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Abstract

This article studies the robust covariance matrix estimation of a data collection X = (x1,...,2,)
with x; = ﬁl z; + m, where z; € RP is a concentrated vector (e.g., an elliptical random vector),
m € RP a deterministic signal and 7; € R a scalar perturbation of possibly large amplitude, under
the assumption where both n and p are large. This estimator is defined as the fixed point of a
function which we show is contracting for a so-called stable semi-metric. We exploit this semi-
metric along with concentration of measure arguments to prove the existence and uniqueness of the
robust estimator as well as evaluate its limiting spectral distribution.

Keywords: Robust Estimation — Concentration of Measure — Random Matrix Theory.

1. Introduction

Robust estimators of covariance (or scatter) are necessary ersatz for he classical sample covariance
when the dataset X = (z1, ..., z,) present some diverging statistical properties, such as unbounded
second moments of the x;’s. We study here the M-estimator of scatter C initially introduced in
(Huber, 1964) defined as the solution (if it exists) to the following fixed point equation:

n

C= i;u <Tllx;f(0 + ’yIp)_lxz) zixl (1)
where v > 0 is a regularization parameter and v : Rt — R™ a mapping that tends to zero at +oo,
and whose object is to control outlying data. The literature in this domain has so far divided the
study of C into (i) a first exploration of conditions for its existence and uniqueness as a deterministic
solution to (1) (e.g., (Huber, 1964; Maronna, 1976; Tyler, 1987)) and (ii) an independent analysis
of its statistical properties when seen as a random object (in the large n regime (Chitour and Pascal,
2008) or in the large n, p regime (Couillet and McKay, 2014; Zhang et al., 2014)).

In the present article, we study the large dimensional (n, p large) spectral properties of C in
an original joint framework based on concentration of measure theory and on a new stable semi-
metric argument. This joint framework has the multiple advantages of (i) relaxing the assumptions
of independence in the entries of x; made in (Couillet and McKay, 2014; Zhang et al., 2014), (ii)
consistently articulating the “Lipschitz and stable semi-metric” properties of the model to propagate
concentration. The major tool allowing this articulation is provided in the paper by Theorem 19.
In passing, we further relax some of the assumptions made in the above articles, particularly on
the constraints on the mapping u. Specifically, we require here that u be 1-Lipschitz for the stable
semi-metric, to be introduced next. This semi-metric naturally arises when studying the so-called
resolvent (C’ +~I,) "t of C, which is at the core of our large p, n random matrix analysis of C.
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In detail, the data model under study decomposes as x; = ,/7;2; + m where the 21,...,2,
are independent random vectors satisfying a concentration of measure hypothesis (in particular, the
z;’s could arise from a very generic generative model, such as z; = h(%;) for Z; ~ N(0,1,) and
h : RP — RP 1-Lipschitz), m is a deterministic vector (a signal) and 7; are arbitrary (possibly
large) deterministic values.! This setting naturally arises in many engineering applications, such as
in antenna array processing where the 7;’s model noise impulsiveness and m is a sought-for signal
(Ovarlez et al., 2011) or in statistical finance where ;s model asset returns with high volatility and
m is the market leading direction (Yang et al., 2014).

2. Preliminaries for the study of the resolvent

Let us note R™ = {z € R,z > 0}; M, the set of real matrices of size p x n, endowed

with the spectral norm | M| = sup{|Mu|,u € R", ||u|| < 1}, for M € M,, and the Frobenius

norm |[M||p = /> i<i<p M; ;. We further note D,, = {A € M, |i # j & A;; = 0},
1<j<n

the set of diagonal matrices endowed with the spectral norm of M,. Given A € D,, we let
Ay, ..., A, € R, beits diagonal elements, A = Diag(A;)1<i<y, so that [|A|| = sup{|A;|,i € [n]}
(where [n] = {1,...,n}). We let S, be the set of symmetric matrices of size p and S, the set of
symmetric nonnegative matrices. Given S,T" € S,, we denote S < T'iif T' — S ¢ Sl‘f . We will
extensively work with the set (S,)" that we will note for simplicity S, Given S € S, we finally
denote S1,...,S, € S, its components.

Given two sequences (us)sen and (vs)sen, we will write ug < O(v;) to signify that there exists

a constant & > 0 such that for all s € N, us < Kv,. We will also use the notations:
us > O(vg) < IK > 0,Vs € N ug < vg; us ~ O(vg) < O(vs) < ug < O(vy).

We extend those characterizations to diagonal matrices: given A € D;F, A < O(1) indicates that
|A] < O(1) while A > O(1) means that ||| < O(1) and A ~ O(1) means that O(1) < A <
o(1).

The different assumptions leading to our major results are presented progressively throughout
the paper so that the reader easily understands easily their importance and direct implications. A
full recollection of all these assumptions is given at the beginning of the appendix.

2.1. The resolvent behind robust statistics and its contracting properties

Given v > 0 and S € S, we introduce the resolvent function at the core of our study :

1< -
(S,A)  +— (n ZA,-S,- + 71p> .
=1
Given a dataset X = (71,...,2,) € Mp,, if wenote X - X1 = (z;2])1<i<n € S, the robust

estimation of the scatter matrix then reads (if well defined):

(2

C=~I, + lXu(A)XT with A = Diag <1xiQ7(X X7, u(A)):cl)xT> )
n n 1<i<n

1. We may alternatively assume the 7; random independent of Z = (z1,..., zn)
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In the following, we will denote for simplicity QX = Q(X - X7, u(A)). To understand the

behavior (structural, spectral, statistical) of C, one needs first to try and understand the resolvent
Q4(S,A) for general S € S and A € D;. Specifically, we list in this subsection its contracting
properties.

We will sometimes allow ourselves to omit the index - since this parameter will rarely change.

