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‘ Stieltjes transform methods for more elaborate models
0 Kronecker models and Variance Profiles

C Capacity expressions, Rate Regions

0 Touching the boundary: optimal power allocation

C Case study: exchanging relevant data in large self-organized networks
@ Orthogonal CDMA networks

@ Spectrum sharing in multiple access channels
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Stielties transform methods for more elaborate models
Reminder and scope

2 In Part 1 of this course,
< we defined the Stieltjes transform:

Definition

Let F be a distribution function, and z € C*. Then the Stieltjes transform mg (z) of F is defined as

me(@) = [ TS dF(Y)

For F the spectral distribution of an Hermitian matrix X € CcNxN,
1
me(z) = S (X — zly) 7t

3 We gave limiting distribution results for some matrix models.
» We gave a sketch of the proof of the MarEenko-Pastur law.
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Stielties transform methods for more elaborate models

Reminder and scope

2 In Part 1 of this course,
< we defined the Stieltjes transform:

Definition

Let F be a distribution function, and z € C*. Then the Stieltjes transform mg (z) of F is defined as

me(@) = [ TS dF(Y)

For F the spectral distribution of an Hermitian matrix X € CcNxN,

me(z) = %tr(x —zly)7t

3 We gave limiting distribution results for some matrix models.
» We gave a sketch of the proof of the MarEenko-Pastur law.
2 In Part 2, we will

< extend the notion of limit distributions to deterministic equivalents

% provide sound mathematical techniques to prove convergence/existence/uniqueness of large N
results.

3 provide first wireless communication results
< apply the results proven above to self-organized networks
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Stielties transform methods for more elaborate models

Limiting results against deterministic equivalents

2 previously, we showed results of the type:

“let X be random, Ty deterministic with FTN = FT, etc. Then, when N — oo, the e.s.d. of
Xy tends to F such that mg is solution of a fixed-point equation,

My (2) = Mg (2) "
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Stielties transform methods for more elaborate models

Limiting results against deterministic equivalents

2 previously, we showed results of the type:

“let X be random, Ty deterministic with FTN = FT, etc. Then, when N — oo, the e.s.d. of
9 this has major drawbacks

Xy tends to F such that mg is solution of a fixed-point equation,

My, (2) = Mg (2) "
2 this assumes Ty has a limiting distribution

< if it does, me i can at best be approximated by mg which is a function of the limiting FT. For finite
N

N, F™N may be very different from FT.

o any sequence Ty with I.s.d. FT engenders the same |.s.d. F.
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Stielties transform methods for more elaborate models

Limiting results against deterministic equivalents

2 previously, we showed results of the type:

9 this has major drawbacks

“let X be random, Ty deterministic with FTN = FT, etc. Then, when N — oo, the e.s.d. of
Xy tends to F such that mg is solution of a fixed-point equation,

My, (2) = Mg (2)
9 this assumes Ty has a limiting distribution

< if it does, mXN «H can at best be approximated by mg which is a function of the limiting FT. For finite
N
N, F™N may be very different from FT.

o any sequence Ty with I.s.d. FT engenders the same |.s.d. F.
2 instead, we shall use results of the type

“let Xy be random, Ty deterministic with-Fv=—F1L, etc. Then the e.s.d. of Xy terds-te-F

ior has Stieltjes transform my, well
and such that

approximated by the deterministic m?, which is the unique solution of a fixed-point equation
My, (z) - MR (z) 230"

In this case, m, is a function of Ty, for fixed N and does not require any convergence of FTn,
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. Stielties transform methods for more elaborate models
Outline of the proofs

It will often be the case that the deterministic equivalent mg (z) satisfies an implicit equation. The
steps are then:
@ find a suitable function f, such that the true Stieltjes transform my, (z) satisfies, for fixed
zeCt,
My, (2) = f(mx (2)) +en

a.s.
where ey —> 0as N — oo.
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. Stielties transform methods for more elaborate models
Outline of the proofs

It will often be the case that the deterministic equivalent mg (z) satisfies an implicit equation. The
steps are then:
@ find a suitable function f, such that the true Stieltjes transform my, (z) satisfies, for fixed
zeCt,
My, (2) = f(mx (2)) +en
where ey 2% 0as N — co.
This can be done

@ using Pastur's method (see proof of Maréenko-Pastur law in Part 1)
@ using guess-work (see Bai and Silverstein’s proofs)

Remark: This is as far as we went in Part 1.
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. Stielties transform methods for more elaborate models
Outline of the proofs

It will often be the case that the deterministic equivalent mg (z) satisfies an implicit equation. The
steps are then:

@ find a suitable function f, such that the true Stieltjes transform my, (z) satisfies, for fixed
zeCH,

My (2) = f(Mx (2)) +en

as.
where ey — 0as N — oo.
This can be done

@ using Pastur's method (see proof of Maréenko-Pastur law in Part 1)
@ using guess-work (see Bai and Silverstein’s proofs)

Remark: This is as far as we went in Part 1.
@ For fixed N, prove the existence of a solution to
m = f(m)

This is often based on extracting a converging subsequence of my, may;, . .. such that myy
“has the same properties as my, (z) for all j".

@ For this fixed N, prove the uniqueness of the solution. This involves finding a contradiction if
two solutions exist.
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. Stielties transform methods for more elaborate models
Outline of the proofs

It will often be the case that the deterministic equivalent mg (z) satisfies an implicit equation. The
steps are then:

@ find a suitable function f, such that the true Stieltjes transform my, (z) satisfies, for fixed
zeCH,

My (2) = f(Mx (2)) +en

as.
where ey —> 0as N — oo.
This can be done

@ using Pastur's method (see proof of Maréenko-Pastur law in Part 1)
@ using guess-work (see Bai and Silverstein’s proofs)

Remark: This is as far as we went in Part 1.
@ For fixed N, prove the existence of a solution to

m = f(m)

This is often based on extracting a converging subsequence of my, Moy,

... such that m;y
“has the same properties as my, (z) for all j".

@ For this fixed N, prove the uniqueness of the solution. This involves finding a contradiction if
two solutions exist.

@ Calling mg (z) the solution, prove finally that

my, (z) — my(z) 2% 0

o 5 = E E 9DaACe
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Kronecker models and Variance Profiles
Outline
1
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Kronecker models and Variance Profiles

form of a sum of doubly-correlated matrices

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.

We will give here the method of proof of the following result

Theorem
ForK,N € N, let
= % H % N XN
By = > RZXTXRZ +AEC
k=1
where Xy € N XM iid. of zero mean, variance 1/n; Ry € N XN Hermitian nonnegative definite; Ty = diag(7q, . . ., -rnk) e Rk XMk,
diagonal with 7; > 0; the sequences {FTk }"k > and {FRk In>1 aretight A € cN XN Hermitian positive definite;
0 < a < liminfyy ¢ < limsupy ¢y < b < cowithe = N/ny. Then

mg, (2) - my @) 2% 0

where a
1 K dF Tk (7, -
mQ(z) = —tr A+Z Tki(k)R -zl
N k N
N k=1’ 1+cgmex(z)
and the scalars {ej(z)},i € {1, ..., K}, form the unique solution to

=i
k(
e(z) = 7trR (A+Z/MR|( —zIN)

1+ ¢ Treg(z)

such that sgn(3[e;j (z)]) = san(S(z]).

