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ABSTRACT

A new approach to minimum variance distortionless response
(MVDR) beamforming is proposed under the assumption of si-
multaneously large numbers of array sensors and observations. The
key to our method is the design of an inverse covariance estimator
which is appropriately optimized for the MVDR application. This
is obtained by exploiting spectral properties of spiked covariance
models in random matrix theory. Our proposed solution is simple
to implement and is shown to yield performance improvements over
competing approaches.

Index Terms— MVDR beamforming, spiked covariance model,
random matrix theory.

1. INTRODUCTION

Adaptive beamforming is widely used for adaptively steering a beam
towards a desired signal while suppressing noise and interference at
the output of a sensor array. One popular approach is the minimum
variance distortionless response (MVDR) adaptive beamformer [1]
designed to minimize the array output power while maintaining
a distortionless response towards the signal of interest (Sol). The
performance of the MVDR beamformer depends on the estimation
accuracy of the inverse covariance matrix of the received signals,
which is involved in the beamformer’s construction. The “sample
matrix inversion” (SMI) beamformer is a standard approach, which
uses the inverse of the sample covariance matrix (SCM). However,
while it performs well when the number of observations greatly
exceeds the number of sensors of the receive array, in modern
data-limited scenarios or high-dimensional applications (with large
numbers of sensors), performance degradation occurs because of the
increased estimation errors in the SCM, especially when the samples
used for estimation include the Sol [2, 3].

Various approaches have been proposed to design more ro-
bust beamforming solutions which aim to overcome this problem.
The most common are diagonal loading and eigen-subspace tech-
niques [4-8]. As we will demonstrate, for the former approach, even
with the theoretically-optimal diagonal loading factor for the MVDR
beamformer, chosen to minimize the array output power, it exhibits
suboptimal performance under data-limited or high-dimensional
scenarios; for the latter, it becomes ineffective at low signal-to-noise
ratios (SNRs) or when the dimension of the signal-plus-interference
subspace is large.

In this paper, we propose a novel MVDR beamforming solution
under high-dimensional settings and in the face of data limitations.
Our proposed method is based on the assumption that the receive
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covariance matrix has a specific structure, referred to as a “spiked
model” in random matrix theory (RMT). Specifically, this construc-
tion comprises a low-rank perturbation of a scaled identity matrix.
Inspired by the recent work [9] which proposed optimized spike-
model-based covariance estimators for a range of different objective
functions, we exploit properties from RMT to identify the MVDR-
optimal inverse covariance estimator, and consequently obtain our
proposed MVDR beamforming solution. It is shown through nu-
merical examples to yield exceptional beamformer performance for
high-dimensional and data-limited scenarios.

2. BACKGROUND

2.1. Signal model and optimal MVDR beamforming

We consider a uniform linear array with N sensors, receiving m <
N narrow band signals. At snapshot j € {1,---,n}, the received
observation vector x(j) € C can be represented by

X(j)Z\/1713(91)¢1(j)+Z pia(0:)¢:(5) + (i), (1)

where for i = 1,...,m, signal ¢;(j) € C is independent com-
plex Gaussian with zero mean and variance one, p; € RY is the
corresponding signal power, and a(6;) € CV is the unit norm steer-
ing vector that is a function of the direction of arrival (DoA) 6; €
(=, 7] of the i-th source. The first term in (1) corresponds to the
Sol and the second term to m — 1 interferers. We assume n(j) € CV
is additive Gaussian white noise with zero mean and variance o~.
The covariance matrix of the observations takes the following form:

m

Cy = Pla(ol)aH(Gﬂ + Zpia(ei)aH(Qi) +In. (2

=2

The classical MVDR beamformer [1] seeks the beamformer
weight vector h = h(6#;) € C" that minimizes the output power
P(h) = h” Cyh while ensuring a distortionless response towards
the DoA of the Sol #;. It is the solution to the following linearly
constrained quadratic problem:

min P(h) = h” Cyh,

st.hfa(0,) =1.
heCN

The well-known solution to this constrained optimization is

Cy'a(61)
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and the corresponding output power is

