1/f € supp(LZ )} of this
“extension” defines

z(:) : R*\ {f € R,—1/i € supp(LE)} = R

N 1 LE
m,tH/uL(d?).
t 14 ut
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The function z(-):

> coincides on Z(R* \ supp(F)) with the restriction of (the extension of) £ on
R* \ supp(F)

> on the rest, is an extension of z(-) with no physical interpretation.

The intuition: recall that £(z) = [(v — z)~*F(dv) is increasing on all connected
components of R \ supp(F).
As such, we expect that:

> on {(R* \ supp(F)), x() is (well defined and) increasing (local inverse of
increasing function!)

> elsewhere, x(f) may not be increasing (otherwise, it would have an increasing
local inverse satisfying t(z) equation: but this is not a proof!)
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Theorem (Exact limiting spectrum description)
Let z(-) and z(-) as above. Then,

1. ifxg # 0 € supp(F), a positive density point of F, then £°(xq) is unique
solution t with [t] > 0 of )
z(t) = zo.
2. ifzg # 0 ¢ supp(F), then
°(xo) € R*\ {f, -1/ € supp(LE)}
and is the unique real solution to x(t) = xo with z/(f) > 0.
Conversely, for i € R*\ {l, 1/t € supp(LL)} such that 2/ (1y) > 0,

a(to) ¢ supp(F).
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Figure: z(f) for € R, Ry diagonal with 3 masses in 1, 3, 10, ¢ = 1/10. Support supp(F)
underlined on y-axis.
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Proof. [1. Existence] Of course 0 # °(zg) = limy o #(zo + 2y) with

o+ n / uL R (du)
W= —= c = .
0T t(xo +1y) 1+ ut(xo + 2y)
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Proof. [1. Existence] Of course 0 # °(zg) = limy o #(zo + 2y) with

n n / uL R (du)
To+w=—= c .
0T t(zo + w) 1+ ut(xo + 1)

Besides,

2 w2 LR (du) 1

/ uLZ (du)
14 ut(zo + 1)

since |1 + ut(zo + 1w)|? > t2S[E(xo + )]?.

= <
|1+ ut(zo + 2y)|?

S[t(zo + w)]?
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1+ wi(zo + W) = Slimo + )

/ uLZ (du)
14 ut(zo + 1)

since |1 + ut(zo + 1w)|? > t2S[E(xo + )]?.

But S{E(zo +1y)] converges to non-zero value, so bounded for all small y.
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Proof. [1. Existence] Of course 0 # °(zg) = limy o #(zo + 2y) with

n n / uL R (du)
To+w=—= c .
0T t(zo + w) 1+ ut(xo + 1)

Besides,

2 w2 LR (du) 1

= < —
11+ ut(zo +w)* — Sft(zo +w)]?

/ uLZ (du)
14 ut(zo + 1)

since |1 + ut(zo + 1w)|? > t2S[E(xo + )]?.

But S{E(zo +1y)] converges to non-zero value, so bounded for all small y.

P S
S[t(zo+y)]?

By dominated convergence, as y | 0,

xro = — =
* 7 (o)

c/ uLZ (du)
1 4 ut(zo)

proving existence.
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1. zo € z(B1) N z(B2) which is open by the open mapping theorem (z(-) being
analytic there)
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[2. Preliminary] We can show that £°(xo) # 0 (see later).
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for which, of course, ¥ (z0) > 0 (on R). Hence,  complex analytic around (0, 1(x0)).
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defined in zg as
- - 1 =
t(zo) = t°(z0) = / F(du)

u — xg
for which, of course, ¥’ (z0) > 0 (on R). Hence,  complex analytic around (0, (z0))
But, for all £ € B(f(xo)) N C™,

u R U
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t 1+ ut
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Application to the SCM model
[2. Preliminary] We can show that £°(zq) # 0 (see later). As zo & supp(F), ()
defined in zg as

F(du)

t(z0) = t°(20) = /
for which, of course, ¥ (z0) > 0 (on R). Hence,  complex analytic around (0, 1(x0)).

But, for all £ € B(f(xo)) N C™,

- 1 LE (d 1 ¢
z(t):—:—l—c/w:ftJr
t 14 ut t t

u — xo

Stlle
7N
—

I
=
/‘\
s =
N———
N———

where

w(2) = [ -2 1L )

is the Stieltjes transform of LIL.
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[2. Preliminary] We can show that £°(zq) # 0 (see later). As zo & supp(F), ()
defined in zg as

f(x0)=£°(mo)=/ ! F(du)

u — xg
for which, of course, ¥ (z0) > 0 (on R). Hence,  complex analytic around (0, 1(x0)).

But, for all £ € B(f(xo)) N C™,

- 1 uLB (du) 1 ¢ 1 1
z(t):77+c/7~: =+ =(1-—=r—=
t 14 ut t t t t

where
r(e) = [ (w2 L (dw)
is the Stieltjes transform of LIL.

As a consequence, r(—%) — £ €Rast— t(zo) (and this is also true for all z in a
neighborhood of zg).
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[2. Preliminary] We can show that £°(zq) # 0 (see later). As zo & supp(F), ()
defined in zg as

F(du)

i(e0) = °(20) = |
for which, of course, ¥ (z0) > 0 (on R). Hence,  complex analytic around (0, 1(x0)).

But, for all £ € B(f(xo)) N C™,

- 1 uLB (du) 1 ¢ 1 1
z(t):77+c/7~: =+ =(1-—=r—=
t 14 ut t t t t

u — xo

where
r(e) = [ (w2 L (dw)
is the Stieltjes transform of LIL.
As a consequence, r(—%) — £ €Rast— t(zo) (and this is also true for all z in a

neighborhood of ). This implies that

1
" i(wo) ¢ supp(LL)

. 1 e e .
(since S[r(—3)] — 0 for all t — ¢(xo)). Equivalently,

o) ¢ {E:— € supp(LE)]}
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[2. Existence] This implies that
> 2(t(x0)) well defined
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[2. Existence] This implies that
> 2(t(x0)) well defined

> and #(zg) is a solution to

z(t(wo)) = —

t(zo) 1+ ut(zo)

(analytic extension of z(f) possible around (#(z0), z0)).

1 —I—c/ uL R (du)
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[2. Existence] This implies that
> 2(t(x0)) well defined

> and #(zg) is a solution to

z(t(z0)) = —

t(zo) 1+ ut(zo)

(analytic extension of z(f) possible around (#(z0), z0)).
> As #'(z0) > 0, by local inverse, z/(£(x0)) > 0.

1 —I—c/ uL R (du)
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[2. Uniqueness] Let 1 # f2 two real solutions of z(f;) = zo with z/(£;) > 0. Then,

) (1= [ i ) =

Since 1 # t2, necessarily

u2L§O(du) _
(1 —+ ufl)(l —+ u{g) B

R
o<3~(du)
[1+ut;|?

/ u?LE (du) / u2LE (du) / u2L§O(du
C =
(1+ut1 1+ut2) |1 +ut1|2 \1+ut2\2

But, z’(f;) > 0 is equivalent to cf < 1, and by Cauchy-Schwarz,
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[2. Uniqueness] Let 1 # f2 two real solutions of z(f;) = zo with z/(£;) > 0. Then,

) (1= [ i ) =

Since 1 # t2, necessarily

u2L§O(du) _
(1 —+ ufl)(l —+ u{g) B

R
o<3~(du)
[1+ut;|?

/ u?LE (du) / u2LE (du) / u2L§O(du
C =
(1+ut1 1+ut2) |1 +ut1|2 \1+ut2\2

This is a contradiction, and thus:

But, z’(f;) > 0 is equivalent to cf < 1, and by Cauchy-Schwarz,
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[Why #°(20) # 0?] Assume £°(z0) = 0. By analyticity of £ in B(zo),
R
oten = —14¢ /uzenL 3£ (du)
1+ wen
for some 2z, — x¢ and 1, = f(zn) for £, — 0. By dominated convergence, in the

limit, 0 = —1! so °(zp) # 0.
[2. Converse] If {p € R* \ {; f% € supp(LE)}, then for z € C* and £ € B({y),

u?LE (du)

) - D) (1 _ m) ~ (s — 2 (D))
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[Why #°(20) # 0?] Assume £°(z0) = 0. By analyticity of £ in B(zo),

LR
Znien = —1 4+ ¢ / Uien (du)
1+ wen

for some 2z, — x¢ and 1, = f(zn) for £, — 0. By dominated convergence, in the

limit, 0 = —1! so °(zp) # 0.

[2. Converse] If {p € R* \ {; f% € supp(LE)}, then for z € C* and £ € B({y),
- = w2 L2 (du) T
(t(z) — t) (1 —c W) = (z — z(t))t(2)t.

For 2 € Ct — x(f), by Cauchy-Schwarz and 2’ (f) > 0 for £ € B(#o) (so that

R (du)
—cf = \1+m\2 > 0), i
t(z) =t e€R.

