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0.1 Contact

Name COUILLET, Romain
Birth 18/03/1983 in Abbeville (Somme, France)

Status Assistant Professor at CentraleSupélec

Telecommunications Department, Group LANEAS, and Division Signals
Email romain.couillet@centralesupelec.fr
‘Web http://couillet.romain.perso.sfr.fr/

Address 3 rue Joliot Curie, 91192 Gif sur Yvette.

0.2 Education

Ph.D. in Physics (Telecommunications)
Location CentraleSupélec, Gif sur Yvette, France

Nov. 2010

Subject  Application of random matrix theory to future wireless flexible networks

Advisor  Mérouane Debbah
Topic Wireless Communications, Cognitive Radio.

M.S. in System of Communications (SiCom)
Location Telecom ParisTech, Paris, France
Grade Very Good (Tres Bien)
Topic Wireless communications, image processing, blind detection.

Engineering degree in Telecommunication
Location Telecom ParisTech/Eurecom Institute, Sophia Antipolis, France
Topic Mobile communications, embedded systems, computer science.

Preparation to Engineering School

Location Lycée Louis-le-Grand, Paris, France
Topic Mathematics and Physics.

0.3 Professional background

Assistant Professor
CentraleSupélec, Gif sur Yvette, France.

Development Engineer and PhD student Se
ST-Ericsson, Sophia Antipolis, France.

Mar. 2008

Sep. 2007

2001-2004

Jan. 2011-Present

p. 2007-Dec. 2010

Research Trainee, advisor R. Knopp Jul. 2006—Aug. 2006

Eurecom Institute, Sophia Antipolis, France.


http://couillet.romain.perso.sfr.fr/

0.4 Teaching activity

ENS Cachan, Cachan, France. since 2013
Subject Random matrix theory and applications
Details Master 2, lectures, 15 hrs/year
CentraleSupélec, Gif sur Yvette, France. since 2011
Subject Introduction to random matrix theory
Details Master 2, seminar lectures, 12 hrs/year
Subject Theoretical foundations of flexible radio networks
Details Master 2, seminar lectures, 12 hrs/year
Subject Techniques of scientific writing
Details Undergraduate and PhD, lectures, 12418 hrs/year
Subject Représentation statistique des signaux
Details Undergraduate, practical courses, 12 hrs/year
Subject Signaux et systémes
Details Undergraduate, practical courses, 12 hrs/year
Subject Filtrage numérique + Filtrage analogique
Details Undergraduate, practical courses, 32 hrs/year
Polytech Nice-Sophia, Sophia-Antipolis, France. 2010
Subject Digital communications
Details Master level, lectures, 24 hours
Subject Digital filtering
Details Master level, practical courses, 60 hours

The table above details my main teaching activities which amount to an approximate yearly
150 hours of practical course-equivalent hours (équivalent-TD). Most lectures are part of various
master programs (MVA at Cachan, SAR at CentraleSupélec), while my undergraduate teaching
activities are limited to practical courses along with an average of five student projects per year

(not accounted for in the table).

0.5 Research activity

My research activity is mostly involved with the mathematical study of large dimensional random
matrix models in view of their applications to signal processing at large. As a PhD student
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0.5. RESEARCH ACTIVITY

(2007-2010), the focus was primarily on the performance analysis of multi-user communication
systems (multiple access MIMO channels, broadcast channels, cognitive radio settings) as well as
on detection and estimation methods for wireless communication purposes. After my graduation
in Nov. 2010 I joined CentraleSupélec (by then Supélec) as an assistant professor (Jan. 2011)
where I still work within the Telecommunication Department. From 2011 on, I steered my
research orientation on random matrix theory towards array processing applications and opened
up my scope of research to a larger palette of random matrix models for various uses in signal
processing. In 2013, I initiated an important project on the random matrix study of so-called
robust estimators of scatter, a subject that had not received any attention at the time. This first
led to a fundamental technical result on the limiting behavior of robust estimators of the Maronna
type, which was then followed by several applied publications in array processing (with a novel
improved MUSIC algorithm for impulsive data and a novel improved GLR detector) as well as in
other fields (in finance with an improved method for Markowitz risk minimization for portfolio
optimization). These latest results contribute to a major extent to an ERC Grant program
(ERC MORE) for the period 2013-2017 that Mérouane Debbah, professor at CentraleSupélec
and principal investigator, and I built and received. To a lesser extent, the array processing
contributions are part of the ANR project DIONISOS (2012-2016) in collaboration with Telecom
ParisTech and the University of Marne la Vallée both located in the Parisian area.