Lemmal Giveny>0,5¢€S), M € M, and A € D;}:

1
< .

Q, (M- MT,A)MAz|| < —.
7 ( ) i

<1

k
1
HQV(S’ A) lZ;AZSl

Given M € M, and S € S, let us introduce the mapping I, : S} x D, — D}
satisfying for all S € S} and A € D,}:

uam_Dm%iﬁ@mﬁamO

1<i<n

With the notation Lf (A) = I(X - XT,A) the fixed point A defined in (2) satisfies A =
X (u(A)).

Lemma 2 Given S € S and A, A’ € D;f, we can bound (we omitted the index ):

I(S, A) — I(S, A)
(S, A7)

A—A
VAA!

The proof of this lemma is left to the appendix: it is a simple application of the Cauchy-Schwartz

inequality. If one sees the term H \A/;—ii H as a distance between A and A/, then Lemma 2 sets the 1-

<sup {[|1 —vQ,(S,A)||,A € D} }H

Lipschitz character of 1(S,-) : A — I(S,A), which is a fundamental property in what follows. We
present in next subsection a precise description of such functions that will be called stable mappings.

2.2. The stable semi-metric

The stable semi-metric which we define here is a convenient object that allows us to set Piquard-like
fixed point theorems. It has a capital importance to set the existence and uniqueness of C but also to
demonstrate rapidly some random matrix results, such as the estimation of the spectral distribution
of sample covariance matrices with a variance profile (provided in the appendix).

Definition 3 We call the stable semi-metric on D,;f = {D € D,,,Vi € [n], D; > 0} the function:

A—A
VA, A" e DY dg(A A EH 3
N Vv )

In particular, this semi-metric can be defined on R*, identifying R* with D;". The function d
is not a metric because it does not verify the triangular inequality: a counter-example is given in the
appendix. The semi-metric ds has some very interesting stability results.
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Property 1 Given A,A’ € D and A € D;}:
ds (AA,AA) = d, (A, A) and ds (ATH A7) =dg (A, A).

Definition 4 The set of 1-Lipschitz functions for the stable semi-metric is called the stable class.
We denote it:

S(Dy) =1{f:Dy =Dy [VAA €Dy, A# A= dy(f(A), f(A)) < ds(A,A)
The elements of S (D;) are called the stable mappings.

This class has a very simple interpretation when n = 1. Given a function f : Rt — R we
introduce two functions f, f. : R — R that will help us to characterize the stable class:

fr xH@ and for e af(x).

x

Property 2 A function f : R™ — R is a stable mapping if and only if f / is nonincreasing and f.
is nondecreasing.

We leave the proof to the appendix: it directly unfolds from the definition (3). Finally, we provide
the properties which justify why we call S (D;}) a stable class: this class indeed satisfies far more
stability properties than the usual Lipschitz mappings (for a given norm).

Property 3 Given A € D;f and f,g € S(D;}):

Af € S(DF) } €S  fogeSDH)  f+geSD))

2.3. Fixed Point theorem for stable mappings

The Picard fixed point theorem states that a contracting function on a complete space admits a
unique fixed point. The extension of this result to contracting mappings on D;', for the semi-metric
ds, is not obvious: first because d; does not verify the triangular inequality and second because the
completeness needs be proven. Most of the proofs here are left to the appendix.

Property 4 The semi-metric space (D}, dy) is complete.

Theorem 5 Given a mapping f : D} — D, contracting for the stable semi-metric ds and

bounded from below and above, there exists a unique fixed point A* € D; satisfying A* = f(A*).

Let us now state our fixed point results for I, (.S, ) = Diag(Tr(S;Q(S, )))1<i<n for S € M’;.
We need for that a preliminary lemma.

Lemma 6 Given S € S and a function f : D, — D;} bounded by fy € D,

n

>,

i=1

1
VA € D G <Q(S, fF(A)] <

1
where |S]| = -

= |~
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Combined with Lemma 2, this result allows us to build a family of contracting stable mappings
with the composition I(S,-) o f when f € S(D;') is bounded from below. We thus obtain the
following corollary to Theorem 5.

Corollary 7 Given f,g € S(D;) with f bounded, and a family of positive definite symmetric
matrices S = (S1,...,Sk) € S, the fixed point equation

A =g (I°(f(8)))
admits a unique solution in D;.

We will thus suppose from here on that u is a stable function to be able to use Corollary 7 and set
the existence and uniqueness of A and C' as defined in (2).

Assumption 1 u € S(RY), and there exists u™ > 0 such that Vt € RT, u(t) < u™.

Proposition 8 For X € M, ,,, there exists a unique diagonal matrix Ae Dy such that
A=r1% <u(A)) .

2.4. The concentration of measure framework

Having proved the existence and uniqueness of C, we now introduce statistical conditions on X to
study C' in the large dimensional n, p — oo limit. We first define n p-dimensional random vectors
(#1,...,2n) € RP.

Assumption 2 The random vectors z1, . . . , z,, are all independent.

We denote their means p1; = E[2;] € RP and their covariance matrices ¥; = E[2;2] | — ;! € M,,.
In the following, the number of data n and their size p must be thought of as large integers of the
same order of magnitude. To place ourselves under this setting we suppose that all studied objects
depend on an underlying asymptotic quantity s tending to co and that n = n(s) and p = p(s) tend to
oo as § — 0o. Unless stated otherwise, we implicitly assume a large s limit; for instance, C' < O(s)
means that Vs > 0 : |C| = |C(s)| < Ks foraconstant ' > 0 (recall the notations at the beginning
of Section 2). All quantities diverging to +oo or converging to 0 will be call “asymptotic quantities”
and should be distinguished from the “constants” that stay unmodified when s increases.

Assumption3 p ~ O(n).

The matrix Z = [z1,...,2,] € M, depends on s under our formalism but we do not further
specify this dependence to simplify the notations.