Hence x(fo) ¢ supp(F).
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1 1 " LE (du
p= o r<f~—>, r(w):/ﬁ
t(z)  t(z) t(z) u—w
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> the spectral measure of Ry 7?
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Motivation

Important formula: We already saw that
1 1 " LE (du
p= o r<f~—>, r(w):/ﬁ
t(z)  t(z) t(z) u—w

> creates link between Stieltjes transforms (z) and 7(z)

P so indirectly between observable I:EN and hidden Ry .
Question: can we estimate Ry from Ry with this link? In particular,

> the spectral measure of Ry 7?

> the subspaces (eigenvectors) of Ry?

31
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Proposition (Cauchy Integral)
For C a closed positively oriented contour in CT,
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A few reminders of complex analysis

Proposition (Cauchy Integral)

For C a closed positively oriented contour in CT,

> if z is inside the surface described by C and f holomorphic on U D C,

27”}{ f(W) £02).

L%dezo

2m Jow— 2

1R e 1R c x
z z

! R ! R
27r7, fC f(w) dw = (Z) 27r2 fC f(w) dw =0

> If z Is outside,
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A few reminders of complex analysis

Proposition (Residue calculus)

Let C as above and f holomorphic on an open set including C. Let a1,...,ay, be the
singularities of f within the surface described by C.
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A few reminders of complex analysis

Proposition (Residue calculus)

Let C as above and f holomorphic on an open set including C. Let a1,...,ay, be the
singularities of f within the surface described by C. Then,

1

2m

L
§ 1)z = 3 Res(a)
=1
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A few reminders of complex analysis

Proposition (Residue calculus)

Let C as above and f holomorphic on an open set including C. Let a1,...,ay, be the
singularities of f within the surface described by C. Then,

L
ors 1)z = > Res(fa0)
where g1
Res(f,a) = ((z=a)" f(2)

(n—1)! Zh_rg dzn—1

forn € {1,2,...} the smallest index such that the limit is finite.
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A few reminders of complex analysis

Proposition (Residue calculus)

Let C as above and f holomorphic on an open set including C. Let aq,..
singularities of f within the surface described by C. Then,

j{f(z )dz = ZRes fraq)

2m

where
an— 1

(n—1)! Zh_rg dzn—1

Res(f,a) =

((z=a)"f(2))

forn € {1,2,...} the smallest index such that the limit is finite.

L f analytic

1RA
C « )
« a1 f singular
as -

R
27T'L §C dw - Res(f, (11) + Res(f, a2)

.,ar, be the
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A few reminders of complex analysis

Proposition (Vitali's convergence theorem)

Let (fn)nen a series of analytic functions in D C C such that |fn(z)| < M for all
z€D.
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A few reminders of complex analysis

Proposition (Vitali's convergence theorem)
Let (fn)nen a series of analytic functions in D C C such that |fn(z)| < M for all

z€D.
Assume that fn(zx) — f(zr) for all z1,z2,... in a set with a limit point in D.

Then f,, converges uniformly on all B C D strictly and f is analytic.

Do, {fn}n>1 analytic, bounded
00
o B llmlt point

| R

R
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Objective

Linear functional of the \;(Rx): We want to estimate
G(f) = /;‘(z‘ YLE (dt) Zf (Ai(RN))

I . . R
for extensible in a complex analytic function near supp(LZ,).

Examples:
> f(t) =t gives %tr(RN)
> f(t) =t* gives Ltr(R%,)
> f(t) = log(1 + st) gives det(Iy + sRn) (up to taking exp(N-))
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Central idea: By Cauchy's theorem,
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with r(w) = [(t — w)~'LE (dt) Stieltjes transform of LE .
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Central idea

Central idea: By Cauchy's theorem,

G(f) _/(27”% f_tdw) B (dt) — 77?5 Flw)r(w)d

with r(w) = [(t — w)~'LE (dt) Stieltjes transform of LE .

> we then link r(z) to (z) to relate G(f) to i(z

~—

P> or even better:

with —czt(z) = ¢ — 1 — 2i(2).

> then, variable change!!!
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The problem ...:
v/ t tandr analytic on C* and C—, = variable change

always possible on C*™ and C—

X but C crosses the real axis! What happens to w = when crossing R 7

__1
t(z)

AR
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Central idea
1614 303 + $510

A)1- R _
Back to z(t)!: Recall L, = 3
(%) .

e 5upp(F) - < valid !

x| tx) =-1/w
10
w
3
R
ty
1 /v+
2O \ R
L
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Central idea

Back to z(?)!: Recall L = %61 * %53 i %610

a(f)
s 5UPD(F)

z(f)

¢ < valid !
@ | i) = —1/w
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Main result

Consequence: not every contour C is valid!

The method: one must go backwards:

1. design Cx any contour circling around supp(F)
= So crossing R outside the support!

2. define C = —1/(C#), which is always defined!

3. from the drawing of z(-) ¢+ #(-), C “contains” supp(LE) = It is valid!

Remark: In fact, not always! e.g., estimate %tr(R]}l) from ffN whenn < N ?
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What if we want to estimate f(1), f(3)?

z(t)

L R _
_InLoo_g

151 + 163 + 105

10

=(f)

s 5UDD(F)

ﬂ‘

+ valid !
x| #z) = —1/w

42



Going further. ..

z(f)

501+ 303 + %55

What if we want to estimate f(1), f(3)? : in LE = ’
x(f)
s supp (F)
impossible !
sl

1 R

R

Se
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Going further. ..

Figure: Subsets of )\fz < )\g < )\g (hatched region) for which detectability condition over

tisfied, ¢ = 1/10.
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Statistical inference
Back to the original problem:

1
2m Je

G =

fw)r(w)dw
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Back to the original problem:

1
2m Je

G =

fw)r(w)dw,

r(w) = /(u —w) LR (du)
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> so that
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Statistical inference
Back to the original problem:

== f fyrwide, rw) = [ (@-w) L @

now with
1

(Cr)

i(Cr)
for Cx any contour circling around supp(F).

1

The strategy: for w = — )

=, 1 () ()i

» but we know that

> so that

G(f) = —— . f (nl )zt(z)t:/(z) dz.

2m

t(2)

and we are fully in the domain of limiting observables!

t(z)
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Statistical inference

From limit to observations: recall that

1 .
Gn(2) = —tr(TED, — 20,) 71 E5i(2)
n
for all z € CT (equivalent to g, (2) = %tr(EnEfl —zIn)7h).
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Statistical inference

From limit to observations: recall that

1 -
Gn(2) = —tr(TED, — 20,) 71 E5i(2)
n
for all z € CT (equivalent to gn(z) = %tr(EnEfl —zIn)7h).

> tempting to replace £(z) by gn(2) in expression of G(f) !
> but, for this, we need a uniform convergence: (almost surely! Beware of
quantifiers!)

max |§n (2) — £(2)] 3 0.
z€Cr

> two problems:

1. Cr crosses R!
2. does point-wise imply uniform convergence?

46



Statistical inference

Intermediary (but fundamental) result:

Theorem (“No eigenvalue outside the support”)
Assume that E[|X;;|*] < oo and

. ) R . .
1gnianN {dlSt()\Z(RN), supp(Loo))} — 0. (no spike condition)
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Statistical inference

Intermediary (but fundamental) result:

Theorem (“No eigenvalue outside the support”)
Assume that E[|X;;|*] < oo and

. ) R . .
12:2}(]\7 {dlSt()\Z(RN), supp(Loo))} — 0. (no spike condition)

Fore > 0, let A D supp(F) the e-opening of supp(F). Then, for all large n almost

surely, [?/\ = X, 25, has no eigenvalue in A.

47
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Completing the calculus: let us then suppose Ry has no isolated eigenvalue,
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Statistical inference

Completing the calculus: let us then suppose Ry has no isolated eigenvalue,

> by the theorem, for z € Cx, on (). of proba 1, gn(z) bounded for all n large,

(problem of crossing R solved!)

> we now apply Vitali's theorem to move from point-wise to uniform convergence:

let

Q=

for {z;};>1 having a limit point in Cr.
= This is a probability 1 set!

> On €, apply Vitali:
sup |gn(z) —t(z)| =0
ze€Cr

and thus, the convergence is almost sure!

> we conclude:

G(f) - % ‘i}' f (— gnl(z)) 2gn(2) ZiEz;dZ 25

a.s,

0.

48



Statistical inference

From complex contour to exact calculus: We already have a consistent estimator of
G(f), but not intuitive, numerical evaluation!
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> we can go further by noticing (with A1 > ... > A\, vaps of £%3,),
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i=1
n N —n
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all rational functions!
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Statistical inference

From complex contour to exact calculus: We already have a consistent estimator of
G(f), but not intuitive, numerical evaluation!

> we can go further by noticing (with A1 > ... > A\, vaps of £%3,),

~ 1 1
gn(z)*gg)\i_z

i=1
n N —n
gn(2) = Ngn(z)‘f' Nz
N B 1
gn(z) - n Z ()\2 o 2)2

all rational functions!

> if f(w) “simple”, we can use residue calculus!