The main findings of the latest two years of my research activity will form the main part of
the technical chapter of the present report.

As a result of these breakthroughs in robust statistics, I decided to launch a wider project
of my own on the random matrix analysis of system models at the crossroads between signal
processing and machine learning, thus extending the scope of my research to the big data
paradigm. The ambition is precisely here to understand and then improve on standard methods
used in machine learning (such as classification and clustering methods) and that have yet
received little attention in the large dimensional regime typical of big data. As a subset of the
many problems that this project covers, system models involved with graphs are quite common
and in need of a theoretical understanding. The random matrix analysis of such graphical
problems constitutes the core of the ANR JCJC RMT4GRAPH project (2014-2017) that I
received in 2014. This project shall serve as a ramp for a wider application to a second ERC
(Starting) Grant on random matrix tools for big data, with myself as a principal investigator.

0.5.1 Publication Record, Awards, and Projects

0.5.1.1 Publication Record (as of January 2015)

Publications Book: 1, Book chapters: 3, Journals: 25+, Conferences: 45+, Patents: 4.
Citations 879 (five best: 187, 131, 72, 43, 24)

h-index 15
110-index 23
Tutorials 6.

(see Section for a complete list of publications)
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The major means of diffusion of my results are through publications to mathematical journals
for the most theoretical part of my research (Elsevier Journal of Multivariate Analysis, Markov
Processes and Related Fields, etc.) and to information theory and signal processing IEEE
journals for the more applied research (IEEE Transactions on Information Theory, on Signal
Processing, etc.). I regularly attend international applied conferences and local workshops (par-
ticularly the IEEE Asilomar, ICASSP, and SSP conferences) where I present my recent results.
For the sake of broader diffusion of my research breakthroughs, I also regularly intervene as a
tutorial speaker in international conferences and write articles in larger scope magazines (IEEE
Signal Processing Magazine), along with book chapters, and books.

0.5.1.2 Awards

Throughout my activity as a researcher, some of our articles were awarded best article or
conference paper prizes. My first major achievement was my being awarded the EEA/GdR
ISIS/GRETSI best PhD thesis prize for my work as a PhD student. More recently, I was
elected recipient of the 2013 CNRS Bronze Medal in the section “science of information and
its interactions” and of the 2013 IEEE ComSoc Outstanding Young Researcher Award (EMEA
Region).

CNRS Bronze Medal (section INS2I) 2013
Awarding my work in Signal Processing and Wireless Communications as a young
researcher since 2008.

IEEE ComSoc Outstanding Young Researcher Award (EMEA Region) 2013
Awarding my work in Communications-related topics as a young researcher since
2008.

EEA/GdR ISIS/GRETSI 2011 Award of the Best 2010 Thesis 2011
Thesis “Application of random matrix theory to future wireless flexible networks”

Second prize of the IEEE Australia Council Student Paper Contest 2013
G. Geraci, R. Couillet, J. Yuan, M. Debbah, I. B. Collings, “Large System Analysis
of Linear Precoding in MISO Broadcast Channels with Confidential Messages”

Best Student Paper Award Final of the 2011 Asilomar Conference 2011
J. Hoydis, R. Couillet, M. Debbah, “Asymptotic Analysis of Double-Scattering
Channels”

Best Student Paper Award of the 2008 ValueTools Conference 2008

R. Couillet, S. Wagner, M. Debbah, A. Silva, “The Space Frontier: Physical Limits
of Multiple Antenna Information Transfer”
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0.5.1.3 Projects

As a PhD student, I contributed to the following projects.