Random Matrix Theory Course 29/10/2009 8/57




Kronecker models and Variance Profiles

A “telecom-oriented” version of the same result

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.

K 11
Bn = > HHY, with H = RZX, T?
k=1

with X, € CN*" with i.i.d. entries of zero mean, variance 1/ny, R Hermitian nonnegative
definite, T¢ diagonal. Denote ¢, = N/n. Then, as all N and ni grow large, with ratio cy,
where

Meey (2) — MR (2) 2%0

K
m3(z) = %tr (—z |:IN +> & (z)Ry

-1
and the set of functions {e;(z)} form the unique solution to the K equations

K
ei(z) = %trRi (—Z |:|N +Zék(Z)Rk

-1
_ 1 -1
&(z) = ;trTi (=z [In, +ciei(2)Ti])
I
R. Couillet (Supélec)
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Kronecker models and Variance Profiles
Pastur's method
Pastur’'s method is not applicable here, unless all Ry’s are diagonal.

J
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we have

Kronecker models and Variance Profiles
Pastur’'s method
Pastur’'s method is not applicable here, unless all Ry’s are diagonal.

-1 H pH H -1
H H _ ht' h hy Uy |
(HaHE + HoHE —z1y) = ([Ull %] [hz U?] le)

11

1 1
Consider K = 2, A = 0 and denote H, = R2 X, T2, with diagonal Ry. By block-matrix inversion,

with the definition H* = [h; UH].

Hphy [ [UY -
—7 — Z[hl h2] ([Uﬁi| [U]_UZ] — Z|n1+n2> |:
2
The inner inverse matrix is

n)
([ s o)~

_ [U;‘Ul — Z||-|l

utu, 17t
Utu, UHU, — zln,
on which we apply another block matrix inverse lemma. The upper-left (ny x n;) entry equals

(~2U3(UaU8 — 2l 1) 72Uy — 2ln, )

[m]

1
For the second block diagonal entry, it suffices to revert all 1's in 2's and vice-versa.
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Kronecker models and Variance Profiles

Pastur's method (2)

(HuHy + HaHY — le)l_1 =
—1
Z — 2[hhb] (_ZU?(UZU? —2ln_1) MU — Z|n1) * [h1:|
s —1
v x (—2UH (U — 2l 1)U — 21y ) h

The other two terms do not depend on hq, h,. We now use both results,

Forx € CN,y € CN i.i.d. with zero mean, variance 1/N, A € CN*N Hermitian with bounded
spectral norm,

xHAx — %trA 250

xHay 2% 0

Since Ry, R, are diagonal, hj = /Ii1 i%xi, with the notation R; = diag(ri1, .. ., rin). Therefore,
using the trace and rank-1 perturbation lemma,

1

(HlH? + HpHY — le) =

11
72—zt HY (HoHY — zIy)™'H ) " LT HY (HHY — zIy)7HH )
-z — 11n—lf1 —2zH; (HaHy — zIn) " H1 — zlng —Zlen—ztfz —zHy (HiHy — zIn) " H1 — zln,

o 5 = E E 9DaACe
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Pastur's method (3)

Kronecker models and Variance Profiles

Now, denoting H; = [h;U;] (column selection instead of row),

_ . .. 1 -1
T (—zHT(HzHQ ~21y) " Hy — zlnl)n _— [—z — zRH (Ulug' + HaHY — le) hl}

=1t

1 H H -1
— T |—Z — chTllﬁ trRy (H]_Hl + HoHy — Z|N)
with 7; the jth diagonal entry of T;. A similar result holds when changing 1’s in 2's. Call now

trR; (HlH'f + HaHY — zIN)7
and 1
7o

=T (—zH?(HzH'Z" —zly)"tHy — zlnl)_
I
we have shown

N—oco

lim = trR; (—zfiRy — zHRy — zly)
N— o0

lim n—trTi (—zefiTi — zlnifl
i
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Kronecker models and Variance Profiles

Deterministic equivalent approach: guess work

simpler case K = 1.

We will use here the “guess-work” method to find the deterministic equivalent. Consider the
Back to the original notations, we seek a matrix D such that

1 1

Sy - zZly)"t— =Dt %0
as N — oo.
Resolvent lemma

For invertible A, B matrices,

Taking the matrix differences,

Al_Bl=_AlA-B)B?

D14 (By —zly)"t =D L(A + REXTX"R? — zly — D)(By — zlIy) L
It seems convenient to take D = A — zly — zpy R with py left to be defined
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Kronecker models and Variance Profiles

Deterministic equivalent approach: guess work (2)
“Silverstein’s” lemma

xH(A + mxxH)~2

Let A be Hermitian invertible, then for any vector x and scalar 7 such that A 4+ 7xx" is invertible
xHa—1

WithD = A — zly — zpyR,

T 1+ XA IxH

D14 (By —zly)"t = DL(A + REXTXHR? — zIy — D)(By — zIn) 2

i=1

= D*lR% (XTXH) R%(BN _ Z|N)71 + ZpNDflR(BN _ ZlN)71
n
= D_lzﬂR%XijHR%(BN —zIy) Y + zpyDTIR(By — zly)

n

1 1 _
D~'R2xx'R2 (B(j) — zly)*

7 Hol 1ol
j=1 l+TJ‘X RZ(B(j)—Z|N) RZX]'

+zpyD7IR(By — zly) 7t
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Kronecker models and Variance Profiles

Deterministic equivalent approach: guess work (2)
“Silverstein’s” lemma

xH(A + mxxH)~2
WithD = A — zly — zpyR,

xHA—1

Let A be Hermitian invertible, then for any vector x and scalar 7 such that A 4+ 7xx" is invertible

T 1+ XA IxH

D14 (By —zly)"t = DL(A + REXTXHR? — zIy — D)(By — zIn) 2

n

= D_lzﬂR%XijHR%(BN —zIy)" Y+ zpyDIR(By — zly) T
=1

n

—D!R? (XTxH) R2(By — zIn) "L + zpyDIR(By — zIy) "t

7

1 1
D_]'RiXJ'XHRE(B(j) — Z|N)_1
7 L — +2zpyDIR(By — zly) !
=1 l+TJ‘XHR§(B(l‘) —Z|N)_1R§Xj
i Sy — Ll
Choice of py: pn = —5 24 Trmed TRy —2h) T
1 1 _
Ntr(BN—zIN) 1—NtrD =3

1 1
X'RZ (B — zIn) "D TR 2,
]
j=1
R. Couillet (Supélec)
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Kronecker models and Variance Profiles