Let us now introduce the fundamental definition of a so-called concentrated random vector that
will allow us to set our estimations and concentration rates. The global idea is that a concentrated
vector Z € E is not “concentrated” around any point (visualize for instance Gaussian vectors which,
while concentrated vectors, rather lie close to a sphere) but has concentrated “observations”, that is
random outputs f(Z) for any 1-Lipschitz map f : E — R.
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Definition 9 Given a sequence of normed vector spaces (Es, || - ||s)s>0, a sequence of random
vectors (Zs)s>0 € [0 Es, a sequence of positive reals (05)s>0 € ]ler and a parameter q > 0,
we say that Zs is g-exponentially concentrated with an observable diameter of order O(o) iff. for
any sequence of 1-Lipschitz functions fs : Es — R, one of the following two equivalent assertions
is verified (for the norms || - ||s) -

o there exist cs < O(og) and C > 0, such that, for all s € N, and for all t > 0,

P(|fs(Zs) = fs(Z)| > t) < Celt/cs)

o there exist cs < O(o) and C > 0 such that, for all s € N and for all t > 0,

P(‘fs(Zs) - E[fs(Zs)” > t) < Ce(t/CS)q

where Z is an independent copy of Zs. We denote in that case Zs x Ey(os) (or more simply
Z x & (o)) If o < O(1), one can further write Zg < &,.

The essential result that gives motivation to the definition is the concentration of Gaussian vectors.
Theorem 10 (Ledoux (2005)) Given a deterministic vector i € RP, if Z ~ N (1, I,) then Z x &;

Now that we have a concentrated vector, let us give four important properties to keep in mind when
dealing with them. First, the class of random vectors is stable through Lipschitz maps:

Proposition 11 Given two normed vector spaces (E1,| - ||1) and (E2,| - ||2), a random vector
Z € Ei, two sequences o, \ € Rﬁ and a O(\)-Lipschitz function ¢ : By — Eo:?

Z x & (o) = O(Z) x & (No).

The concentration of a random vector can be alternatively understood through a controlled de-
creasing rate of the moments of its observations.

Proposition 12 Let Z € E. Then Z x &,(0) iff there exists a constant C > 0 such that, for any
1-Lipschitz mapping f : E — R,

w>q: B2 Bl < (L) o
Standard operations (addition, product) on concentrated random variables can be easily expressed
through an intuitive “distributive rule” between concentration rates and expectations. We will mostly
focus here on the case of scalar concentrated random vectors for which we introduce more telling
notations: when Z € R is a random scalar and satisfies Z o« &,(o), we will use the notation
Z € Z+E&(0)if |Z —EZ| < O(0) (of course, in particular Z € EZ + &,(0)).

Proposition 13 Let Z1, Z5 € R be two random variables, 01,09 € ]Rﬁ two sequences of positive

reals and Z1, Zs € RN two sequences of scalars. Then, if Z, € 7 +&y(o1) and Zy € Z +&4(02),

Z1+ Zy € Zl + ZQ + gq(Ul + 0'2); Z1Zy € 2122 + 5q(01|22‘ + 0'2|Zl|) + 5q/2(0102)7
More over, Vf : R — R, 1-Lipschitz: f(Z)) < f(Z1) £ Eq(o1)

2. The statement “¢ is O(X)-Lipschitz” means here that there exists KX < O(1) such that, for all s € N, ¢ is (K\s)-
Lipschitz.
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Concentration inequalities for operations on concentrated vectors express similarly but will not be
needed in this work (more information is available in (Louart and Couillet, 2019)). We complete
this short probabilistic introduction of concentration of measure theory with four results on the
concentration of the norm; these results will be used continuously in the following to track the size
of the various objects under study. We provide them here in the case ¢ = 2, but similar inequalities
exists in the general setting.

Lemma 14 LetY € RP. Then, if Y «x & in (RP,|| -

)
o Y ~EY| x & (p?) and E[|Y ~EY] < O (yp)

o |[Y —EY| x& (Viogp) and E[|Y —EY| ] < O (vIogp)

and, conversely, if ||Y —EY|| o &, then Y x &. Let Z € M, be a random matrix. Then, if
Z x & in(RP || F)

o |[Y —EY|px&(y/pn)andE[|Y —EY| ] <O (\/pn)

o |Y —EY| & (VpFn) and E[|Y —EY[] < O (vpFn).

In the following, we will thus assume that Z = (z1, ..., z,) is concentrated.
Assumption4 7  &s.

We know from Assumption 4 that for all i € [n], (1) since Yu € RP such that ||ul| < 1,
ul'Siu = E[ul 2,27 u — E[u? 2]E[2] u]] < O(1) (from Propositions 12 and 13). But we also need
to bound ; to avoid unbounded norms on E[z,zzT | =%+ wi uiT.

|| < O(vn).

Assumption 5 Foralli € {1,..

2.5. Deterministic equivalent of the resolvent

The resolvent Qg (I,) = Q(Z - ZT,1,,) is a random matrix which exhibits interesting properties
to understand the statistics of Z and more precisely its spectral behavior. In particular, the singular
values of Z strongly relate to the well-known Stieltjes transform myz(z) = %Tr(Q% ,(In). The
function mz(z) has been extensively studied in (Louart and Couillet, 2019) when Z is concentrated
with identically distributed columns. As shown next, no major change occurs when the columns of
7 have different distributions. We will study QZ,(I,,) in the specific case where z > 0 and will
denote Q = Q% (I,,) for 81mphclty

It can be shown that @ is a 73 f—Lipschitz transformation of Z and, therefore, assuming that