49



Statistical inference

Example (f(z) = 2?)
For f(z) = x2, we know, with probability 1,
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Example (f(z) = 2?)
For f(z) = x2, we know, with probability 1,

1 #(2)
60 = gmf 2o
g e e-N e
Tl [ Nawer TN g2 |
—_———

0

50



Statistical inference

Example (f(z) = 2?)
For f(z) = x2, we know, with probability 1,

ERV N 15
2m Jo gn( )gn(z)3

G(f)

1 n 2, (2)

dz + o(1)

n—N g,(2)

2 o | N n(er?
1 n zgn(z)

Cr gn(2)?

21

N gn(2)?
—_——

0

dz + o(1).

dz + o(1)
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Statistical inference

Example (f(z) = 2?)
For f(z) = x2, we know, with probability 1,

~/
() = — ¢ 20022zt
2m Jex gn(2)
_ 1 n 2Gp(2) |, n—N gn(z)
T oo2m Cr N gn(2)2 N gn(z)2
———
0
1 n zgn(z)
= — — 2 Zdz + o(1).
2m Jep N gn(2)? )
By integration by parts, this is, with probability 1:
1 1
G(f) = n dz + o(1).

“2m Jor N gn(2)

dz + o(1)
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Statistical inference

Example (f(z) = 22 (continued))

Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.
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Example (f(z) = 22 (continued))
Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.
Useful lemma:

Lemma
Let A € R**™ diagonal and a € R™. Then, the eigenvalues of A — aa™* are either
eigenvalues of A or the roots of 1 = a*(A — xI,) 'a.
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Example (f(z) = 22 (continued))
Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.
Useful lemma:

Lemma
Let A € R**™ diagonal and a € R™. Then, the eigenvalues of A — aa™* are either
eigenvalues of A or the roots of 1 = a*(A — xI,) 'a.

Proof.

Let = not an eigenvalue of A, then by Sylverster's identity,

det(A—aa* —zl,) = det(A — &l,) det (I, —aa* (A—2zl,) 1) « 1 —a*(A—z,) La.

S ———
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Statistical inference

Example (f(z) = 22 (continued))
Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.
Useful lemma:

Lemma
Let A € R**™ diagonal and a € R™. Then, the eigenvalues of A — aa™* are either
eigenvalues of A or the roots of 1 = a*(A — xI,) 'a.

Proof.

Let = not an eigenvalue of A, then by Sylverster's identity,

det(A—aa* —zl,) = det(A — &l,) det (I, —aa* (A—2zl,) 1) « 1 —a*(A—z,) La.
S ———
#0
O
Calculus continuation: apply the lemma for A = diag()\;) and a = \/\/n with X the
vector of \;'s.
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Statistical inference

Example (f(z) = 22 (continued))
Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.

Useful lemma:

Lemma
Let A € R**™ diagonal and a € R™. Then, the eigenvalues of A — aa™* are either
eigenvalues of A or the roots of 1 = a*(A — xI,) 'a.

Proof.

Let = not an eigenvalue of A, then by Sylverster's identity,

det(A—aa* —zl,) = det(A — &l,) det (I, —aa* (A—2zl,) 1) « 1 —a*(A—z,) La.
| —
#0

Calculus continuation: apply the lemma for A = diag()\;) and a = \/\/n with X the
vector of \;'s.
= The eigenvalues of

1
A= =VAVA
n

are the roots x; of 1 = % AN — )7L
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Statistical inference

Example (f(z) = 22 (continued))
Expand g, (z) as a rational function: the poles inside C~ are such that g, (z) = 0.

Useful lemma:

Lemma
Let A € R**™ diagonal and a € R™. Then, the eigenvalues of A — aa™* are either
eigenvalues of A or the roots of 1 = a*(A — xI,) 'a.

Proof.

Let = not an eigenvalue of A, then by Sylverster's identity,

det(A—aa* —zl,) = det(A — &l,) det (I, —aa* (A—2zl,) 1) « 1 —a*(A—z,) La.
| —
#0

Calculus continuation: apply the lemma for A = diag()\;) and a = \/\/n with X the
vector of \;'s.
= The eigenvalues of

1
A= =VAVA
n

are the roots z; of 1 = % 1 A(Ai —x)7L, or equivalently of

0=23" (i—2)~! =gn().
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Statistical inference

Example (f(z) = 22 (continued))

Position of the roots? By Weyl's interlacing lemma, the \;'s are interlaced with the
roots x; of 0 = gn(x).
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Statistical inference

Example (f(z) = 22 (continued))

Position of the roots? By Weyl's interlacing lemma, the \;'s are interlaced with the
roots x; of 0 = gn(x).

= They are all inside the contour Cr !
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Statistical inference

Example (f(z) = 22 (continued))
Position of the roots? By Weyl's interlacing lemma, the \;'s are interlaced with the
roots x; of 0 = gn(x).
= They are all inside the contour Cr !
Final step, the residue calculus:
n z—x;

Res(wi) - Zlgl;l N gn(Z) '
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Statistical inference

Example (f(z) = 22 (continued))

Position of the roots? By Weyl's interlacing lemma, the \;'s are interlaced with the
roots x; of 0 = gn ().

= They are all inside the contour Cr !

Final step, the residue calculus:

e Mz
Res(z;) = zlggl NG

By Taylor (or I'Hospital rule),
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Statistical inference

Example (f(z) = 22 (continued))

Position of the roots? By Weyl's interlacing lemma, the \;'s are interlaced with the
roots x; of 0 = gn ().

= They are all inside the contour Cr !

Final step, the residue calculus:

e Mz
Res(z;) = ZIEEI NG

By Taylor (or I'Hospital rule),

1 1
Res(z;) = lim n po = —
2T Ngn(z) Ngn(zl)
And we conclude, with probability 1,
n 1

G(f) - N 7

with S = {i | A\; inside Cr}.



Statistical inference

Some consequences: evaluating the eigenvalues of
Ry = diag(1,...,1,3,...,3,7,...,7) ?
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Statistical inference

Some consequences: evaluating the eigenvalues of
Ry = diag(1,...,1,3,...,3,7,...,7) ?

> same idea but contour Cx only around corresponding “hump” in spectrum of Ry.
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Statistical inference
Some consequences: evaluating the eigenvalues of

Ry = diag(1,...,1,3,...,3,7,...,7) 7
> same idea but contour Cx only around corresponding “hump” in spectrum of Ry.

T T
a(t) ﬂ

s 5D (F)

« valid !
x| tx) = —1/w

z(t)




Statistical inference

Some consequences: evaluating the eigenvalues of
Ry = diag(l,...,1,3,...,3,7,...,7) 2

» same idea but contour Cx only around corresponding “hump” in spectrum of Rn.
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— supp(F)
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Statistical inference

Some consequences: evaluating the eigenvalues of
Ry = diag(l,...,1,3,...,3,7,...,7) 2

» same idea but contour Cx only around corresponding “hump” in spectrum of Rn.

@ ()
— supp(F)

+|impossible !

x(t)

RS

7
2

» only works if spectrum is “disjoint”!



Statistical inference

» This all depends on ¢! Remember...
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Statistical inference

» This all depends on ¢! Remember...
Limiting density for c=.1, c= .3, c = .6

> or

Large Covariance Matrices - Limiting Density (LSD) Large Covariance Matrices - Limiting Density (LSD)

Dersiy Densty

can evaluate 1, 3, 7 can evaluate 1

can’'t we 7?77 (see lab session)

Large Covariance Matrices - Limiting Density (LSD)

Oersiy

cannot evaluate any.
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Outline

Application to machine learning: spectral clustering
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Outline

Application to machine learning: spectral clustering
Reminders on spectral clustering
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Position of the problem
Setup:
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Setup:
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Z1,...,Zn, €C1
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P affinity metric: for z,y € RP,
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o) € R e n(en) =/ (o ul?)
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Position of the problem
Setup:
> data z1,...,2n € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

Z1,...,%n; €C1
Tn—np+1s---5Tn € Cp.
P affinity metric: for z,y € RP,
+ 1 5
K@ y) ERT eg. nlz.y) =T ( lz -yl

(we will see later why % useful)
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Setup:
> data z1,...,2n € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

T1,...,Zn; €C1

Tn—ng+1s---,Tn € ck
> affinity metric: for z,y € RP,
+ 1 2
w(z,y) €RT  eg., rlz,y) = [ ;HJ’ yll

(we will see later why % useful)

Sl [2

Example: MNIST data
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Position of the problem
Setup:
> data z1,...,2n € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

Z1,...,Zn, €C1
Tn—ng+1s---,Tn € ck
> affinity metric: for z,y € RP,
+ 1 2
k(z,y) ERT eg, wlz,y) =f ;HJ? yll

(we will see later why % useful)

Example: MNIST data

2

> x; = “pixels of images” ?

> z; = “smart features” ? (HOG, SURF, neural-net type [VGG, ResNet, etc.])
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Position of the problem
Objective: perform clustering (i.e., unsupervised classification)!
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Position of the problem

Objective: perform clustering (i.e., unsupervised classification)!

P metric to minimize:

K(xj,x5)
33 )
G1...Cy,
5 €é;
UEyCi={1n) j¢C
C;iNC;=0
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Position of the problem
Objective: perform clustering (i.e., unsupervised classification)!