Deterministic equivalent approach: guess work (3)

The same can be done for %tr R(By — zly) ™! and we get

Z#R(By —zIn) "t - %trRD‘l -0

To show that the convergence is almost sure, we use truncation and centralization
Truncation and centralization

Replace Xy, Ty and Ry by Xy, Ty and Ry in the following fashion

(Xn)j = D+ o)y <ond
for gy that grows
@ fast enough to ensure FBN — FBy = 0

2 slow enough to ensure 1 tr(By —zIy)~! — 2 rRD~1 2% 0

Showing that some moment of the terms appearing in the difference is summable, applying
Borel-Cantelli lemma, we have almost sure convergence.
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: . Kronecker models and Variance P_rofiles
Application of the Borel-Cantelli lemma

To complete the proof of almost sure convergence, denote

1 1
wy = —trR(By —zly) "t — = trRD™?!
NN (Bn N) N
We divide wy is 4 successive differences wy = w& + ..+ w,‘j. The strategy is as follows:
2 for all'i, show that _ )
Ejwy[® < hy
where hi; is summable
9 for e > 0, applying Markov’s inequality,

) 1 )
P(lhy| >¢) < E—eElw,'ul6

which is summable.

@ from Borel-Cantelli, this implies P(Jhi | > £i.0.) =0

o therefore the set {w : limy Mg (.,)(z) — MR (2) = 0} = U {Img,,z) — MR (2)| > ci.0}isa
sum of zero probability sets.

9 the union above can be done on rational e’s and then the union has probability zero.

@ for the z in question, there therefore exists Q, C  for which limy mg(.,)(z) — mg(z) = 0. It

suffices then to countably sample C* to generate a dense set of z’s which satisfy
convergence with probability 1. By local analyticity of mg and mg, this is true for all z € C+.
=i = = S = DA
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Kronecker models and Variance Profiles

Fix now N and consider the implicit equation in e

Deterministic equivalent approach: existence and uniqueness

1
1 TdFT(7)
— R (A+ [ TRy
© Nr'< +/1+CTE 2N
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Kronecker models and Variance Profiles

Deterministic equivalent approach: existence and uniqueness

Fix now N and consider the implicit equation in e

FJ UlQi (l\ *’u/ﬁzjiE;[£22

-1
R — zl
1+ cre N>
value of

9 Existence: for existence, consider the matrices T =T R=R&, A =ARI The

fe) = _trR<A +/7‘dFT[I](7')

-1
Ry — zl
1+cre 0 N>
is constant whatever m. Now, take w € Q such that wy (w) — 0. For this w, write

Showing that é(z) and

1

é(z) = N“’(BN(UJ) —zly) ™t
1+c e i
é(z) that goes to, say e. For this e, wy = 0 and then it's a solution

are uniformly bounded over j, we can take a subsequence of
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Kronecker models and Variance Profiles

Fix now N and consider the implicit equation in e

Deterministic equivalent approach: existence and uniqueness

FJ UlQi </\ +‘u/ﬁzjif;[£22

-1
R — zl
1+ cre N>
value of

9 Existence: for existence, consider the matrices T =T R=R&, A =ARI The

fe) = _trR<A +/7‘dFT[I](7')

-1
Ry — zl
1+cre 0 N>
is constant whatever m. Now, take w € Q such that wy (w) — 0. For this w, write

Showing that é(z) and

1

é(z) = N“’(BN(W) —zly) ™t

1rc-¢ are uniformly bounded over j, we can take a subsequence of

é(z) that goes to, say e. For this e, wy = 0 and then it's a solution

@ Uniqueness: Uniqueness is shown by taking a second solution e and by proving that
e—e=y(e—¢g)

with v < 1.
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Kronecker models and Variance Profiles

Deterministic equivalent approach: termination of the proof

9 It then suffices to show that %tr R(By —zly)"t—e2%0

This exploits the fact that, for some w in a probability one space, ﬁ trR(By(w) —zly)~tis
for v < 1.

wy away from ﬁD*lR. Using the same argument as for uniqueness, we have
1

e— —trR(Bn(w) —zly) "t =~(e — %trR(BN(w) —zI) 7Y +wy

@ The same argument applies to my(z) — mg (z).
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Kronecker models and Variance Profiles
Result on the Shannon transform of By
Remember now that /

log(1 + xt)dF (t) = /1: (% — m,:(—t)> dt
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Kronecker models and Variance Profiles

Result on the Shannon transform of By

Remember now that w /1
/Iog(l + xt)dF(t) = / (— — m,:(—t)) dt
1/x t

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory

Under the previous model for By, as N, nx grow large

K
%Iogdet(BN +xly)— [ log det (IN +> & 1/x)Rk>

k=1

=}
R. Couillet (Supélec)
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Kronecker models and Variance Profiles

Result on the Shannon transform of By

Remember now that

/Iog(l + xt)dF(t) = /1: (% — m,:(—t)) dt

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.

Under the previous model for By, as N, nx grow large,

K
1 1 _
< log det(Bn + XIn)— [ﬁ log det (IN + § ek(—l/x)Rk>

k=1

K
1 1 1
+> N log det (Ink + cke (—1/x)T? PkaZ)
k=1

X |

K
Zék(—l/x)ek(—l/x)] 2%0
k=1

o 5 = E E 9DaACe
29/10/2009 19/57
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. : Kronecker models and Variance Profiles
Variance profile

W. Hachem, Ph. Loubaton, J. Najim, “Deterministic equivalents for certain functionals of large
random matrices,” Annals of Applied Probability, vol. 17, no. 3, pp. 875-930, 2007.

Let Xy € CN*M have independent entries with (i, )" entry of zero mean and variance %UU?. Let

An € RNXN pe deterministic with uniformly bounded column norm. Then

=1
S ((xN + AN (XN + A — le) — ZtrTa(z) 250
where Ty (z) is the unique function that solves

() = (V1) ~ 2anb@A]) . Tu@) = (§12) ~ 2ALv(@)AY )
with W(z) = diag(vi(z)), W(z) = diag(¢;i(z)), with entries defined as

=i

-1
@)= (204 ;0BT@)) . G@)=- (20+ FroTE))

and D; = diag(e?,1 <i <N), D = diag(2,1 <j <n)

=] 5
R. Couillet (Supélec) Random Matrix Theory Course 29/10/2009 20/57
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. . Kronecker models and Variance Profiles
Variance profile
Theorem

random matrices,” Annals of Applied Probability, vol. 17, no. 3, pp. 875-930, 2007.