% < O(1), we can deduce @ x & ( f) There exists an easily computed deterministic matrix Q,

called the deterministic equivalent of Q such that |E[Q] — Q|| < O(1/y/n). Matrix Q thus verifies
that, for any deterministic matrix A € M,, such that [|Alj; = Tr(VAAT) < O(1) (|| - ||1 is the
dual norm of || - || for the canonical scalar product on M,, (-,-) : A, B — Tr(ABT)),

T(4Q) € TAQ) 26, ).

with the notation of concentrated random variables introduced before Proposition 13.
The deterministic equivalent of Q7 is defined thanks to a diagonal matrix A € D;.
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Proposition 15 (Louart and Couillet (2019)) For any S € S7, the mapping A — I(S, A) satis-
fying

. 1
I(S7 A) = ﬁDlag(Tr(SlQ(S*ZaA))1§Z§n7 fOV Sfi = (Slv"'vsiflvo’ Si+17"'7STL) (4)

is stable and for any A € D;f, the equation A = I(C, [n[_’; ) admits a unique solution A© € D

Proof The stability of I(S,-) is proven the same way as the stability of I(S,-) in the proof of
Lemma 2. Then we apply an analog result to Corollary 7 (replacing I by I) with the mapping

f:A— Inlj; + Which is stable and bounded from above by I,, € D;{ , and for S; = %C’i (fori € [n])

to obtain the existence and uniqueness of A € D; satisfying A = I,(C, f(A)). [ |

The fixed point equation A = T (C, Inlﬁ) allows us to compute A iteratively. The deterministic

equivalent Q of Q7 is then easily computed and is defined as follows.

Theorem 16 (Louart and Couillet (2019)) Let A € M,, be deterministic and such that || Al|; <
O(1). Then,

ﬁ(AQf)eﬂ<AQZ <cIanrnAc>> L <\/1%>

This theorem allows us to estimate the Stieltjes transform of the spectral distribution of C given at
the end of the paper, but we need first the next corollary to predict the asymptotic behavior of A.

Corollary 17 Forall A € D} with ||A]] < O(1), we have HE[IZ(A)] - ]n‘:‘\:i/@mH <0 (\/ loi")
where:

A
' T + AAC(A)

AC(A) =1 <C > (see (4) for the definition of I) (5)

(A (A)/A plays the same role as the diagonal matrix A€ defined in Proposition 15 to define the
deterministic equivalent of Q7 instead onZZAl/Q; we have indeed 1% (A) = IZAI/Q/A).

Proposition 18 For any S € S7, the mapping A° defined in (5) is stable and satisfies the bounds

Di lT Sz i<n
z4 2120 SiA & "

1<i<n

3. Robust estimation of the scatter matrix
3.1. Setting and strategy of the proof

Having set up the necessary tools and preliminary results, we now concentrate on our target ob-
jective. Let x; = /7;2; + m, 1 < i < n, where 7; is a deterministic positive variable, m € R?

is a deterministic vector, and z1, .. ., 2, are the random vectors presented in the previous section.
. 1 .

For X = (z1,...,2,) € My, we write X = Z72 + m17 where 7 = Diag(7;)1<i<n € D,

and 1 = (1,...,1) € R™. The basic idea to estimate A, as a solution to the fixed point equation

A=1% (u(A)), consists in retrieving a deterministic equivalent also solution to a (now determin-
istic) fixed point equation. For this, we use the following central perturbation result.
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Theorem 19 Ler f, ' be two stable functions of D;\, each admitting a fixed point A, A" € D;} as
A= f(A) and A= f(A).

Further assume that A" ~ O(1), that f is contracting for the stable semi-metric around A" with a
Lipschitz parameter A < 1 satisfying -5 < O(1), and that || f(A") — f'(A")|| = o(1) (|| f(A) —
F(AN]| <O (as) withas — 0). Then, there exists a constant K < O(1) such that

S5—00

A = A'| < K[IF(A) = £/

Theorem 19 can be employed when A is random and A’ is a deterministic equivalent (yet to be
defined). If we let f = IX o u (and thus A = A), it is not possible find a deterministic stable
function f’ close to f such that its fixed point A’ would satisfy the core hypothesis A’ ~ O(1).
This is partly due to the fact that IX o u = Diag(L2T RX o ua;)1<i<, scales with 7 which might

be unbounded. For this reason, we will consider D = é rather than A itself.

3.2. Definition of D, the deterministic equivalent of D

The matrix D = % satisfies the fixed point equation
m
Vi

Though, in order to apply Corollary 17 that relies on Assumption 5, we will need a bound on the
energy of the signal and a “loose” control on the 7;’s.

D= IZ(uT(D)) where Zi =z +

and u” A Tu(TA).

Assumption 6 ||m| < O(1).

Assumption 7 ||7]|1, H%Hl < O(n).

We have then indeed for i € [n] E[z;] < ||| + Til/ ?|lm|| < O(/n) (later to bound D from below,

we will need the bound on 27|/ and 1 ||1/7]|1, that is why we adopted such a general assumption).
We can still not apply Corollary 17 since ||u” (D)|| is possibly unbounded. Still, let us assume for

the moment that [|u”(D)]| is indeed bounded: then, following our strategy, we are led to introducing
a deterministic diagonal matrix D ideally approaching D and satisfying

AC(}LT({))) —, where we recall Aé(uT(f))) =1 <C, uj([)) = ) :
I, + um(D)AC (u7 (D)) L, +u™(D)AC (u7 (D))

(6)

D=

Before proving the validity of this estimate D of D, let us justify the validity of its definition (i.e.,
the existence and uniqueness of D).

Proposition 20 Let x € R™. Then the equation

n=1——mn€eR".
+ +u(n)

admits a unique solution that we denote n(x). The mapping n : R — R is stable.
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Proof We already know from Proposition 18 that D Aé( (D)) is stable and bounded from
above and below (since u” < ||7]|u°°). The same is true for 7, (AC( 7(D))) since 7 is stable and,
for all z € R+ 1 < n(z) < z (here x should be replaced by AC( "(x1I,)) which is bounded

from above and below). The existence and uniqueness of D thus unfold from Theorem 5. |

The first equation of (6) can be rewritten D = n-(AC (u7(D))), with 7 : z — "(:z) , we are thus
now allowed to define:

Proposition 21 There exists a unique diagonal matrix D € D, satisfying (6).