P metric to minimize:

min Zznx], ])

Cy...Cp

) eé;

UEyCi={1n) j¢C
CinC;=0

P can be rewritten

min zk: 3 wleg,25) 227

¢;...C ‘ 7 G
k @L f =l jel; Cil Ljec;
Uiz Ci={1,...n} je{l,...,n} jec;
CinC;j=0
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Position of the problem
Objective: perform clustering (i.e., unsupervised classification)!
P> metric to minimize:

_min Z > - Té| D

C1...Cp,

3 eé;
u?zlpi:A{1,.4.,n} ;gc
CinC;=0
> can be rewritten
k
. Ii(ﬁl'], 17],113 )
min > > Z 2
L GG 4 Gl 1 jee, ICil
uk_ Gi={1,...,n} - JE%
i=1-t— 5 7e{1,..., n} jel;
CinC;j=0 :
> or, denoting F'j; — ‘1( ‘6,’, ¢, and F C R"™*k the discrete set of valid F's:
. RIS
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Position of the problem
Objective: perform clustering (i.e., unsupervised classification)!
P> metric to minimize:

min ZZH%’ ])

Cy...Cp

3 €C;

UEyCi={1n) j¢c
CiNC;=0

P can be rewritten

. H(wg, :c],z)
w3y Mgy )

e S = e, e LGl
i=1FiT T e{1,..., n é;
CiﬂCj:V) Jed } JE
> or, denoting Fj; = ﬁd’m%@[ and F C R*Xk the discrete set of valid F's:
i
k

lgiclr%zl FI(D—-K)F; = min trF' (D — K)F
=
where

n
K = {r(x, ,’I,'J>}:L_j:1 and D = diag({z Kij}i—1) (degrees of the “graph” K).

j=1
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Position of the problem
Relaxation into spectral clustering:

» problem is discrete, NP-complete.
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min  trF (D — K)F
F, FTF=I,
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Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F ¢ R"*F FTF =1, 1

min  trF (D — K)F

F, FTF=I,

> this is an eigenvector problem!
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F, FTF=I,

> this is an eigenvector problem!
= Solution F' is concatenation of k “smallest” eigenvectors of D — K.
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Position of the problem
Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F € R"** FTF =11

min  trF (D — K)F
F, FTF=I,

> this is an eigenvector problem!
= Solution F' is concatenation of k “smallest” eigenvectors of D — K.

> gives spectral clustering algorithm:

1. retrieve k smallest eigenvectors of D — K into V = [v1,...,v] € RXF
2. cluster the (small dimensionall) rows V;. € R™ with k-means
3. the k classes obtained are the estimates of Cy, ..., Ck.
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Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F € R"** FTF =11

min  trF (D — K)F
F, FTF=I,

> this is an eigenvector problem!
= Solution F' is concatenation of k& “smallest” eigenvectors of D — K.

> gives spectral clustering algorithm:

1. retrieve k smallest eigenvectors of D — K into V = [v1,...,v] € R ¥k
2. cluster the (small dimensionall) rows V;. € R™ with k-means
3. the k classes obtained are the estimates of Cy, ..., Ck.

Important remark: geometric interpretation

trFT(D — K)F ZZ 5 (Fji — F5;)®  (prove it!)

'L*l i7
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Position of the problem
Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F € R"** FTF =11

min  trF (D — K)F
F, FTF=I,

> this is an eigenvector problem!
= Solution F' is concatenation of k& “smallest” eigenvectors of D — K.

> gives spectral clustering algorithm:

1. retrieve k smallest eigenvectors of D — K into V = [v1,...,v] € R ¥k
2. cluster the (small dimensionall) rows V;. € R™ with k-means
3. the k classes obtained are the estimates of Cy, ..., Ck.

Important remark: geometric interpretation

trFT(D — K)F ZZ 5 (Fji — F5;)®  (prove it!)

'L*l i7

P> we must have F};

i~ i iij3>>1
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Position of the problem
Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F € R"** FTF =11

min  trF (D — K)F
F, FTF=I,

> this is an eigenvector problem!
= Solution F' is concatenation of k& “smallest” eigenvectors of D — K.

> gives spectral clustering algorithm:

1. retrieve k smallest eigenvectors of D — K into V = [v1,...,v] € R ¥k
2. cluster the (small dimensionall) rows V;. € R™ with k-means
3. the k classes obtained are the estimates of Cy, ..., Ck.

Important remark: geometric interpretation

trFT(D — K)F ZZ 5 (Fji — F5;)®  (prove it!)

'L*l i7

> we must have Fj; ~ Fi if Ki;>1

> Fj; could be distinct from F}; if K;5 ~0
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Position of the problem
Relaxation into spectral clustering:
» problem is discrete, NP-complete.
> solution: relaxing F into {F € R"** FTF =11

min  trF (D — K)F
F, FTF=I,

> this is an eigenvector problem!

= Solution F' is concatenation of k “smallest” eigenvectors of D — K.

> gives spectral clustering algorithm:

1. retrieve k smallest eigenvectors of D — K into V = [v1,...,v] € RXF
2. cluster the (small dimensionall) rows V;. € R™ with k-means
3. the k classes obtained are the estimates of Cy, ..., Ck.

Important remark: geometric interpretation

trFT(D — K)F ZZ 5 (Fji — F5;)®  (prove it!)

'L*l 37

> we must have Fj; ~ Fi if Ki;>1
> Fj; could be distinct from F; if K;3 ~0

We will see this will be a problem in large dimensions!
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Position of the problem
The Ng-Weiss-Jordan (wrong) intuition:
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The Ng-Weiss-Jordan (wrong) intuition:
> say f(t) = exp(—t/2): the Gaussian (or heat, or RBF) kernel.
> intuition: for easy clustering tasks,

llei — ;| > 1, if z;,z; in different classes
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> hence
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> in particular, with jo = (Onqy, .., Ings .-+, Ony )T,
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Position of the problem
The Ng-Weiss-Jordan (wrong) intuition:
> say f(t) = exp(—t/2): the Gaussian (or heat, or RBF) kernel.
> intuition: for easy clustering tasks,

llei — ;| > 1, if z;,z; in different classes
L <1, if z;,z; in same class

> hence
[K1]ng xnq [E]n1 xng
K~ Elngxng [[‘VZ]nzxnz
> in particular, with jo = (Onqy, .., Ings .-+, Ony )T,

Kjo >~ Djqg = (D — K)jo ~ 0
so that j,, canonical vector of C, eigenvector of D — K !

Refinement: implies also

more stable in practice.
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Position of the problem
From theory to practice: not at all what was expected!!

102

0.2
0.1
0
—-0.1

0.2
0.1
0
—0.1
—0.2

1 1
Figure: 4 dominant eigenvectors of L = D~ 2 KD~ 2 (red); MNIST data (0, 1, 2).
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Position of the problem
From theory to practice: not at all what was expected!!

102

vimo RN

1
2

Figure: 4 dominant eigenvectors of L, = D~ 2 KD (red), asymptotic approximation L (black);

MNIST data (0, 1, 2).
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Position of the problem

From theory to practice: not at all what was expected!!

102

AR h

| qu w ‘my

|
o
A

1 1 .
Figure: 4 dominant eigenvectors of L = D~ 2 KD~ 2 (red), asymptotic approximation L (black)

vs. Gaussian theory (1o et 20) (blue); MNIST data (0, 1, 2).
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> as n,p — oo, we need to control growth rate of p1,...,ux and Cq,...,Cj to
have a non-trivial /degenerate problem!
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P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
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> as n,p — oo, we need to control growth rate of p1,...,ux and Cq,...,Cj to
have a non-trivial /degenerate problem!

P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
perfectly known!

Neyman-Pearson test: assume (temporarily) k = 2, u1, p2,C1,Co known
> p; evolution: say p1 = —p2 = g and C1 = C2 = I. Then by Neyman-Pearson,
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Position of the problem
What’s wrong with Ng-Weiss-Jordan? their small dimensional intuition!

A detour to Bayes’ optimality: assume R? 5 z; € C, < z; ~ N (pq, Cy) (Gaussian
mixture model)

> as n,p — oo, we need to control growth rate of p1,...,ux and Cq,...,Cj to
have a non-trivial /degenerate problem!

P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
perfectly known!

Neyman-Pearson test: assume (temporarily) k = 2, u1, p2,C1,Co known
> p; evolution: say p1 = —p2 = g and C1 = C2 = I. Then by Neyman-Pearson,

Bz = C1 | & € C2) = B ((2m) /2 exp (Il — p[12/2) > (2m) /2 exp (~ 2 — pa]|?/2) )
or equivalently
IP’(xT,u>a:T(fu) \ x€C2> @P(mT,u>0 | xGCz).

But @ € Ca & @ ~ N(—, Ip), s0 2"~ N (a2, 1a]]2)
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Position of the problem
What’s wrong with Ng-Weiss-Jordan? their small dimensional intuition!

A detour to Bayes’ optimality: assume R? 5 z; € C, < z; ~ N (pq, Cy) (Gaussian
mixture model)

> as n,p — oo, we need to control growth rate of p1,...,ux and Cq,...,Cj to
have a non-trivial /degenerate problem!

P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
perfectly known!