1
P = LG camn)



where a(f,) is assumed known. In the following, for conve-
nience, we will consider the normalized total output power, p(h) =
P(h)/o?.
From the matrix inversion lemma [10], an equivalent represen-
. . . Ciina(61)
tation of the optimal beamformer is hyivpr = m
where Ciyn, = Cn fpla(Gl)a(Ol)H is the interference-plus-noise
covariance matrix. Here we assume that the Sol is present in the
observations, which makes it difficult to estimate Ci,. Indeed, the
presence of the Sol in the training data has been shown to dramati-
cally reduce the convergence rate of beamforming algorithms [2, 5].
We note that, in addition to minimizing the output power, the
MVDR beamformer also maximizes the output SINR [11], defined
_ p1|hfagen)|?
as SINR = ThEC b
former performance in terms of its achieved SINR.

. Hence, we can also measure the beam-

2.2. Sample-based implementation of MVDR beamforming

In reality, CJ_\,1 is unknown and instead we form an estimate, denoted
by C;,l. Thus the MVDR beamformer based on any given plug-in
estimator C ' is constructed as

Crla(61)
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The performance of this beamformer in terms of its normalized
total output power is given by

- P(h
p(hyvor) = ( I:S/DR) =
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It reaches pmin = p(havor) only when Cj! = Cy', otherwise it
is larger because of the imperfect inverse covariance estimation.
We define the SCM as Sy = - > et x())x" (). It is widely
sy'a(oy)
afl (01)8; a(601)
poor performance due to the finite-sampling effect, yielding much
higher normalized total output power than the theoretical minimum
Pmin, especially when N and n have a similar order of magnitude,
and for the case of interest with the Sol present in the observations
[2,8,12]. In this work, by utilizing prior knowledge of the structure
of Cn, we will propose an optimized CK/I{/DR, and consequently an

known that the SMI beamformer HSMI = can have

optimized flMVDRopt, which is designed to minimize (5).

3. OPTIMIZED HIGH-DIMENSIONAL MVDR DESIGN

3.1. MVDR beamforming based on spiked covariance models

We aim to construct a MVDR-optimized sample-based estimate of
the precision matrix fol, with C defined in (2). We note that,
through eigen-decomposition, the matrix Cx can be expressed as

Cy=0" (IN + Z tin‘VzH> ) (6)
i—1

which has eigenvalues (o2(t1 +1),...,0%(tm + 1),02,...,07%),
where t; > 0 fori = 1,...,m, and with vy,. .., v,, denoting the
eigenvectors corresponding to the largest m eigenvalues. Because
C is a low rank perturbation of Poudd | N, the structure of C  is called

a spiked covariance model [13]. For simplicity, we assume that o?
and m are known, though these may be estimated using standard
methods [14].

Denoting the eigenvalues and associated eigenvectors of the
SCM Sy by A1 > A2 > --- > Ay and uy, ug, ..., uy, in this
paper, we look for estimators of the form

N
Cy'(Sn) = Z niugu;’
=1

where 1; > 0 are eigenvalue “shrinkage” functions to be suitably
designed for the MVDR application. With prior knowledge of the
spiked covariance structure of Cy, it is natural to apply “hard clip-
ping” to the smallest N — m sample eigenvalues, so that 7,,+1 =
-+ =nn = 1/0>. This, in effect, decreases the estimation error in
the SCM referred to as the eigenvalue spreading phenomenon [15].
Thus, we construct the estimator as

. 1 m
CNl(SN) = ; <IN + E wiuiuZH) (7)
i=1

where w; = o2n; — 1. Our aim is to find the optimal w* =
[wi,...,wk]T which forms the optimized CI;I{,DR that minimizes
pin ()

By plugging (7) and (6) into (5), the normalized total output
power p is seen as a function of w = [wy, . .., wy,]7, which we de-
note as p(w) in the following. In particular, our optimization prob-
lem now becomes

w" = argmin p(w) 8)
weLm

where p(w) is defined in (9) at the top of the next page. The pa-
rameter range is specified as' £™ = [-1+¢&,¢)™, for some small
&€ > 0and large ¢ > 0.