W. Hachem, Ph. Loubaton, J. Najim, “Deterministic equivalents for certain functionals of large
For the previous model, we also have that

has deterministic equivalent

1 1
— Elog det <|N + = (Xn 4 An)(Xn +AN)H)
N o

R. Couillet (Supélec)

1 1 2\—1 VIR o S 1 21 0% 2 2\ 2
 logdet | —W(=0®) " + AyB(—0?)AL |+ log det = W(—0?) —mga“ﬂi(—a )Tj(—o
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. Krone_cker models and Variance Profiles
Alternative strategies

There exists alternative proof strategies for specific models.
@ The Gaussian method:

2 this technique is meant for random Gaussian X matrices
2 advantages:

2 based on two ingredients: a Gaussian integration by parts formula, and the Nash-Poincaré inequality.
2 sequential method, easy to use

@ give results on convergence speed

% drawbacks:

< proves convergence of Gaussian-based models of type N(Emy — mg) — 0
¥ = very convenient to prove total capacity convergence, instead of average capacity.

2 somewhat painful to use, leads to much calculus, less “elegant”

< proves convergence of Gaussian-based models of type N(Emy — mg) — 0
9 => less powerful than almost sure results

9 = limited to Gaussian.

R. Couillet (Supélec)
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. Krone_cker models and Variance Profiles
Alternative strategies

There exists alternative proof strategies for specific models.
@ The Gaussian method:

9 this technique is meant for random Gaussian X matrices
2 based on two ingredients: a Gaussian integration by parts formula, and the Nash-Poincaré inequality.
2 advantages:

2 sequential method, easy to use

@ give results on convergence speed

< proves convergence of Gaussian-based models of type N(Emy — mg) — 0

¥ = very convenient to prove total capacity convergence, instead of average capacity.
9 drawbacks:

2 somewhat painful to use, leads to much calculus, less “elegant”

< proves convergence of Gaussian-based models of type N(Emy — mg) — 0
9 => less powerful than almost sure results
9 = limited to Gaussian.

9 Diagrammatic approaches: moment “drawing”-based approach that uses combinatorics to
infer limiting results

9 Replica methods: physics-based method, non-mathematically accurate, to conjecture limiting
results.
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Capacity expressions, Rate Regions
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‘ Capacity expressions, Rate Regions

Orthogonal CDMA networks

Spectrum sharing in multiple access channels
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Cauacit\_/ expressions, Rate Regions
Broadcast channel with Kronecker model

Base station

‘wE i

User 2

i
; S

Figure: Downlink scenario in multi-user broadcast channel
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. Capacity expressions, Rate Regions
Rate region of MAC and BC

S. Vishwanath, N. Jindal and A. Goldsmith, “Duality, Achievable Rates, and Sum-Rate Capacity of
Gaussian MIMO Broadcast Channels,” IEEE Trans. on Information Theory, vol. 49, no. 10, 2003.

Assume all channels are modeled as Kronecker; fork = 1,...,K

1 1
Hi = RZ X T2

2 Rate region of multiple access channel for K users with channels H = [H,
CMAC(PL ey PK; H) =

U

. 7}+K]y
) 1 1 H
{R,1<i<K}:Y R < N|og I+ = Y HPHI VS c{1,...,K}
tr(P;)<P; ies i€s

P;>0
i=1,...,

@ Rate region of broadcast channel for HY = [Hy, ..., Hk]™ with total transmit power P,

Cac(PiH) = |J  Cwac(Py,
SR Pe<P

..,PK;H)
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Capacity expressions, Rate Regions

Reminder: deterministic equivalent for multi-user channel

Under the previous model for By, as N, ny grow large,
! lo
N g

1
I+ = > HPeHY
7" kes

1
— | = logd & (—
RS-
kes
1 1 1
+ Z N log det (Ink +oxe(—1/xX)TZP T2
kes

K
S NG Gy I
X k=1
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Touching the boundary: optimal power allocation
Outline

‘ Touching the boundary: optimal power allocation

Orthogonal CDMA networks

Spectrum sharing in multiple access channels
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. Touching the boundary: optimal power allocation
Rate region boundary

9 it is desirable to determine the boundary of the rate region

o for theoretical purposes: to fully determine the rate region and alleviate the Uply_” Py sign.
+ for practical purposes: to allow users/the base station to transmit at optimal rate.
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. Touching the boundary: optimal power allocation
Rate region boundary

9 it is desirable to determine the boundary of the rate region
o for theoretical purposes: to fully determine the rate region and alleviate the Uply”_ypk sign.
+ for practical purposes: to allow users/the base station to transmit at optimal rate.

9 it is also desirable to identify the key parameters of the system

2 in theory: to extract physical meanings

% in theory: to identify the minimum feedback requirements
% in practice: to minimize information feedback

% in practice: to ease power allocation processing

R. Couillet (Supélec) Random Matrix Theory Course 29/10/2009 28/57



Touching the boundary: optimal power allocation

Capacity maximizing power allocation

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.
Consider a subset S = {iy,

Sisr {1, K
2 With Ty = UDyU, Dy = diag(7xs, -
P;;,...,Pi*|5| satisfy

J

, Tkn, ) diagonal, the capacity-achieving matrices
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Touching the boundary: optimal power allocation

Capacity maximizing power allocation

*

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.
Consider a subset S = {iy,

Sisr {1, K
2 With Ty = UDyU, Dy = diag(7xs, -
Pi’; "’P'|S| satisfy

J

, Tkn, ) diagonal, the capacity-achieving matrices
@ Py = UQrUY, with Q; diagonal; i.e. the eigenspace of P} is the same as the eigenspace of Ty.
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Touching the boundary: optimal power allocation

Capacity maximizing power allocation

*

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.
Consider a subset S = {iy,

Sisr {1, K
2 With Ty = UgDcUY, Dy = diag(x1,
Pii""’Pl|5| satisfy

J

, Tkn, ) diagonal, the capacity-achieving matrices
@ Py = UQrUY, with Q; diagonal; i.e. the eigenspace of P} is the same as the eigenspace of Ty.
@ with 8 = &(—o?,P}), the i" entry q; of Q;: satisfies

G = | pe Ck € Tii
where the py's are evaluated such that tr(Qx ) = Px.
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Touching the boundary: optimal power allocation

Capacity maximizing power allocation

*

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.
Consider a subset S = {iy,

.,i‘5|}C{l,...,K}
2 With Ty = UcDUY, Dy = diag(mk1,
Pa’”'7P'|S| satisfy

J

, Tkn, ) diagonal, the capacity-achieving matrices
@ Py = UQrUY, with Q; diagonal; i.e. the eigenspace of P} is the same as the eigenspace of Ty.
@ with 8 = &(—o?,P}), the i" entry q; of Q;: satisfies

1 +
A = (Mk — CkT;"'ku)
where the py's are evaluated such that tr(Qx ) = Px.
@ an iterative water-filling method allows to retrieve the qy;’s by successively
+ for a given set Pigs-os Pi\S\ , evaluating [P ’ei|5|
9 updating the new optimal solution P;, , .. ., PiISI for this system
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Touching the boundary: optimal power allocation

Capacity maximizing power allocation

*

correlated multi-user MIMO channels,” submitted to IEEE Trans. on Information Theory.
si satisfy