Neyman-Pearson test: assume (temporarily) k = 2, u1, p2,C1,Co known
> p; evolution: say p1 = —p2 = g and C1 = C2 = I. Then by Neyman-Pearson,

Bz = C1 | & € C2) = B ((2m) /2 exp (Il — p[12/2) > (2m) /2 exp (~ 2 — pa]|?/2) )
or equivalently
IP’(xT,u>a:T(fu) \ xECQ) @P(mT,u>0 | xGCz).
But z € C2 & & ~ N(—p, Ip), so &'~ N (=|lull?, l1]l?), ie.,

1
V2T

Ple > C1 |z eC)= /Ooo exp(— (¢ + [|ull*)?/ (2llpl?))dt
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Position of the problem
What’s wrong with Ng-Weiss-Jordan? their small dimensional intuition!

A detour to Bayes’ optimality: assume R? 5 z; € C, < z; ~ N (pq, Cy) (Gaussian
mixture model)
> as n,p — 0o, we need to control growth rate of u1,...,ux and Cq, ..
have a non-trivial /degenerate problem!
P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
perfectly known!

., C to

Neyman-Pearson test: assume (temporarily) k = 2, u1, p2,C1,Co known
> p; evolution: say p1 = —p2 = g and C1 = C2 = I. Then by Neyman-Pearson,

Bz = C1 | & € C2) = B ((2m) /2 exp (Il — p[12/2) > (2m) /2 exp (~ 2 — pa]|?/2) )
or equivalently
IP’(xT,u>a:T(fu) \ xECQ) @P(mT,u>0 | xGCz).
But z € C2 & & ~ N(—p, Ip), so &'~ N (=|lull?, l1]l?), ie.,

P -G |xec2>:/0°° \/%exp(—(ﬂr||u||2)2/(2||u||2))dt: lullQ(lul)

with Q(u) = [ \/% exp(—u?/2)du.

u
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Position of the problem

What’s wrong with Ng-Weiss-Jordan? their small dimensional intuition!

A detour to Bayes’ optimality: assume R? 5 z; € C, < z; ~ N (pq, Cy) (Gaussian
mixture model)

P> as n,p — 0o, we need to control growth rate of uj,

.., ug and Cq,...,Cy to
have a non-trivial /degenerate problem!

P> how to control pq, Cq evolution? = find worst case scenario when p;'s, C;'s
perfectly known!
Neyman-Pearson test: assume (temporarily) k = 2, u1, p2,C1,Co known
> p; evolution: say p1 = —p2 = g and C1 = C2 = I. Then by Neyman-Pearson,

B(z = C1 |z € Co) =P ((2m) P 2 exp (~ 1z — m[2/2) > (2m) P2 exp (~|lz — p2*/2))

or equivalently
IP’(xT,u>a:T(f,u) \ mECg) @P(mT,u>0 | xGCz).

But z € C2 & x ~ N(—p, Ip), so aTp ~ N (=|lul?, [|ul?), i

Pa = C1 |z €Co) = /0 - jﬂexm—(w||u||2>2/<2||u||2>)dt: lall Q)

with Q(u) = [ \/7 exp(—u?/2)du.
Only non-trivial if |1 — pe|| = 2||u]| = O(1)! (with respect to p)
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Position of the problem
Neyman-Pearson test:
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Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)
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> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

IP’(:E—)CQ‘CEECl)
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Position of the problem
Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
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or equivalently
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> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
or equivalently
P (||z|?/p > log(1+&)(1+¢)/e | = € C1)

By the CLT, ||z||2/p — N (1,3/p) (we used E[|z;[*] = 3 for = € RP)
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Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
or equivalently
P (||z|?/p > log(1+&)(1+¢)/e | = € C1)
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Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
or equivalently
P (||z|?/p > log(1+&)(1+¢)/e | = € C1)

By the CLT, ||z||2/p — N (1,3/p) (we used E[|z;[*] = 3 for = € RP) so, for
p>1,

Pz = Co | 2 € C1) = Ppr(o,1) (w > \/p/3(log(1+e)(1+¢e)/e — 1))

Only non-trivial if £ — 0!
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Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
or equivalently
P (||z|?/p > log(1+&)(1+¢)/e | = € C1)

By the CLT, ||z||2/p — N (1,3/p) (we used E[|z;[*] = 3 for = € RP) so, for
p>1,

Pz = Co | 2 € C1) = Ppr(o,1) (w > \/p/3(log(1+e)(1+¢e)/e — 1))

Only non-trivial if £ — 0!, and then, by Taylor,
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63



Position of the problem
Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz Ca |2 € Cr) = B ((1+) P2 exp (—[lall/2(1 +)) > exp (- |2]*/2))
or equivalently
P (||z|?/p > log(1+&)(1+¢)/e | = € C1)

By the CLT, |
p>1,

z||2/p — N(1,3/p) (we used E[|z;|*] = 3 for = € RP) so, for

Pz = Co | 2 € C1) = Ppr(o,1) (w > \/p/3(log(1+e)(1+¢e)/e — 1))
Only non-trivial if £ — 0!, and then, by Taylor,

Pz - Co |z € C1) =~ P(w > /p/3e)

N[

)"

Only non-trivial if e = O(p™ -

N
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Position of the problem
Neyman-Pearson test:

> C; evolution: assume now p1 = p2 = 0 and C1 = I, C2 = (1 +€)I,. (so that
trCi — trCy = ep)

Pz~ Cz | o€ ) =P ((1+) "/ exp (|2l /2(1 +¢)) > exp (~|z]]%/2))
or equivalently

P (|l]1*/p > log(1 +e)(1 +¢)/e | x € C1)

By the CLT, |
p>1,

z||2/p — N(1,3/p) (we used E[|z;|*] = 3 for = € RP) so, for

Pz = Cs | @ € C1) ~ Pyo) (w > /p/3(log(1 +&)(1 + &) /e — 1))
Only non-trivial if £ — 0!, and then, by Taylor,
Pz — C2 | x € C1) @ P(w > /p/3e)
)

» Conclusion: non-trivial conditions:

N[

Only non-trivial if e = O(p™ -

N

lus — p2ll = O(1),  tx(C1 — C2) = O(\/p)
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Position of the problem

Neyman-Pearson test: the question of tr((Cy — Cp)?)
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Neyman-Pearson test: the question of tr((Cy — Cp)?)

> from Neyman-Pearson (so with C;'s known), non-triviality when

tr((Ca — Cp)?) = O(1)
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> but can be dramatically improved with random matrix-tuned kernel
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> from Neyman-Pearson (so with C;'s known), non-triviality when

tr((Co — Cp)?) = O(1)

> for spectral clustering (so with C;'s unknown), we will see:

tr((Cy, — Cy)?) = O(p)  for standard methods! (e.g., Gaussian kernel)

> but can be dramatically improved with random matrix-tuned kernel into

tr(<(ja - Cb)2) - O(\/ﬁ)
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Position of the problem

Neyman-Pearson test: the question of tr((Cy — Cp)?)

> from Neyman-Pearson (so with C;'s known), non-triviality when

tr((Ca — Cp)?) = O(1)

> for spectral clustering (so with C;'s unknown), we will see:

tr((Cy, — Cy)?) = O(p)  for standard methods! (e.g., Gaussian kernel)

> but can be dramatically improved with random matrix-tuned kernel into
tr(<(ja - Cb)2) - O(\/ﬁ)

Can we do better???
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Position of the problem

The (non-trivial) setup:
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Position of the problem

The (non-trivial) setup:
> data x1,...,zn € RP (for us, n,p > 1)
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The (non-trivial) setup:
> data x1,...,zn € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

T1,...,Zn; €C1

Tn—ng+1,---,%n € C.
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> affinity metric: for z,y € RP,

k(z,y) € RT
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The (non-trivial) setup:
> data x1,...,zn € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

T1,...,Zn; €C1

Tn—ng+1,---,%n € C.
> affinity metric: for z,y € RP,

1 ;
K(zy) ERT eg. n(ny) =/ (;Hw - W)
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The (non-trivial) setup:
> data x1,...,zn € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

T1,...,Zn; €C1
Tn—ng+1,---,%n € C.
> affinity metric: for z,y € RP,
+ (1 2
k(z,y) ERT eg., r(zy) =f ;llw =yl

(we will see later why % useful)
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Position of the problem

The (non-trivial) setup:
> data x1,...,zn € RP (for us, n,p > 1)
> k classes (for us, k < n,p):

T1,...,Zn; €C1

Tn—ng+1,---,%n € C.
> affinity metric: for z,y € RP,
+ (1 2
k(z,y) ERT eg., r(zy) =f ;H-’L’ =yl

(we will see later why 11) useful)

k

> asymptotic non-triviality conditions: for u® =3 7’

co=yrF_  mac,

a=1 n

lta — 1%l = O1)  t2(Ca — Ca) = O(B) [ICall = O(1)

Na
2 g and
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Fundamental result:
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Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

1 p e 3
mas [N 2250
1<i,j<n|p J
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Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

1 © P x
rax 7Hxi71‘7H27‘"p 250
1<i,j<n|p J

In fact, precisely,

1 _1
E\Imi —ajl|> =7 + Op(p~ 2)
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Position of the problem

Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

l © a.s.
max |~ |z —z;]|* — 7| 50
1<ij<n |p :
In fact, precisely,

1 _1
EH"T" —ajl|> =7 + Op(p~ 2)

and in particular

1
~alz; =0+ Op(p~ %)
p
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Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

1 .
max |~ |lz; — x;[|® — 7| 30
1<i,j<n|p ’

In fact, precisely,
1 _1
;Hl’i —ajl|> =7 + Op(p~ 2)

and in particular

1
*ff}—ffj = OJFOP(IF%)
p

> does this mean K =~ f(7,)1,1} ?, clustering impossible ?
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Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

1 <
max |~ |lz; — x;[|® — 7| 30
1<i,j<n |p ’

In fact, precisely,
1 9 1
—[lzi = z;||* = 7p + Op(p™ 2)
p

and in particular

1
*ff}—ffj = OJFOP(IF%)
p

> does this mean K =~ f(7,)1,1} ?, clustering impossible ?