It is challenging to solve the problem (8) and obtain the optimal
w™ in closed-form directly. Even if such w* was obtained, because
of the unobservable quantities of ¢; and v; involved, it could not be
used in reality. We tackle these problems by appealing to results
on the asymptotic properties of spiked covariance matrices to give a
simplified asymptotic representation p(w) of p(w) as N,n — oo
and obtain the oracle w* that minimizes p(w) depending on Cy.
Then we provide a sample-based consistent estimator w* which con-
structs the optimal C;&,DR and consequently flenRopt. For our
asymptotic analysis, we assume the following:

Assumption 1.
a. As Nyn — oo, N/n = ¢y — cfora certain ¢ > 0.

b. The number of spikes m is fixed, independently of N and n, while
t1 > -+ >ty with ty, > \/c, for all large N.

Remark 1. In Assumption 1.b, the quantity \/c represents a fun-
damental “phase transition” point [16, 17]; that is, for each i €
{1,...,m} such that for large N, t; > +/c, there is a deterministic
one-to-one mapping between t; and \; under Assumption 1.a, which
can be used to estimate t;. As for t; < +/c for large N, the relation
no longer holds, and the value of t; can no longer be estimated. A
similar comment also applies for eigenvectors. Hence, we assume
t; > \/cforlarge N in order to estimate Cy fully.

'Note that we restrict w to a bounded set £™, which is a technical condi-
tion employed for establishing the uniform convergence result in Theorem 1
presented later.
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3.2. Deterministic equivalent 5(w) and the optimal w*

Define the deterministic quantities k; = a'(81)v,va(6;) and
_ 2 .
S = 1 +Zg ﬁl ,© = 1,...,m, with §;; the Kronecker-delta func-

tion. We have the following result:
Theorem 1. [Deterministic equivalent] Let Assumption 1 hold. As

N,n — 00, SUpyepom |p(W) — p(w)| =25 0 where

_ . wIBw 4+ 2wTd + a
p(w)f (1+wTe)2

with
B = diag [s1k1(1 + t151), . ..
d= [S1k’1(1 + tl), ...

,Smkm(l + thm)] ’
>5mkm(1 + tm)]T )

e = [s1k17...,smkm]T, a=1 +th‘ki .
i=1

Proof: Details are provided in [14].

The following theorem provides the value W* = [}, ..., o},]"
that minimizes p(w).
Theorem 2. [Optimal weights] Under the setting of Theorem 1,
w"* = argmin p(w)
weLm
where, fori =1,...,m,
m  kj
* tz . Z =11,
W) = t;“ctfv (¥ —t;), withe = %
i Tt Zj:l é
Proof: Details are provided in [14].
3.3. Estimated optimal weights w* and proposed HMVDROM
The optimal weights w;, 7 = 1, ..., m, present in Theorem 2 cannot

be directly used in practice because of the involved unobservable
quantities, i.e., t; and v;. In the following we provide sample-based
consistent estimators of these optimal weights to address this issue.

Theorem 3. [Estimated optimal weights] Under the setting of The-
orem 1, for all large n with probability one, \; > 02(1 + \/CN)2,
t=1,...,m, and we have

[0 — ] % 0
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m
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where W] = M (1[1 — fi), in which ¢ =

m
j=1 ¢
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Algorithm 1 Proposed MVDR beamformer construction

1. Compute the optimized shrinkage parameters w;, ¢ =
1,...,m according to Theorem 3.

2. Form the precision matrix estimator :
~N—1 _ 1 m Ak H
Cuvor = 52 (IN + 2 Wi ua; )

3. Construct the MVDR beamformer:

-1
h _ Cuvpra(f)
MVDRopt — ~ .

atl (el)cililDRa(el )

Proof: Details are provided in [14].
This leads to our proposed MVDR beamformer, described in
Algorithm 1.