'7i\5|} c{1,...,K}
2 With Ty = UcDUY, Dy = diag(mk1,
Pr,...,P

R. Couillet, M. Debbah, J. W. Silverstein, “A deterministic equivalent for the capacity analysis of
Consider a subset S = {iy,

, Tkn, ) diagonal, the capacity-achieving matrices
@ Py = UQrUY, with Q; diagonal; i.e. the eigenspace of P} is the same as the eigenspace of Ty.
@ with 8 = &(—o?,P}), the i" entry q; of Q;: satisfies

1 +
A = (Mk — CkT;Tku)
where the py's are evaluated such that tr(Qx ) = Px.
@ an iterative water-filling method allows to retrieve the qy;’s by successively
+ for a given set Pigs-os Pi\S\ , evaluating s
9 updating the new optimal solution P;, ,

.,eils'

. PiISI for this system

DA

Upon convergence, the iterative water-filling algorithm leads to the optimal solution.
o =

J



Touchmf: th_e boundary: 0;31imal power allocation
Proof of water-filling optimality

@ Consider the functions
C(P;

gy

Pig) =
kes N

Iog det (In, + cxexTkPy) + — Iog det (
where

|N+ZekRk) -0 &(—o")ex(—o?)
kes

kes
-1
e = ei(Plla P'|5|) tl’T, ( |:|N + Z éka:|)
kes
1
ei:ei(Pil,...,P- —n—
andV : (Pil,...,Piwl,e.l,

ei|slvei17

is)) = —trRP (02 [In; +ciei(z)RiP ])7
eilsl) = C(Pila

'ypi‘s‘)'
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Touchmf: th_e boundary: 013timal power allocation
Proof of water-filling optimality

@ Consider the functions
C(Pil,...,Pi|$|) =
Z log det (In, + CkekTkPk) + — Iog det (
N
kes
where

In + Z exRk
kes

kes

—0?) &(—o?)ex(—o?)

-1
1 _
e = ei(Pila .. P'|5|) tl’T, ( |:|N + Z eka])
_ 1
ei:ei(Pil,...,P- = —

kes
1s)) = —URP (02 [ln, + ciei(z)R P])7
and V Z(Pil, .,Pi‘sl,e,l, éilSl’eiU ei|5|)'_>C(Pi1’ ’Pi\s\)'
@ From chain rule
17} oV dey OV 0
—C = —_—
IP; = oex OP;

ov

96, op, | oP,
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Touching the boundary: optimal power allocation

Proof of water-filling optimality (2)

@ Remark that

17} _ _ 1
EV(Pilw"?Pi‘s‘?eily '7ei|$|7ei11 '7ei|s|):_tr
o
oeg

-1

[ &R Rk | — 0%
N +Z iRi k o€k
iesS

V(P Pi . & Y I TiP) "I TP 28
( R '\S\’ell" '7eI|S|aeI17 '5el|s|)—ckﬁ r ( + Crex T I) kPk| —o €
both being null whenever, for all k, ex = ex(—o?, Piy.- ,Pi|5|) and
& = & (—0?, Pijsee, Pi|5| ), which is true in particular for the unique power optimal solution
Pi’;, R PiTS| whenever ey = ey and & = €.
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Touching the boundary: optimal power allocation

Proof of water-filling optimality (2)

@ Remark that

1
0 _ _ 1 — 2
EV(PH,...,Pi‘s‘,eil,...,ei|$|,ei1,...,eils|):Ntr |+iezseiRi Rk | —o%ex
0

aekv(Pil" o Piisp iy B By Bg ) = Ok [(|+CkekTiPi) Tkpk]_o' &

both being null whenever, for all k, ex = ex(—o?, Piy.- ,Pi|5|) and

& = & (—0?, Pijsee, Pi|5| ), which is true in particular for the unique power optimal solution
* * p— * a — ax
Pi1"“’Pi|5| whenever ey = ey and & = €.

2 When, for all k, ex = e}, & = €}, the maximum of V over the Py’s is then obtained by
maximizing the expressions log det(ln, + ce TPy ) over Py.
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t this result

Touching the boundary: optimal power allocation

Some consequences of the previous results are worth mentioning
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Touching the boundary: optimal power allocation

Some consequences of the previous results are worth mentioning

2 deterministic equivalents do not impose any underlying convergence
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t this result

Touching the boundary: optimal power allocation

Some consequences of the previous results are worth mentioning
2 deterministic equivalents do not impose any underlying convergence

@ truncation and centralization lead to stronger convergence results under the form
my —mg =% 0 instead of Emy — mg — 0
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Touching the boundary: optimal power allocation
t this result

Some consequences of the previous results are worth mentioning
2 deterministic equivalents do not impose any underlying convergence
9

truncation and centralization lead to stronger convergence results under the form
my —mg =% 0 instead of Emy — mg — 0

loose hypotheses on the Ry’s and Ty's: strong antenna correlation allowed
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Touching the boundary: optimal power allocation

t this result

Some consequences of the previous results are worth mentioning
2 deterministic equivalents do not impose any underlying convergence

@ truncation and centralization lead to stronger convergence results under the form
my —mg =% 0 instead of Emy — mg — 0

2 loose hypotheses on the Ry’s and Ty’s: strong antenna correlation allowed

2 the Ry’s and Ty’s are general purpose Hermitian nonnegative, no need of a common
eigenspace

[m] = =
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Touching the boundary: optimal power allocation

t this result

Some consequences of the previous results are worth mentioning
2 deterministic equivalents do not impose any underlying convergence
@ truncation and centralization lead to stronger convergence results under the form
my —mg =% 0 instead of Emy — mg — 0
2 loose hypotheses on the Ry’s and Ty’s: strong antenna correlation allowed

2 the Ry’s and Ty’s are general purpose Hermitian nonnegative, no need of a common
eigenspace

9 no restriction to Gaussian X's for diagonal Ty'’s

o 5 = E E 9DaACe
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Touching the boundary: optimal power allocation

t this result

Some consequences of the previous results are worth mentioning
2 deterministic equivalents do not impose any underlying convergence
@ truncation and centralization lead to stronger convergence results under the form
my —mg =% 0 instead of Emy — mg — 0
2 loose hypotheses on the Ry’s and Ty’s: strong antenna correlation allowed

2 the Ry’s and Ty’s are general purpose Hermitian nonnegative, no need of a common
eigenspace

9 no restriction to Gaussian X's for diagonal Ty'’s

Only K scalar parameters (the ey’s) determine the behaviour of the whole system.

o 5 = E E 9DaACe
29/10/2009 32/57
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Touching the boundary: optimal power allocation

Performance of the deterministic equivalent

T
Theory
— — — Simulation
3 -
N
P e
12
2 ]
8, il n
~ ]
S T T
B H
5 | T
o  Fm===F==== ===
&‘E | : I
[ 1| af
1 [ Tl
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| ol
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| [
| [
0 | | | Jd
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Rate of User 1 [bits/s/Hz]

Figure: (Per-antenna) rate region Cgc for K = 2 users, theory against simulation, N = 8,n; = n, = 4,
SNR = 20 dB, random transmit-receive solid angle of aperture /2, dr /X = 10, dg /X = 1/4.

o 5 = E E 9DaACe
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Touching the boundary: optimal power allocation

Performance of the deterministic equivalent (2)

T T
0.6 |
N
<
5 04 e
g
N
]
w
>
k]
2
g 02 7
0 | |
0 0.1 0.2 0.3 0.4 0.5 0.6
Rate of User 1 [bits/s/Hz]
Figure: (Per-antenna) rate region Cgc for K = 2 users, N = 8, n; = n, = 4, SNR = —5 dB, random

transmit-receive solid angle of aperture = /2, dr/\ = 10, dr/X = 1/4. In thick line, capacity limit when
E[ss"] = Iy.