3.3. Concentration of D around D

Once D defined, we can follow our strategy to bound |[D — D||.The first step is to verify the core
hypothesis of Theorem 19, namely D ~ O(1). We will here need a supplementary assumption on
1, which can be expressed through a condition on w, justified by the following lemma.

Lemma 22 The mapping 1, is bounded from below iff, for all t € R, u.(t) = tu(t) < 1.
Assumption 8 There exists u™ > 0 such that 1 — u™ > O(1) and, for all t € RT, u.(t) < u®™.
Assumption 9 Foralli € [n], Tr C; > O(n).

With these assumptions, we then have:

Lemma 23 D ~ O(1).

_ 1
T T n
)

1m
A7 (A)
n).

Proof We already know from our assumptions that O(1) < 1 Tr(C;) +
<

T < 0(1)
0(1) <

and from Proposition 18 that, for any A € D}/, O(1). Thus

) ) n(y+5 13 Cirgu(r M)l
AT (D)) ~ O(1), since | 3= Cymiu(mD)|| < u||Cill|r] < O
IDII < A (u™ (D)) (1) and D = - (A (u"(D))) > n°AC (u

As such, we can bound

u™(D)) = O(1). =

Proposition 24 There exist two constants C,c > 0 (C, ¢ ~ O(1)) such that, for any € € (0, 1],
P (HD - DH > 5) < Cemene?/log(m),

Proof Let us check the hypotheses of Theorem 19. We already know that D ~ O(1) from
Lemma 23. Let us now bound the Lipschitz parameter A of 14 o u” around D defined as:

17 (u T<A>> 1 (uT<D>> A-D
VA € Df : <A
VI (8) % (ur (D)) VAD

An inequality similar as in Lemma 2 gives us A < 1/||1 — yQZ(D)| < ﬁ < 1 (thanks

ue|2-27T

to Lemma 6). Now, since || Z - ZT|| = %HZZTH < (|1Z||/+/n)?, we know from Lemma 14 that,

10
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with probability bigger than 1 — Ce
highly probable event ﬁ < O(1). Eventually, we know from Assumptlon 4 that Zu™ (D)

& (since u™(D) < u™||% ) | < O(1)). We may thus employ Lemma ?? (in the appendix) to

get fZ(uT(D)), = zzQi( T(D))z o &(1/y/n) + E1(1/n) and Corollary 17 to state that
|E[[4 (u"(D))] — D|| < O(y/log(n)/n). Thus there exist two constants C, ¢ > 0 such that

VE>0: P (”fé(uT(D)) ~ DH > t) < (et logn,

From the proof of Theorem 19, we see that it is sufficient to have with high probability I z (u™(D))—

D < K forany K > O(1) (K < ||A|| (152)% > O(1)). This clearly holds with probability larger

than C’e—¢ni?/logn, Choosing C' and ¢ appropriately, we obtain the result of the proposition. H

It is even possible to simplify the formulation of the deterministic equivalent D under the supple-
mentary assumption:

Assumption 10 Foralli € [n], 7, > O(1/+/n).

Proposition 25 The fixed point equation D = 1, o A® o u” (D) admits a unique solution, denoted

D_,, € D;f, and which satisfies |D — D_,,|| < O (ﬁ)

Proof The existence and uniqueness of D_,, are justified for the same reasons as for D (just take
m = 0). In order to use again Theorem 19, we know that D ~ O(1) (as for D_,,;) and we just
need to bound Hm o A€ ou” (D) — 5y o A€ o u™(D) H Note that 7 is 1-Lipschitz because, since it
is stable, so that, for any =,y € RT:

In( 1
o \/ \/ I+ u(n(@) (L + yulny) =

Thus 7, is also 1-Lipschitz. We are then left to bounding the distance between A o uT(f)) and

Ao uT([)), and we are naturally led to employing a second time Theorem 19 since those two
values are both fixed points of stable mappings:

A (D)) = IS, 5, (AT (D)) and  AC(uT(D)) = IS, 5, (A (u"(D)))

where, for any S € S and A € D, fg A T (S, ﬁ). Once again, the first hypotheses

are satisfied, AC(uT(D)) ~ O(1) and noting for simplicity A = u™(D), A = A°(A) and Q° =
Q5(S, ﬁ) (for S = C or S = C), and we are left to bounding, for any i € [n],

o (1)

cof ) -o(452)irnzo()

Applying twice Theorem 19, we retrieve the result of the proposition. |

IS — Iy <

T@m +
nrt;

11
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3.4. Spectral distribution of C

As an immediate corollary of the previous results, a deterministic equivalent for the spectral dis-
tribution of C' = %Z u™(D)Z" can be computed, through an estimation of the Stieltjes transform

m(z) = %Tr((é’ — zI,)7 1) for z < 0.

Theorem 26 For any z > O(1), there exist two constants C,c > 0 (C,c ~ O(1)) such that, for
anye >0,e <1,

n . -1
Pl |m(—2)— 1Tlr ! Z “ (l?_m)ici = + 21, > e | < geene?/los(n),
n = 14+ AC(u™(D_p))iu™ (D—m);

As a consequence, the implicit random matrix C actually has the same deterministic equivalent
for its spectral distribution as the explicit random matrix %Z uT(D,m)ZT. Figure 1 depicts the
eigenvalue distribution of the sample covariance of the data matrix X (¢) deprived of the influence
of 7 (i.e. for 7 = I,,), (7i) corrected with the robust estimator of the scatter matrix (it is the sample
covariance matrix of X u(A)l/ 2y and (4ii) without any modification on X. For the two first spectral
distributions, we displayed their estimation with the Stieltjes transform as per Theorem 26.