4. NUMERICAL SIMULATIONS

In our simulations, we consider a uniform linear array with NV iden-
tical omnidirectional sensors located half a wavelength apart. Each
data point is computed by averaging over 200 independent Monte-
Carlo trials. The sensor array receives m = 6 uncorrelated narrow-
band signals from the far field. The DoA of the Sol is ; = 0°,
while the DoAs of the interferers are 8> = 5°, 03 = 10°, 6, = 30°,
05 = 50° and 65 = 70°. The noise is complex Gaussian with mean
zero and variance one.

4.1. p-Performance and the deterministic equivalent

We first numerically study the convergence of our proposed algo-
rithm in terms of the function p. Define SNR = Z and INR =
% (taken to be the same for all ¢ = 2,...,m). In Fig. 1, for
SNR = 5 dB, INR = 30 dB and n = 2N, four quantities are
presented: the expectation E[p(W™)] (computed empirically) with
our proposed W™ in Theorem 3; the asymptotic deterministic equiv-
alent 5(w*) based on Theorem 1; the theoretical minimum (oracle)
pmin = 1/(c%a’?(6:)Cx'a(61)) and the expectation E[p(hsw)]
with the SMI. As expected, E[p(W")] converges to p(w™*) with the
increase of N and n. It is also demonstrated that 5(w™*) is close to
Pmin, indicating the near-optimal performance of our proposed ap-
proach. On the other hand, E[p(hsy)] is larger than E[p(w*)] over
the entire range of V.

4.2. Beamformer performance and comparison against previ-
ous methods

We compare the performance of IAlepRopt against the optimal
MVDR beamformer (3) with known C, as well as flsMI, the SMI
beamformer. For each method, we present the beampattern and
the output SINR. For these comparisons, we fix INR = 30 dB
and n = 2N = 200. Shown in Fig. 2(a), our method lleVDRopt
achieves significantly enhanced noise suppression compared with
hsw, in addition to placing deeper interference nulls. As for the
SINR performance, shown in Fig.2(b), the proposed beamformer



flMVDRopt uniformly yields higher SINR than heur and is quite
close to the optimal beamformer when SNR is low.
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Fig. 2. Beampattern and SINR performance comparison of
hyvpropt and hgyr (N = 100, n = 200).

Next, we compare with more advanced beamformers, which are
designed to at least partially overcome the problem of sample in-
sufficiency. One is the popular diagonal loading strategy hpr (see,
e.g., [6-8]), which employs the construction (4) with the covari-
ance matrix estimator Cn(¢) = (1 — ¢)Sn + @Iy where ¢ €
(0,1) is an empirically computed “oracle” solution, chosen to min-
imize the normalized total output power in (5). It provides the opti-
mal performance achievable with the diagonal loading method. The

S;,l agub
all,, Sy asu’
where asup = Y10, uiuf{a(ﬁl) [4,5]. The beampatterns of these
beamformers are shown in Fig. 3(a) for SNR = 5 dB. Despite that
ﬁEigsub exhibits slightly smaller “noise gain” than hpr, the pro-
posed HMVDRopt has a significantly improved response, suppress-
ing the noise the most. Fig. 3(b) shows the output SINR for different
SNRs where flMVDRopt uniformly displays the highest SINR, per-
forming comparable to leL and flEigsub at low SNR and high SNR
respectively.

While not shown due to space constraint, we have conducted
further comparison with MVDR beamformers constructed from al-
ternative spike-model-based covariance matrix estimators [9]. This
again revealed superior performance of our proposed method. Full
details are presented in [14].

other is the eigen-subspace beamformer hgigsup =
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Fig. 3. Beampattern and SINR performance comparison of
hyvDRopt, REigsub and hpr, (IV = 100, n = 200).
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