=] F = = £ DA
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Touching the boundary: optimal power allocation

Other results using deterministic equivalents

broadcast channels with limited feedback”

R. Couillet, S. Wagner, M. Debbah, D. Slock, “Asymptotic analysis of linear precoding in vector

@ assuming limited channel state information

Deterministic equivalents of sum-rate capacity for linearly precoded broadcast channels,
@ accounting for base station antenna correlation, user path losses

J
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Touching the boundary: optimal power allocation

Other results using deterministic equivalents

R. Couillet, S. Wagner, M. Debbah, D. Slock, “Asymptotic analysis of linear precoding in vector
broadcast channels with limited feedback”

@ assuming limited channel state information

Deterministic equivalents of sum-rate capacity for linearly precoded broadcast channels,
@ accounting for base station antenna correlation, user path losses
Results:

@ on optimal number of users to serve
@ on optimal regularization parameter

2 eventually, optimal feedback time
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Touching the boundary: optimal power allocation

Other results using deterministic equivalents

R. Couillet, S. Wagner, M. Debbah, D. Slock, “Asymptotic analysis of linear precoding in vector
broadcast channels with limited feedback”

Deterministic equivalents of sum-rate capacity for linearly precoded broadcast channels,
@ accounting for base station antenna correlation, user path losses
@ assuming limited channel state information
Results:
@ on optimal number of users to serve
@ on optimal regularization parameter
2 eventually, optimal feedback time

2 close behaviour with respect to finite size systems for N > 4

=] F = = E DA

29/10/2009 35/57
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Touching the boundary: optimal power allocation

Linearly precoded broadcast channels with imperfect CSI

35

‘ ‘ 180 ‘ ‘
—6— RZF-1 with a* —— perfect CSIT
30 H —+— RZF-2 with a* (r2=0) 1601 202
—4— MMSE Filter 140 -+ 72=0.02
— 25H—HB—ZF — —— R
N N lim
z & 120
v ] -
2 20 g
5 =ik WSS G G 4 S— —
& % P e
g 15 s 80 =
£ £
‘% " y \ 5 60 » <
40 —= ===
ﬂl/ /Ea/E v -
5 —— 20§77
oEa/E 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
SNR [dB] SNR [dB]

Figure: Left: Ergodic sum-rate vs. average SNR with R=Iy,, L=Ix, M=10, =1, 72=0.1. Right: RZF, R=1y,
L=Ix, M =32, 3=1, simulation results are indicated by circle marks

=] F = = E DA

R. Couillet (Supé Random Matrix Theory Course 29/10/2009 36/57




Case study: exchanging relevant data in large self-organized networks

‘ Case study: exchanging relevant data in large self-organized networks
Orthogonal CDMA networks

Spectrum sharing in multiple access channels
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Outline

Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks

‘ Case study: exchanging relevant data in large self-organized networks
@ Orthogonal CDMA networks

Spectrum sharing in multiple access channels

R. Couillet (Supélec)

Random Matrix Theory Course

DA
29/10/2009

38/57



Case study: exchanging relevant data in large self-organized networks

uction of the self-organized network

Orthogonal CDMA networks

model, which

Before to apply the previous results, we consider first an alternative, simpler, better adapted
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Case study: exchanging relevant data in large self-organized networks

Introduction of the self-organized network

Orthogonal CDMA networks

model, which

Before to apply the previous results, we consider first an alternative, simpler, better adapted
9 uses R-, S- and n-transforms

9 provides a deterministic equivalent to a model involving Haar (unitary) matrices

2 is a striking example of the feedback minimization discussed before.
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Case study: exchanging relevant data in large self-organized networks

Self-Organized Clustered Networks

Orthogonal CDMA networks

A1

N, | ot
i

Ak2
AK1
23

Figure: Self-organizing CDMA network
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Case study: exchanging relevant data in large self-organized networks Orthogonal CDMA networks

Self-Organized Clustered Networks

A11 Ak2
K1

A1 A3 Pk2
P11 PK1

A22

Figure: Self-organizing CDMA network
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Case study: exchanging relevant data in large self-organized networks

Uplink clustered CDMA networks

Orthogonal CDMA networks

9 Consider a set of K clusters, all using independently orthogonal CDMA transmissions. Each
cluster is composed of at most N users. We wish
< to obtain a deterministic equivalent for the achievable uplink sum-rate
uplink rate.

% to provide a cheap feedback solution for the network to organize itself to collectively maximize the

R. Couillet (Supé

Random Matrix Theory Course

DA

41/57

29/10/2009



Case study: exchanging relevant data in large self-organized networks Orthogonal CDMA networks

Uplink clustered CDMA networks

9 Consider a set of K clusters, all using independently orthogonal CDMA transmissions. Each
cluster is composed of at most N users. We wish

< to obtain a deterministic equivalent for the achievable uplink sum-rate
% to provide a cheap feedback solution for the network to organize itself to collectively maximize the

uplink rate.
2 We denote
9 Lg = diag(Xk1, - - - , A ) the diagonal of channel gains (inverse path losses).
9 Py = diag(pki, - - - » Pxv) the diagonal of transmit powers from the users in cell k.

3 W, € CV*N the unitary CDMA code matrix used in cell k.
s the received signaly € CN at the base station reads

K 11
y=> WLZPZs+n
k=1

s the sum-rate C(o?) is

1 1 &
C(o?) = N log det (IN + = ZWK(PKLK)WE>
Ry

=] F = = E DA
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Case study: exchanging relevant data in large self-organized networks
Capacity expression

Orthogonal CDMA networks

flat fading channels”, ITW 2009 Fall, Taormina, Sicily.

R. Couillet, M. Debbah, “Uplink capacity of self-organizing clustered orthogonal CDMA networks in

For large N, we have
Cn(0?) = CR(0?) = 0
with

1 K
Cg(0?) = log ( = > B ) Z log det (%PkLk 4 [ LS
k=1 o N

=)
where By and 7 are defined as
L&\
n= |1+ p) Z Bi
and {Bx} are solutions of

ﬁ_—trPkLk< PkLk—f-[ UL

1= ] 'N)il
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with
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Case study: exchanging relevant data in large self-organized networks
Capacity expression

Orthogonal CDMA networks

flat fading channels”, ITW 2009 Fall, Taormina, Sicily.