> yes and no!!
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Position of the problem

Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

l © a.s.
max |~ |lz; — x;[|® — 7| 30
1<i,j<n|p :
In fact, precisely,
1 9 1
;Hl‘i — || =7 + Op(p™ 2)

and in particular

1
*ff}—ffj = OJFOP(IF%)
p

> does this mean K =~ f(7,)1,1} ?, clustering impossible ?
> yes and no!!

» Careful: same error as Marcenko-Pastur theorem:

1 1
max [[-XXT)i; — [plij| 250 but =XXT A4 I
Wi |'p p
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Position of the problem

Fundamental result: (really, really fundamental!!l)
Under the above conditions, for 7, = (2/p)trC°,

1 <
max |~ |lz; — x;[|® — 7| 30
1<4,j<n |p :

In fact, precisely,
1 9 1
—[lzi = z;||* = 7p + Op(p™ 2)
p

and in particular

1
*ff}—ffj = OJFOP(IF%)
p

> does this mean K =~ f(7,)1,1} ?, clustering impossible ?

> yes and no!!

» Careful: same error as Marcenko-Pastur theorem:
1 T a.s, 1 T
max [7XX ]l] — [Ip]” =30 but -XX' 4 Ip”
| p p

Key idea: Taylor expansion of K;; around f(7)!

66



Position of the problem

In image: Kernel K;; = exp(fﬁﬂmi — z4]|?) and second eigenvector vo
(w5 ~ N (i, Ip), i = (2,0,...,0)T € RP).
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Position of the problem

In image: Kernel K;; = exp(—%”zi — z4]|?) and second eigenvector vo
(zi ~ N(Ep, Ip), p=(2,0,...,0)T € RP).

|

Rt

p =4, n = 1000
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Position of the problem

In image: Kernel K;; = exp(—%”zi — z4]|?) and second eigenvector vo
(zi ~ N(Ep, Ip), p=(2,0,...,0)T € RP).
p=4,n=1000 p =400, n = 1000

?
;

vy =

kg
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Position of the problem

And for real data?

MNIST ImageNet 20NewsGroup
raw VGG-features BERT embedding
p =784, n = 500 p = 3084, n = 500 p = 300, n = 500
1 4 4

| e
PEoorSIi | hinies piel u-\\(e\\Q""“

Jicen \s?°

1 1 1

(ici, classes “5" et “0") (ici, classes “bird" et “plane”) (ici, classes “sports” et “sales”)
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {733‘{%} (so we forget the terms ||z;||?/p and ||z;]|?/p)
p i,j=1 &
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||?/p and ||z;|%/p)
p i,j=1 \

Taylor expansion now around f(0):
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The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))
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K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
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Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
p ij=1
Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):

1 T ! 1 T 1 " 1 T 2
f(];:cl :cj) =fO0)+ f (0);901 xj+5f (0) (];Il xj) +...

Hence:

K = f(0)1a1% + /(02 XTX + L 7(0) {(a:}a:j/p)Q}n ..
p 2

%,7=1

> key difficulty: moving from entries Taylor expansion to matrix Taylor expansion!
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))
= 1 T " 12 T2
K= T T (so we forget the terms ||z;||~/p and [|z;]|*/p)
p i,5=1
Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):

1 T ! 1 T 1 " 1 T 2
f(];:cl :cj) =fO0)+ f (O)I;xl xj+§f (0) (];Il xj) +...

Hence:
T rooy L % T 1o T 21"
K = fO) 1]+ £/(0)- XTX + - 17(0) § (w72 /p) +o.
P 2 ij=1
> key difficulty: moving from entries Taylor expansion to matrix Taylor expansion!
See here why:
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
p ij=1
Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):

1 T ! 1 T 1 " 1 T 2
f(];:cl :cj) =fO0)+ f (O)I;xl xj+§f (0) (];Il xj) +...

Hence:
T rooy L % T 1o T 21"
K = fO)1n1] + £(0)-XTX + (0) { (a]2;/p) +..
P 2 ij=1
> key difficulty: moving from entries Taylor expansion to matrix Taylor expansion!
See here why: what are the spectral norms of?

1

\/ﬁX € R™X"™ Xij = in NN(O,].) = 0(1)7

69



Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
p ij=1
Taylor expansion now around f(0):
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Hence:
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n

69



Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
p ij=1
Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):

1 T ! 1 T 1 " 1 T 2
f(];:cl :cj) =fO0)+ f (0);901 xj+5f (0) (];Il xj) +...

Hence:
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See here why: what are the spectral norms of?
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Taylor expansion
The Taylor expansion: For simplicity, consider the simpler case (with ||u;|| = O(1))

1 " . .
K= {7332—%} (so we forget the terms ||z;||*/p and ||z;]|?/p)
p ij=1
Taylor expansion now around f(0):
> just develop (for, say, z; ~ N (pa, Ca) and x; ~ N (pp, Cp)):

1 T ! 1 T 1 " 1 T 2
f(];:cl :cj) =fO0)+ f (0);901 xj+5f (0) (];:cl xj) +...

Hence:
T rooy L % T 1o T 21"
K = fO) 1]+ £/(0)- XTX + - 17(0) § (w72 /p) +o.
P 2 ij=1
> key difficulty: moving from entries Taylor expansion to matrix Taylor expansion!
See here why: what are the spectral norms of?

1

fx ER™™ X, =X;; ~N(0,1) =0(1)? = O(1)! (semi-circle law)
n

1

fX ER™™ X;;=X;; =17 = O(y/p)! (rank-1 matrix)
n

69



Taylor expansion
Continuing the expansion: with Cq 3 z; = pg + w;,
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,
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X=W+MJ', M=lu,..., ¢l

J:[jlv-”

2 Jk]
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Taylor expansion
Continuing the expansion: with Cq 3 z; = pg + w;,
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,

X=W+MJ", M=lu,....m), J=1[...

in which

1
[=WTW| =0(1) (SCM model!)
p

2 Jk]
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Taylor expansion

Continuing the expansion: with C, 3 z;
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,

= pa + Wy,

X=W+MJ", M=u1,...,m), J=1[j1,-.., 5kl

in which

1
[=WTW| =0(1) (SCM model!) and |
p

p

1 1
(MIJNOT(MIN|| = |=T M "M JT|| = O(1)

=0(1)
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Taylor expansion
Continuing the expansion: with Cq 3 z; = pg + w;,
> while [|ual| = O(1) and [|w;]| = O(\/P)..

X=W+MJ", M=lu,...,pl, J =11, 5kl
in which
LT , 1 T\T T Loyt T :
|-W'W| =0(1) (SCM model!) and |—=(MJ)'(MJY|=|-JM"'MJ"||=0(1)
D D D T)m

so finally
1 ]
SXTX =0y (1)
P
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Taylor expansion

Continuing the expansion: with C, 3 z;
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,

= pa + Wy,

X=W+MJ", M=u1,...,m), J=1[j1,-.., 5kl

in which

1
[=WTW| =0(1) (SCM model!) and |
p

so finally

p

1 1
(MIJNOT(MIN|| = |=T M "M JT|| = O(1)

=0(1)

1

—XTX =0,.,(1)
[I-1I

P

> in addition, writing (2] ;)% = E[(2] ;)] + Z;;, and with tr(C.Cy,) = O(p)
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Taylor expansion
Continuing the expansion: with Cq 3 z; = pg + w;,
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,

X=W+MJ", M=lu,...,pl, J =11, 5kl

in which

1 1 1
[=WTW| =0(1) (SCM model!) and |[~(MJ)T(MJT)| = ||=JM"M JT|| =0(1)
P P p S~

=0(1)

so finally
1 .
SXTX =0y (1)
P

> in addition, writing (2] ;)% = E[(2] ;)] + Z;;, and with tr(C.Cy,) = O(p)

trC?1p, 1) trCy Coly, 17 L - P

2
1 {(x } 1 _pi trC1Caln, 1Y, trC2 1n2 LI " 7 i
i,j= . .