Figure 1: Spectral distributions of the matrices + (Z+m17)(Z+m1")7T, C and L X XT with their
prediction (when possible); p = 400, n = 1200, the variables 71, ..., 7, are taken from
a Student distribution with 1 degree of freedom, m ~ N(0,1,); Z = sin(AW) where
A € M, is a fixed orthogonal matrix, W € M,, , is a matrix with zero-mean and unit
variance Gaussian entries (Z « & by construction). The population covariance of Z is

computed with a set of 100p drawings (the mean is 0 by construction).

4. Conclusion

In this article, we have developed an original framework to study the large dimensional behavior of
the matrix solution to a fixed point equation, under a quite generic probabilistic data model (which
notably does not enforce independence in the data entries). Recalling that most state-of-the-art sta-
tistical (machine) learning algorithms are optimization problems, having implicit solution, which
are then applied to complex data models, our present work opens the path to a more systematic ex-
ploitation of concentration of measure theory for the large dimensional analysis of possibly complex
machine learning algorithms and data models.

12
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Appendix A. Assumptions
Assumption 1 u € S(R™), Ju™ > 0 such that Vt € RY, u(t) < u™.

Assumption 2 The random vectors z1, . . . , z,, are all independents.

Assumption 3 p ~ O(n)

Assumption 4 7 x &

Assumption 5 Vi € {1,...,n}: ||| < O(1).

Assumption 6 ||m| < O(1)

Assumption 7 ||7||1, H%Hl < O(n).

Assumption 8 Ju™ > 0 such that 1 — u>® > O(1) and Vt € RY ju.(t) = tu(t) < u™.
Assumption 9 Vi € [n] : Tr C; > O(n).

Assumption 10 Vi € [n], 7, > O(1//n).

Appendix B. The stable semi-metric
B.1. Stability of I

Proof [Proof of Lemma 2] Given a € {1,. .., k}, we can bound thanks to Cauchy Shwarz inequal-
ity:

I(S,A)g — I(S,A)q

- ‘; Tr (Sa (Q4(S, A7) — Q(S, A)))’

k
31 (50,5405 (8 - 2) (5. 8)|
b

S|

=1
k
Sy AL — Ay
J;ﬁ (5 Q(S,A) AT AyQ+ (S, A))

Sy | A — Ay
2120 ZPIALQL(S, A
A bQ4(S, &)

| /\

ZT&« S 2Q+ (S, A)

\/ Te (S4Q(5, A) (1= 4Q4(S, A))

<[V
: \/ Tr (SaQ+(S, &) (1 — Q4 (S, A)))

21V, A (5, A7,

|
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B.2. General properties of the stable msemmimetric and of the stable class

Remark 27 The function ds is not a metric because it does not satisfy the triangular inequality,
one can see for instance that:

3 1 1
ds(4, 1) = 5 7 \/» d8(47 2) + d5(2, 1)
One can show that given z,y € R™, foranyp € N*and yi, . ..,yp,—1 € RT, we have the inequality:

1 1
ds(x7y1) +--- 4+ ds(yp—hz) Z ds <x;725) .

p—i i . . L
It is an equality in the case y; = x » z» fori € {1,...,p—1}. We can not get interesting inferences
to palliate the absence of a triangular inequality since the function x — xP is not Lipschitz for the

1, . .
semi-metric ds (instead, one can show that x — x» is %-LlpSChllZ).

Proof [Proof of Proposition 2]
Let us consider z,y € R™, such that, say, z < y. We suppose in a first time that f / 1s non-

increasing and that f. is non-decreasing. We know that ( ) > ! ( ) , and subsequently:

- f@<y-n ws - f@ <o
The same way, since f(z)z < f(y)y we also have the inequalities:
-t < Wy-n w0060 ®

Now if f(y) > f(z), we can take the root of the product of the two inequalities of (7) and if
fly) < f(x), we take the root of the product of the two inequalities of (8), to obtain, in both cases:

That means that f € S(R™).
Reciprocally, we suppose that f € S(RT), if f(z) < f(y), then f(z)z < f(
(

)
(A2 1) o (G- < Py-n) - (1219,

x y

and if f(z) < f(y), then @ > % and:
Gwas i = (f@-rm<?

In both cases (f(z) < f(y) and f(y) < f(z)), we see that f/(z) > f,(y) and f.(z) > f.(y), we

have thus proved our result.
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Remark 28 Given f : D} — D,;, we can introduce as in subsection 2.2 f;, f. : D} — D,
defined with:

fr Al—)Tl"(‘f(AA)> and fo Ao Tr(Af(A))

It is possible to inspire from Property 2 to define a similar class that can be called the weak stable
class Sy (D,}). A function f : Dy — Djf is in Sy(D,}) if and only if f, is nonincreasing and f. is
nondecreasing. It can be showed that TM IS e S, (D;F) Although this definition does not rely on
a metric (nor on a semi metric), it is quite convenient to show fixed point theorems, but we did not
find any use in our paper since we already have I , ISes (D;h).

For the proof of Proposition 3, let us give two small results.