R. Couillet, M. Debbah, “Uplink capacity of self-organizing clustered orthogonal CDMA networks in

For large N, we have
Cn(0?) = CR(0?) = 0
with

1 K
Cg(0?) = log ( = > B ) Z log det (%PkLk 4 [ LS
k=1 o N

=)
where By and 7 are defined as
L&\
n= |1+ p) Z Bi
and {Bx} are solutions of
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Proof

Case study: exchanging relevant data in large self-organized networks

define nq,

Orthogonal CDMA networks
., Nk as

) = [

dt
T p (dt)
with . the probability distribution of Py L. We will use the R-transform for further development.
For each k, denote Ry the R-transform of W Ly PkWE, defined as

Instead of working with the Stieltjes transform, we use the (totally equivalent) »-transform. We

1
n(— ) =xR(x)+1
R(x) + %
Since the Wy's are isometric and independent, they are free random variables. Hence, the
R-transform R(x) of the sum of the individual R-transforms Ry (x), ..., Rk (x) satisfiesi
asymptotically

K
RO = > Re(x)

k=1
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Proof

Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks
define n1,...,nk as

Instead of working with the Stieltjes transform, we use the (totally equivalent) »-transform. We

) = [ LT

14 xt
with . the probability distribution of Py L. We will use the R-transform for further development.
For each k, denote Ry the R-transform of W, Ly PkWE, defined as

1
n(— ) =xR(x) +1
R(x) + %
Since the W 's are isometric and independent, they are free random variables. Hence, the
R-transform R(x) of the sum of the individual R-transforms Ry (x), ..., Rk (x) satisfiesi
asymptotically

K
R(X) =Y Ru(x)
k=1
The strategy is then to use the R-transform as a “pivot” in the proof,

2 obtain a relation of Ry as a function of the entries of Py Ly

@ obtain an expression of the eigenvalues of E,'le W, Py LkWE as a function of R
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Proof

Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks
define n1,...,nk as

Instead of working with the Stieltjes transform, we use the (totally equivalent) »-transform. We

) = [ LT

14 xt
with 1 the probability distribution of Py L. We will use the R-transform for further development.
For each k, denote Ry the R-transform of W, Ly PkWE, defined as

1
n(— ) =xR(x) +1
R(x) + %
Since the W 's are isometric and independent, they are free random variables. Hence, the
R-transform R(x) of the sum of the individual R-transforms Ry (x), ..., Rk (x) satisfiesi
asymptotically

K
R(X) =Y Ru(x)
k=1
The strategy is then to use the R-transform as a “pivot” in the proof,

2 obtain a relation of Ry as a function of the entries of Py Ly

@ obtain an expression of the eigenvalues of E,'le W, Py LkWE as a function of R

XRk +1= /
1—
R. Couillet (Supélec)
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Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks

The expression

leads to

XRy (x) +1 :/

Ri(x) = $/Rk( .

——— i (dt
X)+ 1t (a0
and, in particular, defining Sk (x) = Rk (—xn), we have

1
———m(dt)

Ry (x)+1

t

X)= [ ———— py(dt

500 = [ @)

Now, since R(x) = Ele Rk (x) asymptotically on N, using the reverse definition of the
R-transform

1 1
R(=xn(x)) = =2 (1 = ~(x))
n
we have
K -1 K -1
n()=[14+xD Re(=xn) | = [14+xD 5
k=1 k=1
which completes the proof.

R. Couillet (Supélec)

=}
Random Matrix Theory Course

A
29/10/2009



Case study: exchanging relevant data in large self-organized networks
Optimal power allocation

Orthogonal CDMA networks
satisfies, for all k, n,

2 xox\ T
o°—n*p,
pl:n: Qg — k
that >, pr, = Px.

The power allocation policy pxn = Py, optimizing the deterministic approximation of C(c?)

Aknm*
where n*, B¢ are the respective values of n and 8 when C achieves its maximum, and « is such
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Case study: exchanging relevant data in large self-organized networks

Optimal power allocation

Orthogonal CDMA networks

The power allocation policy pxn = Py, optimizing the deterministic approximation of C(c?)
satisfies, for all k, n,

where n*, B¢ are the respective values of n and 8 when C achieves its maximum, and « is such
that >, pr, = Px.

Lemma (lterative Water-filling)

Upon convergence, the following algorithm converges to the optimal power allocation policy,

At initialization, for all k, pxn = 2, 7 = 1, B = 1.
while the py,’s have not converged do
fork € {1,...,K} do

Solve fixed-point equation for (), Sx), pkn fixed
forn=1...,Ndo

+
2
Set pyy = (ak — %’s) , With oy such that > pn = Py.
n
end for
end for

end while

R. Couillet (Supélec)
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Case study: exchanging relevant data in large self-organized networks

Sequential feedback in the network

Orthogonal CDMA networks

can write

9 Local optimization: From the formulas of n and f, at step (t) of the iterative water-filling, we
o V) = ( .

-1
t t—1
i X - )
o B =180, 1")
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Sequential feedback in the network

Orthogonal CDMA networks

can write

9 Local optimization: From the formulas of n and f, at step (t) of the iterative water-filling, we
o V) = ( .

-1
t t—1
i X - )
o B =180, 1")

This is only dependent on k.
= Cluster k does not need to know all Aj,, i # k.
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Case study: exchanging relevant data in large self-organized networks

Sequential feedback in the network

Orthogonal CDMA networks

can write

9 Local optimization: From the formulas of n and f, at step (t) of the iterative water-filling, we
o V) = ( .

—1
() _ glt—1)
2=Dx) +x(B” = By ))
o B =180, 1")

This is only dependent on k.
= Cluster k does not need to know all Aj,, i # k.

9 lterative self-organized process The preceding algorithm can be rewritten such that,
n®

o at each time step (t), based on n~1), cell k performs self-optimization of P, and updates 7 ~% to
o cell k forwards ") to next cell (k + 1)

@ upon convergence (not proven), this proceeds until convergence to the optimal solution (proven)
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Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks

Self-organization in orthogonal CDMA networks

o i

Ak2
AK1

A1l
A2 A23
A22

-

Figure: Self-organization in orthogonal CDMA network
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Case study: exchanging relevant data in large self-organized networks

Orthogonal CDMA networks

Self-organization in orthogonal CDMA networks
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-

Figure: Self-organization in orthogonal CDMA network
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Case study: exchanging relevant data in large self-organized networks
Self-organization in

Orthogonal CDMA networks
ogonal CDMA networks

Pa(n)

Figure: Self-organization in orthogonal CDMA network
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Case study: exchanging relevant data in large self-organized networks
Self-organization in

Orthogonal CDMA networks
ogonal CDMA networks

Py (1)

P2 (m)

Figure: Self-organization in orthogonal CDMA network
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Case study: exchanging relevant data in large self-organized networks

Self-organization in orthogonal CDMA networks

Orthogonal CDMA networks

*
5%

Figure: Self-organization in orthogonal CDMA network
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Outline

Case study: exchanging relevant data in large self-organized networks

Spectrum sharing in multiple access channels

‘ Case study: exchanging relevant data in large self-organized networks
Orthogonal CDMA networks

@ Spectrum sharing in multiple access channels
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Case study: exchanging relevant data in large self-organized networks

Spectrum sharing in MIMO-MAC

Spectrum sharing in multiple access channels

Ry,...