{

EZ;;=0

=1 VarZij:O(p_z)
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Taylor expansion
Continuing the expansion: with Cq 3 z; = pg + w;,
> while [|pa|| = O(1) and |Jw;]| = O(\/p)...,

X=W+MJ", M=lu,...,pl, J =11, 5kl

in which

1 1 1
[=WTW| =0(1) (SCM model!) and |[~(MJ)T(MJT)| = ||=JM"M JT|| =0(1)
P P p S~

=0(1)

so finally
1 .
SXTX =0y (1)
P

> in addition, writing (2] ;)% = E[(2] ;)] + Z;;, and with tr(C.Cy,) = O(p)

trC?1p, 1) trCy Coly, 17 L - P

2
1 {(x } 1 _pi trC1Caln, 1Y, trC2 1n2 LI " 7 i
i,j= . .

{

EZ;;=0

=1 VarZij:O(p_z)

1

= OH”(l) +()‘_ (p~2)
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Main result

Summing up:

K =f(0) 1,1, +f'(0)=
——
=01 (n)

for T = {%trCaCb}Z’bzl.

(W +MINTW + MJT) +52—2

=0y (M)

f”( ) 1

JTJT +OH.H (l)

\q,_/
=01 (1)
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Summing up:

K =f(0) 1,1, +f'(0)=
——
=01 (n)

_ 1 k
for T = {Etrcﬂrcb}a,bzl'
P this is ...

(W +MINTW + MJT) +52—2

=0y (M)

f”( ) 1

JTJT +OH.H (l)

\q,_/
=01 (1)
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Main result

Summing up:

K = f(0)

1,17 +f/(0) = (W+MJT)T(W+MJT)+
N~
=0y (n)

=0y (M)

for T = {%trCaCb}l’;’bzl.

P this is ...

a spiked model!!

f”( ) 1

JTJT +OH.H (l)

v/
=01 (1)
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Main result

Summing up:

1!
K=f0) 1,17 +f'(0) = (W+MJT)T(W+MJT)+f ©) 1 JTJT +oy. (1)
N~
=01 (n) _ o
=0y (M) =01 (1)

_ 1 k
for T = {Etrcﬂrcb}a,bzl'
» this is ... a spiked model!!
P as a consequence, we can anticipate:
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Main result

Summing up:

1!
K=f0) 1,17 +f'(0) = (W+MJT)T(W+MJT)+f ©) 1 JTJT +oy. (1)
N~
=01 (n) _ o
=0y (M) =01 (1)

for T = {%trCaCb}l’;’bzl.
» this is ... a spiked model!!

P as a consequence, we can anticipate:

1. phase transition phenomena: below some threshold g(M, T'), clustering impossible!
2. beyond the threshold, eigenvector alignment known

= Exact performance !

1 1
Back to D™ 2 KD~ 2: can be studied similarly, just more painful!
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Main result: comparison to simulations

1
Figure: Eigenvalues of L = D~ 2 KD~

f(z) = exp(—z/2) (Gaussian kernel).

1
2

T
[ Eigenvalues of L

- [

[ Eigenvalues of L

|
- |
n | 0n
0 1 2 3 4

versus Taylor expansion ]:, k =3, p = 2048,
n =512, ¢c1 = co =1/4, c3 = 1/2, [pa]j = 4845, Ca = (1 +2(a —1)//D)Ip,
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Main result: comparison to real data simulations

0.2 ‘

0.15 R

0.1 N

5.1072 B
0 anl o sl . I I .

0 10 20 30 40 50

Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L (white), MNIST data,
p =784, n=192.

73



Main result: comparison to real data simulations

0.2 I
[ Eigenvalues of L
:l Eigenvalues of L as if Gaussian model
0.15 -
0.1 -
5.10"2 -
1 e S | | m

0 10 20 30 40 50

Figure: Eigenvalues of L (red) and (equivalent Gaussian model) L (white), MNIST data,
p =784, n=192.
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Main result: comparison to real data simulations

1 1
Figure: Leading four eigenvectors of D™ 2 KD~ 2 for MNIST data (red) and theoretical findings
(blue).
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Main result: comparison to real data simulations

1 1
Figure: Leading four eigenvectors of D™ 2 KD~ 2 for MNIST data (red) and theoretical findings
(blue).
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Main result: comparison to real data simulations

0.1

Eigenvector 2/Eigenvector 1

—.08 —.07 —.06

0.2

o

Eigenvector 3/Eigenvector 2

Figure: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical means and 1-
and 2-standard deviations in blue. Class 1 in red, Class 2 in black, Class 3 in green.




Main result: comparison to real data simulations

Eigenvector 2/Eigenvector 1 Eigenvector 3/Eigenvector 2

Figure: 2D representation of eigenvectors of L, for the MNIST dataset. Theoretical means and 1-
and 2-standard deviations in blue. Class 1 in red, Class 2 in black, Class 3 in green.

75



Going further: the surprising f'(7) = 0 case

Remember:
T ey L T\T T f”(O) T
K:f(o) 1,1, +f( ) (W+MJ ) (W+MJ )+ JTJ +OH ”( )
—— p ‘ ,
=0y (n)

=0y (1) =01 (1)
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Going further: the surprising f'(7) = 0 case

Remember:
1 (0
K =10 1,10 +70) v + 2N + 005+ 50 Ly o)
N d b h»—/
=0y (n) —or (1 —0y ., (1
- -1 (L

> what if £/(0) =07
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Going further: the surprising f'(7) = 0 case
Remember:
K =f(0) 1,17 +£(0) 1(W +MINTW + MJT) +57—
P

N——
=01 (n)

=0y (1)

> what if //(0) =0 ? = noise W disappears!

fl/ (0)

JTJT +oy. (1)

!,_/
=01 (1)
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Going further: the surprising f'(7) = 0 case

Remember:
1 (0
K =10 1,15 +70) L0+ 2N + 0T+ 10D Lyt o)
—— p ‘ ,
=01 (n) —Oon (1 —0, (1
=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!
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Going further: the surprising f'(7) = 0 case

Remember:
1!
K =10 1,15 +70) L0+ 2N + 0T+ 10D Lyt o)
—— p ‘ ,
=01 (n)
=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!
T T T

O
0.4

0.2

Classification error

Figure: Kernel with f(7) =4, f''(7) =2, z; ~ N(0,C,), C1 = Iy, [C2)s,; = 41—l
1
co = i
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Going further: the surprising f'(7) = 0 case

Remember:
1!
K =10 1,15 +70) L0+ 2N + 0T+ 10D Lyt o)
—— p ‘ ,
=01 (n)
=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!
T T T

. g
S 04
[
c
9
2
[0}
g 02
2 ! —e—p =512
O ' -0- p=1024
0 | o] P
—2 0 2
f'(7)

Figure: Kernel with f(7) = 4, f" (1) = 2, ; ~ N(0,C4), C1 = I, [Ca];,; = 411771,
1
cop = i



Going further: the surprising f'(7) = 0 case

Remember:
1!
K =10 1,15 +70) L0+ 2N + 0T+ 10D Lyt o)
—— p ‘ ,
=01 (n)
=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!
T T T

s

b}

c

.2

=

(o]

& —8—p =512

g -o- p=1024

O —p— Theory
—2 0 2

J'(7)

Figure: Kernel with f(7) = 4, f" (1) = 2, ; ~ N(0,C4), C1 = I, [Ca];,; = 411771,
1
cop = i



Going further: the surprising f'(7) = 0 case

Remember:

K=f0) 117 +£(0) ;(W+MJT)T(W+MJT)+

——

10 1 JTJT +oy. (1)

=0.
e =0

!,_/
=01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!

s

b}

c

.2

=

(o]

& —=—p =512

8 -o- p=1024

O —p— Theory
—2 0 2

J'(7)

Figure: Kernel with f(7) = 4, f" (1) = 2, ; ~ N(0,C4), C1 = I, [Ca];,; = 411771,
1

CO:Z.

> Trivial classification when \/ = 0 and [|T'|| =

o(1).
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Going further: the surprising f'(7) = 0 case

Remember:

K=f0) 117 +£(0) ;(W+MJT)T(W+MJT)+

——

10 1 JTJT +oy. (1)

=01 (n)

!,_/

=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!

Classification error

—H—p =512
-e- p=1024
—p— Theory
—2 0 2
J'(7)

Figure: Kernel with f(7) = 4, f" (1) = 2, ; ~ N(0,C4), C1 = I, [Ca];,; = 411771,
1

CO:Z.

> Trivial classification when M = 0 and ||T']| = O(1).

» this means we can reduce %tr((Cu

— Cp)?) at least by 1/,/p !
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Going further: the surprising f'(7) = 0 case

Remember:
1!
K =f(0) 1,17 +f(0) 1(W+MJT)T(W+MJT)+f © 1 JTJT +oy.(1)
—— p ‘ ,
=01 (n)
=0y (1) =01 (1)

> what if //(0) =0 ? = noise W disappears! = K deterministic !!
T T T

s

b}

c

.9

=

©

& —=—p =512
§ -e- p=1024
O —p— Theory

-2 0 2
f(r)
Figure: Kernel with f(7) = 4, f" (1) = 2, ; ~ N(0,C4), C1 = I, [Ca];,; = 411771,
1

CO:Z.