Lemma 29 Given four positive numbers a,b,c,d € RT:

Vab+/af < v/(a+b)(a+B) and a+a§max<z,g>

Proof For the first result, we deduce from the inequality 2aba S < aa + bS:

(\/%4— \/@)2:ab+aﬁ—|—2\/abaﬁgab+aﬂ+aa+bﬁ:(a—l—b)(oH—B)

For the second result, we simply bound:

ata _a b Lo B <max(a a)< b N B >—max<aa>
b+ B " bb+ B  Bbt+d 0 3)\ox8 T v1p b B

Proof [Proof of Property 3] The three first properties are obvious, we are just left to show the
stability through the sum. Note that this time, there is no characterization on S(R*) with the
monotonicity of f, and f. given in Property 2 (for that reason, this property is easier to show on the
set Sy, (D;') described in Remark 28). Nonetheless, given f,g € S(D;7) and A, A’ € R* there
exists 79 € [n] such that:

‘f(Azo) - f(A;0> +g(Aio) - g<A;0)‘
Vi) +g(2i)(F(A) + g(a,))
1780 = )]+ |9(Ai) — g(AL)|

\/f io) + f(Dig) +1/9(A}) + 9(Ay)

max {f zo - f(A;o)‘ ‘g(AZO) — g(AQO)‘ < dS(A, A/)

VIBio) +(Bi)\ [o(al,) + g(a7,)

ds(f(A) +g(A), f(A) — g(A) =

thanks to Lemma 29 and the stable character of f and g. |

16



CONCENTRATION OF MEASURE & ROBUST STATISTICS

B.3. Topological properties of the stable semi-metric

Lemma 30 Any Cauchy sequence of (D, , d) is bounded from below and above

Proof Considering a Cauchy sequence of diagonal matrices A*) ¢ D;, we know that there exists

K € N such that;
Vpq> K, Vie{l,....n}: AP - AD) < /AP AW

For k € N, let us introduce the indexes i’]‘{/[, zf‘% € N, satisfying:

A(,]f) = max (Agk), 1<i< n) and A(,]f) = min (A(k) 1<i< n)

"M M

If we suppose that there exists an extraction (A(f(k)))k>0 such that A(d)(k)) — oo then:
M iNr k—o0

¢(k)
A(¢(’€)) < YA <
\/ i - z%’“) N <¢ ) s z‘i}’“) >

which is absurd. Therefore (A( ))k>0 and thus also (A®));~, are bounded superiorly. For the

inferior bound, we consider the same way an extraction (A(w( ))) k>0 such that A(w(k)) — 0. We

k—o0
have:
(¢(k)
Al ok = A (k> <k> AL Al T > 0.
]\4 M
which is once again absurd. |

Proof [Proof of Property 4] Given a Cauchy sequence of diagonal matrices A*¥) ¢ D;t, we know
from preceding lemma that there exists d7, 6,, € R such that Vk > 0 : §,,1, < AR < 531,
Thanks to the Cauchy hypothesis:

Ve>0,3K >0|¥p,q> K : we{L...,n}:‘A?LA?)‘ < eoum

and as a consequence, (A(k)) k>0 18 a Cauchy sequence in the complete space (D?{t || - ||) it con-
verges to a matrix A®) ¢ D2’+. Moreover, A(®) > 01, as any A®) for all k € N, thus

A>®) ¢ D and we are left to show that A¥) — A(®) for the semi-metric ds. It suffices to
—00

write:

DL <anlp -0 0

- k—00

d,(D®), D)y — H

17
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Proof [Proof of Theorem 5] There exists A € (0,1) and a constant dy7,5,, € RT such that
VA, A" € Df, ds(f(A), f(A") < Ns(A,A') and 6,1, < f(A) < pI,. The sequence
(A®)) >0 satisfying:

AO =T, and VE>1: AW = (A=)
is a Cauchy sequence. Given € > 0, we have indeed for K > log(ifg#:

20 NI -

m

Vp,q > K : dS(A(Q),A(p)) < \Ed, (fq—K(A(q—K)%fp—K(A(p))> <

We know thanks to Property 4 that there exists A* € D; such that f(A*) = A* (since f is
continuous) and the contracting character of f ensures that it is the unique fixed point. |

Remark 31 [t is possible to relax a bit the contracting hypothese on f if one supposes that f is
monotonic. Let us consider a weakly monotonic mapping f : D}t — D;t bounded from below and
above. If we suppose that f is stable and verifies:

VA, A" € Dy ¢ ds(f(A), f(A)) < ds(A, A") ©
then there exists a unique fixed point D € D} satisfying A* = f(A*).

Proof We first suppose that f is nondecreasing. As before, let us consider dy7, 6, € RT such
that VA € D 6,1, < f(A) < 6pr1,. The sequence (A(k))kzo satisfying AO = A, I, and
forall k > 1, A®) = ¢ (A(’“l)) is a nondecreasing sequence bounded superiorly with &5, thus it
converges to A* € D and A* = f(A*). This fixed point is clearly unique thanks to (9).

Now if f is nonincreasing then A ~ f2(A) is non decreasing and bounded inferiorly and
superiorly thus it admits a unique fixed point A* € D;' satisfying A* = f2(A*). We can deduce
that f(A*) = f2(f(A*)) which implies by uniqueness of the fixed point that f(A*) = A* and the
uniqueness of such a A* is again a consequence of (9). |

Proof [Proof of Corollary 7] We saw in Lemma 2 that:

ds (I(S,A), I(S, A)) < My (A, A')  with A= sup{H1 —~Q5(A)||, A € D;} .
Now, thanks to Lemma 6, we can bound:
1 infi<,<p(Tr Sy) 1, a<i(TrSg) I
Ae—t o1 ana eIl gy < SPizask(TE S0y
L+ soist JollSII+~ v

and therefore g o Q° o f is contracting and bounded from below and above: we can employ The-
orem 5 to set the existence and the uniqueness of a solution A € D to A = go Q° o f(A).
|
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Appendix C. Concentration and estimation of the resolvent

Given S € S}, wenote S_; = (S1,...,5;-1,0,8;,---5,) then for A € D, and i € [n], we note:

n -1

i=1

We have the first simple identity:

Q(S.A) ~ Qi(5.4) = ~Q(S, A)S,Q4(5, ), (10

Now if we consider a matrix M = (mq,...,my) € My, wenote M_; = (mq,--- ,mi—1,0,miq1, ...