2 Somewhat similarly as 7 for the clustered CDMA system, user k of a multiple-access channel
9 if F frequency bands are shared among the users, the MAC rate region is the set of rates
R

can find its optimal transmit covariance matrix from the estimation of ey

Rk such that, for any subset £ C {1,...,K},

ZRK < —Zlogdet In —|—— Z kaPkakf
kek

ke
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Case study: exchanging relevant data in large self-organized networks

Spectrum sharing in MIMO-MAC

Spectrum sharing in multiple access channels

2 Somewhat similarly as 7 for the clustered CDMA system, user k of a multiple-access channel
can find its optimal transmit covariance matrix from the estimation of ey

9 if F frequency bands are shared among the users, the MAC rate region is the set of rates
R1,...,Rk such that, for any subset £ C {1,...,K},

ke

ZRK < —Zlogdet In —|—— Z kaPkakf
kek

9 the optimal Py ;'s have eigenvectors aligned to the transmit correlation matrix and
eigenvectors i f,1; - - - , Ok f,n, given by

n
q 1
kii = |k — ————
' Ckek fli fi
with

§ Rt (02 [In + X exc Ok tRur 1)
1
ny

€k f
{ €.t Tt (02 [Ine + ckex tPifTif]) ™
9 lterative water-filling is still optimal in this case
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Spectrum s

Case study: exchanging relevant data in large self-organized networks

ring, alternative approaches

Spectrum sharing in multiple access channels

9 Classical ways to share spectrum,

3 via central entity: may be onerous and/or not possible

< game theoretical considerations: may fall in bad Nash equilibrium
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Case study: exchanging relevant data in large self-organized networks

Spectrum sharing, alternative approaches

Spectrum sharing in multiple access channels

9 Classical ways to share spectrum,

3 via central entity: may be onerous and/or not possible
< game theoretical considerations: may fall in bad Nash equilibrium
@ Through random matrix theory approaches, it seems that the fundamental system
parameters naturally appear. In this case,
o forgiveney 1,...,eF, userk can evaluate & 1, ..., &  and optimize Py 1,
o forgiven & 1, ..., & g, the base station can evaluate ey 1,

- PrF
<o Bkt
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Case study: exchanging relevant data in large self-organized networks

Spectrum access in MIMO-MAC

Spectrum sharing in multiple access channels

R. Couillet, H. V. Poor, M. Debbabh, “Self-organized spectrum sharing in large MIMO
multiple-access channels”, to be submitted to ISIT 2010.

Depending on the correlation pattern at the base station, we obtain two iterative algorithms,
2 Base-station aided algorithm, in case of receive correlation

Initialization: for all k, f, & s = 1. Define convergence threshold ¢ > 0.
while man’f ||Pk,f — P; f || > edo
fork € {1,...,K} do

forf € {1,...,F}do
The base station computes ey ¢
end for
The base station transmits (e 1, . .., €k r) to user k
forf € {1,...,F}do
Based on ey ¢, user k computes Py ¢
Based on ey s and Py ¢, user k computes & ¢
end for
User k transmits (&1,

..., € ) to the base station
end for
end while

R. Couillet (Supélec)
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Case study: exchanging relevant data in large self-organized networks

Spectrum access in MIMO-MAC (

Spectrum sharing in multiple access channels

@ Self-organized iterative water-filling, if no correlation at the base station
Initialization: for all k,f, & = 1. Define convergence threshold ¢ > 0.
while max ¢ [|Px s — Pg ¢Il > ¢, do
fork € {1,...,K} do
forf € {1,...,F}do

Based on e;, user k computes Py

Based on {ef, Py 1 }, user k computes &y 1
Based on €y ¢, user k updates ey ¢
end for

User k transmits (e 1, - - -, €x,r) to user k + 1 (mod K)
end for
end while

R. Couillet (Supélec)

Random Matrix Theory Course

A
29/10/2009



Case study: exchanging relevant data in large self-organized networks

Spectrum access in MIMO-MAC (2)

Spectrum sharing in multiple access channels

@ Self-organized iterative water-filling, if no correlation at the base station

Initialization: for all k,f, & ; = 1. Define convergence threshold ¢ > 0.
while max ¢ [|Px s — Pg ¢Il > ¢, do
fork € {1,...,K} do

forf € {1,...,F}do

Based on e;, user k computes Py

Based on {ef, Py 1 }, user k computes &y 1
Based on €y ¢, user k updates ey ¢

end for

end for

User k transmits (e 1, - - -, €x,r) to user k + 1 (mod K)
end while

asynchronous schemes using,

% graph theory

@ however, proposed algorithm is sequential, time harvesting. Next step is to work on
3 gossiping approaches
9 coding theory

9 transmission bands must be uncorrelated. Currently working on frequency selective channels.
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Case study: exchanging relevant data in large self-organized networks

MIMO multi-band multiple access channel

Spectrum sharing in multiple access channels

Frequency 1
Frequency 2

Frequency 3

Pk, PK 1 PK f
P3f, P3t, P3r,

Figure: MIMO multi-band MAC
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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Figure: MIMO multi-band MAC
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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Figure: MIMO multi-band MAC
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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MIMO multi-band multipléraccess channel

Spectrum sharing in multiple access channels
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Case study: exchanging relevant data in large self-organized networks

MIMO multi-band multiple access channel

Spectrum sharing in multiple access channels

Pii, Pif, Pat B B B
P2ty Pof, Pay

Pt PK.f PK
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Figure: MIMO multi-band MAC
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Case study: exchanging relevant data in large self-organized networks
Work left to be done

Spectrum sharing in multiple access channels

@ use random matrix theory to solve open issues

9 generalize Stieltjes transform approaches to structured matrices
% optimal Wiener filter in broadcast channels

@ optimal feedback for communications with imperfect CSI
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Case study: exchanging relevant data in large self-organized networks
Work left to be done

Spectrum sharing in multiple access channels

@ use random matrix theory to solve open issues

9 generalize Stieltjes transform approaches to structured matrices
% optimal Wiener filter in broadcast channels

@ optimal feedback for communications with imperfect CSI

& prove convergence or quasi-convergence

9 decentralized network organization using random matrix theory,
% propose efficient feedback schemes
2 develop suboptimal schemes
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