> Trivial classification when M = 0 and ||T']| = O(1).
> this means we can reduce %tr((Ca — Cp)?) at least by 1/,/p !
> Key remark: what is the shape of this “optimal” f(¢t) 777
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Outline

Application to machine learning: spectral clustering

From Gaussian Mixtures to Real Data
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Notion of Concentrated Vectors

> Observation: RMT seems to predict ML performances for real data even under
Gaussian assumptions!

!Reminder: F : E — F is || F||y;p-Lipschitz if ¥(z, y) € E2 : | F(z) — FW)llr < 1Fllip llz — vl 5.
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Notion of Concentrated Vectors

> Observation: RMT seems to predict ML performances for real data even under
Gaussian assumptions!

» But real data badly modelled by Gaussian vectors

» Fundamental remark: Gaussian vectors are special instances of concentrated
random vectors!

Definition (Concentrated random vectors)

Given a normed space (E, || - ||[g) and ¢ € R, a random vector =z € E is g-exponentially
concentrated if for any 1-Lipschitz function! F : R? — R, there exists C,c > 0 s.t.
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Notion of Concentrated Vectors

> Observation: RMT seems to predict ML performances for real data even under
Gaussian assumptions!

» But real data badly modelled by Gaussian vectors

» Fundamental remark: Gaussian vectors are special instances of concentrated
random vectors!

Definition (Concentrated random vectors)

Given a normed space (E, || - ||[g) and ¢ € R, a random vector =z € E is g-exponentially
concentrated if for any 1-Lipschitz function! F : R? — R, there exists C,c > 0 s.t.
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Notion of Concentrated Vectors

> Observation: RMT seems to predict ML performances for real data even under
Gaussian assumptions!

» But real data badly modelled by Gaussian vectors

» Fundamental remark: Gaussian vectors are special instances of concentrated
random vectors!

Definition (Concentrated random vectors)

Given a normed space (E, || - ||[g) and ¢ € R, a random vector =z € E is g-exponentially
concentrated if for any 1-Lipschitz function! F : R? — R, there exists C,c > 0 s.t.

P{|F(z) —EF(z)| >t} < Ce™**" denoted =€ O(e™").
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Notion of Concentrated Vectors

> Observation: RMT seems to predict ML performances for real data even under
Gaussian assumptions!

» But real data badly modelled by Gaussian vectors

» Fundamental remark: Gaussian vectors are special instances of concentrated
random vectors!

Definition (Concentrated random vectors)

Given a normed space (E, || - ||[g) and ¢ € R, a random vector =z € E is g-exponentially
concentrated if for any 1-Lipschitz function! F : R? — R, there exists C,c > 0 s.t.

P{|F(z) —EF(z)| >t} < Ce™**" denoted =€ O(e™").

(P1) X ~ N(0,1I,) is 2-exponentially concentrated.
(P2) If X € O(e=") and G is ||G||1;p-Lipschitz, then

G(X)eo (e—<~/nguh~p>q) .

“Concentrated vectors are stable through Lipschitz maps.”

!Reminder: F : E — Fis [|F |14 p-Lipschitz if ¥(z, y) € E?: |F(z) - F)llp < IFNip llz =yl E-
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GAN data: An Example of Concentrated Vectors

Training set

Generator

L

Discriminator

{} @@{Fake

Fake image
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GAN data: An Example of Concentrated Vectors

Training set l/ Discriminator

}@a{?ﬁl

Generator — Fake image

Generated image = G(Gaussian) (with G Lipschitz!)
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GAN data: An Example of Concentrated Vectors

Figure: Images generated by the BigGAN model [Brock et al, ICLR'19].
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Mixture of Concentrated Vectors

New assumption: k concentrated random vector classes,

X
X =[T1, @nyy Tl gy eeey T t1, .- n] € RPXT
—————
co(e—1) €o(e—"?) co(e—"")
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Mixture of Concentrated Vectors

New assumption: k concentrated random vector classes,

X
X =[T1, @nyy Tl gy eeey T t1, .- n] € RPXT
N e’
co(e—1) cO(e—"1?) co(e—"")

with

e =Eqec,[zi], Co=Eq,ec,lriz]]
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Mixture of Concentrated Vectors

New assumption: k concentrated random vector classes,

X =[Z1, Ty Tnqgdlre s Tnoy vvy Tnmnptlsos r,] € RPX™
co(e—) co(e—"?) co(e—"")
with
pe = Eyec,lxs], Co=Eqec,[viz]]
Examples:

> Gaussian mixture z; ~ N (q,Cq)
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Mixture of Concentrated Vectors

New assumption: k concentrated random vector classes,

X =[Z1, Ty Tnqgdlre s Tnoy vvy Tnmnptlsos r,] € RPX™
—————
€o(e—") cO(e—12) €o(e="")
with
e = Exyec,lzi], Co =By ec, [zin]]
Examples:

» Gaussian mixture z; ~ N (uq,Cq)

> mixture of Lipschitz functionals of Gaussians z; = ¢a(2;), zi ~ N(0, Ip)
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Mixture of Concentrated Vectors

New assumption: k concentrated random vector classes,

X =[Z1, Ty Tnqgdlre s Tnoy vvy Tnmnptlsos r,] € RPX™
N ——
co(e—) co(e—"?) co(e—"")
with
e = Exyec,lzi], Co =By ec, [zin]]
Examples:

> Gaussian mixture z; ~ N (q,Cq)
> mixture of Lipschitz functionals of Gaussians z; = ¢a(2;), z; ~ N (0, I;)
> GAN images!
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Behavior of Gram Matrices for Concentrated Vectors

Theorem (Universality result)

Under the non-trivial growth rate assumptions,

Q(2) € O(e= WPy in (R™™ | - )
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Behavior of Gram Matrices for Concentrated Vectors

Theorem (Universality result)

Under the non-trivial growth rate assumptions,

Q(2) € O(e= WPy in (R™™ | - )

Hmmm—Q@m=0<wﬁ?>

where Q(z) only depends on i1, ..., 1, C1,...,C.

and, most importantly,

> Exactly the same result as for Gaussian mixture!

= universality

> Careful (again!): does NOT mean that Gaussian mixture models real datal

> only means (but this is huge!) that ML algorithms treat GAN data as if
Gaussian
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Application to CNN Representations of GAN Images

pooled Fully-connected 1
it

feature maps pooled  feature maps feature maps

feature maps

Outputs
Input Convolutional Pooling 1 Convolutional
layer 1 layer 2

Pooling 2 :

» CNN representations correspond to the one before last layer.
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Application to CNN representations of GAN Images

mwmmE_ NVD

mwmmE_ |eay
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Application to CNN representations of GAN Images

resnet50 (p = 2048 vggl6 (p = 4096)

log scale)

Density (log scale)

Density (log scale)

i [T T — o
Eigenvalues (\")

T T
Eigenvalues (") Eigenvalues (A1)

GAN Images

resnet50 (p = 2048 vggl6 (p = 4096)

Density (log scale)

Density (log scale)

Density (log scale)

o 1]

i T Bl
Eigenvalues (")

1 B

o >
Eigenvalues (\™)
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Application to CNN representations of GAN Images

GAN Images

Real Images

resnet50 (p = 2048

Density (log scale)

]
Eigenvalues (")

Eigenvector 3

Tgenvector

resnet50 (p = 2048

Density (log scale)

7y T
Eigenvalues (")

Eigenvector 3

vggl6 (p = 4096)

Density (log scale)

Density (log scale)

P 1

;
Eigenvalues (\)

LTy T
Eigenvalues (\")

Eigenvector 3

vggl6 (p = 4096)

Density (log scale)

Density (log scale)

R
Eigenvalues (\)

Eigenvector 3
Eigenvector 3
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Application to CNN representations of GAN Images

vggl6 (p = 4096) d 201 (p = 1920)

B GAN images B GAN images
B Gaussian mixture B Gaussian mixture

B GAN images
I Gaussian mixture

Density (log scale)

o
Eigenvalues (\")

Eigenvalues (\)

®
(L]

Eigenvector 2 Eigenvector 2 Eigenvector 2 Eigenvector 2 Eigenvector 2

ORI
Eigenvalues (")

GAN Images

Eigenvector 3
Eigenvector 3
Eigenvector 3
Eigenvector 3

Eigenvector 3
Eigenvector 3

vggl6 (p = 4096) d 201 (p = 1920)
m Real images
[0 Gaussian mixture

W Real images
B Gaussian mixture

W Real images
[ Gaussian mixture

)
)

& scale)
& scale)

Density (log scale)

Density (lo
Density (lo

N —" O
Eigenvalues (") Eigenvalues (\") Eigenvalues (\)

Real Images

( )

Eigenvector 3
Eigenvector 3
Eigenvector 3
Eigenvector 3

®

Eigenvector 2 Eigenvector 2 Eigenvector 2 Eigenvector 2 Eigenvector 2 Eigenvector 2

Eigenvector 3
Eigenvector 3




Takeaway message

Random matrix theory explains the inner working of practical ML algorithms

86



Takeaway message

Random matrix theory explains the inner working of practical ML algorithms

and this is provably valid for real data!
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