then (M- MT)_; = (M_;- MT,) and noting for simplicity Q™ = Q. (M, -), we see that IM (A) =
L(M - MT ,A) = Diag(+m] Q_;m;)1<i<, and we can deduce from (10) the so-called “Schur
identity”:

M M
o M (Aym; Mgy LA
R 7y R o LTV B

Proof [Proof of Corollary 17]

It is shown in Louart and Couillet (2019) that £ 2,Q_;(A)z; € L Tr (CE[Q—;]) £ E(1//n) +
&1(1/n) and since || 2G|y = 2 Tr(C;) = O(1), we know from Theorem 16 applied to the random
matrix ZAY? that |1 Tr (CE[Q-;]) — 2 Tr (CiQ(C, ﬁc(&”) | <O (\/log n/n) Thus

with the identity A9 (A); = 1 Tr (C’ZQ(C’, ﬁ%)]), we deduce that:

%ZiQ_i(A)Zi S AC(A)Z + 51 ( logn) .

n

Now we can employ Proposition 13 to the O(1)-Lipschitz mapping f : ¢ — %Ait to set that

.= 1 1 . 4
Wi = AL oo € I CEQ ] + &1(y/logn/n) and even (since |w;| < 1 we have a
stronger result):

%ziQ_i(A)zi c AC(A); s logn
1+ AL,Q (A)z ~ 1T+AACA), 7 n |

We can then conclude with identity 11 the result of the Corollary. |
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Proof [Proof of Proposition 18] Given S € S;' and A, A’ € D!, there exists i € [n] such that:

ds(AS(A), A%(A)) = d <f <Sqn+AAAS(A)> X <S’ LL+AA’1/\S(A’)>>

u A A
“\ I, + AAS(A)’ I, + A/AS(A))

_ Ij S L SA!
_dS<A+A (D), 37+ A (A))

_ i0 io
\/ (2 +A5@)a) (o, + 450, )
1 1
Ay A

< max (ds(A, A'), ds (A5 (A), A5 (A)))

Thanks to Lemma 2, the stability rules given in Property 3, and the little tools given by Lemma 29
already used to prove Property 3. As a conclusion:

ds(A%(A), A®(A)) < max (ds(A, A),ds(A(A),A9(A))),

which directly implies that dg(A(A), AS(A")) < ds(A, A’), in other words, A® is stable.
The upper and lower bounds on A%(A) for S € Sy and A € D;! are direct consequences of the
bounds on I (the same are true for I) given in Lemma 6 |

Appendix D. Estimation of the robust scatter
D.1. Strategical Theorem

Proof [Proof of Theorem 19] Let us first bound (be careful that the stable semi-metric does not
satisfy the triangular inequality):

AN HA—A’ F(A) = A

VAT «/A F(A) VAN NN

: A—A' A=A’ VA= f'(A") _ || VIf@an=f (ANl
Then, since H\/@ < |\ Vo ’ (1 + H@ ) and ¢ = ‘\/N H <

O(y/as) by hypothesis, setting K’ =

ﬁ < O(1), we have the inequality:

A—A

f(A) = A
Af(A)

Af(A")

AN F(A) - N

VA

< K" ,» (12)

which implies H
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for some constant K/ > 0, thanks to the inequality || f(A’) — A’|| < O(as) leading to:
O(1) < [|A'] = O(as) < f(A') < [|A[ + O(as) < O(1).

We are left to bound from below and above ||A|| to recover the result of the Theorem from (12).
Considering the index ig such that A;; = min(A;)i<i<n, we have:

=

therefore, A;, > Ago — O(as) > O(1). On the other hand, one can bound again from (12):

S O(as)v

‘Aio - A’io‘ < K"\/A;,

f(A) = A
JAVA

A/ f(A,) A
Y o <oq
VAl <| 5 | <o
As a consequence A ~ O(1), and we can conclude from (12). [

D.2. Stability properties of
Proof [Proof of Proposition 20] It is a simple application of Theorem 5. If we note f : n — %
we know that f is bounded from below and above, for all € R™: ’

1

T o0
eru

< f(n) <=

We can then employ Theorem 5 since f is contracting for the stable semi-metric:

1 1) |u(n) — u(y’)|
V)G um) (2 + )

1
< ds(u(n),u(n'))
1 1 1 )
\/1L(77)U(n’)$2 taore T oame T1

1

< ds(n,n

ST ()
To prove the stability of 1, we are going to use the characterization with the monotonicity of the
functions 7, : z — @ and 7. — an(z) presented in Property 2. Let us consider z,y € R such

that x <y, if n(z) < n(y), then n.(z) < n.(y), besides since, in addition, u, is nondecreasing:

1 1 1
= > >
L+ au(n(z)) ™ 1 4 L@@ = 1+ yu(nly
les

n,(z) = n,(y).
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The same way, if n(z) > n(y), then n,(z) > n,(y) and:
1 1
@) = T ey S T @) S 1L eamy — W
2T s ZT e . 2Ty

We see that in both cases, n/(x) > 71,(y) and 7.(z) < 7.(y), therefore, thanks to Property 2,
n e SR). [ |

Proof [Proof of Lemma 22] If there exists a > 0 (and « < 1) such that Vz € RT, @ > a, then

n(x) 1 1
—+(1l-a)>1 and therefore: —— =) > ———,
T u(n(@) I+ L3

xr
() _

which implies that u(n(x))n(z) < 1 — a. But since 7 is not bounded (otherwise lim; o -

0 < @), n takes all the values around oo and in particular (u. being nondecreasing), u. < 1 — a.

Conversely, if u™® < 1, Vz € RT:

1
n(x) > — thus @Zl—uf’°>0
T 1+u?°@ x
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