Project Name Contribution
ANR SESAME 20% 2008-2012
FP7 NEWCOM++ 10% 2009-2011

As of January 2011, as an assistant professor at CentraleSupélec, I took a more active
part to several projects, some of which I essentially wrote on my own (ERC MORE, ANR
RMT4GRAPH, and HUAWEI RMTin5G projects).

Project Name Contribution

HUAWEI RMTin5G 100% (PI) 2015-2016
ANR RMT4GRAPH 100% (PI) 2014-2017
ERC MORE 50% 2012-2017
ANR DIONISOS 25% 2012-2016
FP7 NEWCOM# 10% 2012-2015

0.5.1.4 Visiting Appointments

Mathematics Department, North Carolina State University, NC, USA Nov. 2010
Host Jack W. Silverstein, professor at NCSU
Duration 1 month
Details joint work on statistical inference using random matrix theory

0.5.2 PhD thesis

Location CentraleSupélec, Gif-sur-Yvette, France and ST-Ericsson, Biot, France
Contract CIFRE (80% at ST-Ericsson, 20% at CentraleSupélec)

Advisor Mérouane Debbah, Professor at CentraleSupélec, France

Title Application of random matrix theory to future wireless flexible networks
Defense November 12th, 2010

Publications Book: 1, Book chapters: 2, Journals: 9, Conferences: 19, Patents: 4.

The subject of my PhD thesis involved the use of random matrix theory for the performance
analysis and the design of wireless communication systems as well as for the estimation and
detection of signal sources for cognitive radio protocols.

The fundamental interest behind random matrix theory for wireless communications lies its
ability to evaluate various functionals of (often large dimensional) matrices modelling wireless
channels, among which the ergodic capacity or sum rate of multi-antenna point-to-point or
multipoint fading channels. These evaluations provide an understanding of the performance of
sometimes complex (since large dimensional and mobile) communication systems from which
improved system designs can be considered. In terms of detection and estimation for wireless
communications, random matrix theory rather aims at retrieving hidden parameters in a likely
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large number of large dimensional vector observations, mostly by means of sample covariance
matrix analysis. For all these problems, most of the necessary mathematical background was only
loosely in place by 2008, in the sense that the system models of interest to wireless communication
and signal processing engineers had not been studied by mathematicians. This led a few groups
of researchers of our community, notably in the Parisian area, to tackle these mathematical
problems in view of these underlying applications.

My PhD project fell into this setting. My first concern was with the extension of the
capacity analysis of point-to-point multi-antenna (MIMO) ergodic channels to multipoint-to-
point systems, and particularly with the ergodic rate region of multiple access fading channels
with MIMO transmitters and receiver. Assuming correlation structures at both communication
ends of the wireless channel (modeled then as a Kronecker fading channel), my main contribution
was first to characterize this rate region thanks to new mathematical results for a random
matrix model of the type “sum of Gram matrices” and to establish the asymptotically rate
optimal precoders at the transmitters (that is the precoders used to closely reach the rate region
boundaries). This work was performed in collaboration with Jack W. Silverstein, professor at
North Carolina State University and world expert in random matrix theory. Aside conference
articles, this work is contained in:

R. Couillet, M. Debbah, J. W. Silverstein, “A Deterministic Equivalent for the Anal-
ysis of Correlated MIMO Multiple Access Channels”, IEEE Transactions on Infor-
mation Theory, vol. 57, no. 6, pp. 3493-3514, 2011. [Citations: 72]

In parallel, along with my colleague Sebastian Wagner, PhD student at the Eurecom Institute
with D. Slock at the time, we investigated linearly-precoded multi-user MIMO broadcast chan-
nels which are of fundamental importance to today’s 4G and 5G communication systems. Unlike
my previous work of a rather theoretical nature, the system models we considered were pushed
to an advanced degree of practical relevance. Specifically, we considered a setting in which a base
station equipped with multiple antennas serves a possibly large number of users in the down-
link through correlated fading channels, while only possessing estimates of the actual channels
(i.e., with imperfect channel state information). This study led to a fine characterization of the
achievable sum rates of such systems as a function of the channel state information at the base
station and as a function of the channel statistics. This in turn allowed for an improvement
of the precoding structures employed by such broadcast systems. These results and numerous
associated ones are collected in:

S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock, “Large System Analysis of Linear
Precoding in MISO Broadcast Channels with Limited Feedback”, IEEE Transactions
on Information Theory, vol. 58, no. 7, pp. 4509-4537, 2012. [Citations: 131]

In a similar setting, with my colleague Jakob Hoydis, by then PhD student at CentraleSupélec,
we studied the performance of a class of systems implementing isometric precoders which, al-
though of lesser practical use, constituted a first theoretical characterization of advanced models
of such precoder types. The main relevance of this article lay in the observation that, although
different in nature, the equations ruling the performance of precoders built upon matrices of
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0.5. RESEARCH ACTIVITY

independent entries or of isometric matrices take an outstandingly similar form, allowing one to
relate both a priori different system types. The results were reported in:

R. Couillet, J. Hoydis, M. Debbah, “Random Beamforming over Quasi-Static and
Fading Channels: A Deterministic Equivalent Approach”, IEEE Transactions on
Information Theory, vol. 58 , no. 10, pp. 6392-6425, 2012. [Citations: 24|

These works and a few others of least importance constituted the main core of the performance
analysis side of my PhD thesis.

In the course of the PhD it then occurred to us, as first random matrix-based results on
detection and estimation in signal processing started being brought forward, that such random
matrix tools could be developed and used in the context of spectrum sensing for cognitive radios,
and especially so for large dimensional systems (e.g., secondary networks made of several sensing
nodes capturing data from a primary multi-user MIMO network). As part of a one-month visit
to Prof. Jack W. Silverstein in North Carolina State University, NC, USA, we developed a
multi-user power estimation method based on recent array processing results for the estimation
of angles of arrival. The result we obtained takes a surprisingly simple form but allows for an
important performance gain against more classical non-random matrix based approaches. The
result, which may be considered as the most theoretically advanced while practically important
outcome of the PhD, is contained in:

R. Couillet, J. W. Silverstein, Z. Bai, M. Debbah, “Eigen-Inference for Energy Es-
timation of Multiple Sources”, IEEE Transactions on Information Theory, vol. 57,
no. 4, pp. 2420-2439, 2011. [Citations: 43]

In another article, using finite-dimensional random matrix considerations (a topic of rather
marginal interest of the PhD thesis), we also studied the performance of Bayesian-optimal
Neyman—Pearson tests for signal detection (in a cognitive radio setting although not restricted
to it) which we compared against large dimensional random matrix approaches provided a little
before by independent teams. The main outcome was to observe that, while the optimality
of our novel test obviously led to better performances than achieved by large dimensional ap-
proaches, the latter proved to loose so little in performance that their advantageous simplicity
easily overcomes this limitation. The results of this study are reported in:

R. Couillet, M. Debbah, “A Bayesian Framework for Collaborative Multi-Source
Signal Sensing”, IEEE Transactions on Signal Processing, vol. 58, no. 10, pp. 5186-
5195, 2010. [Citations: 22]

In parallel to these scientific contributions, an effort was made during the thesis to broad-
cast and teach random matrix theory to the wireless communication community mainly. This
was performed by means of several written tutorials, book chapters, book, and oral tutorials
delivered in international conferences during or soon after my PhD thesis. The contribution of
utmost importance is the redaction of a 600-page book on random matrix theory for wireless
communications covering both theoretical and applied aspects:

15



R. Couillet, M. Debbah, “Random matrix theory methods for wireless communica-
tions”, Cambridge University Press, 2011. [Citations: 187]

The tutorials in international wireless communication conferences, listed below, allowed us in
particular to reach an interested audience of up to fifty attendees to whom we taught basic
theoretical tools as well as advanced practical results.

R. Couillet, M. Debbah, “Random Matrix Theory for Signal Processing Applica-
tions”, IEEE International Conference on Acoustics, Speech and Signal Processing,
Prague, Czech Republic, 2011.

R. Couillet, M. Debbah, “Random Matrices in Wireless Flexible Networks”, Inter-
national Conference on Cognitive Radio Oriented Wireless Networks and Communi-
cations (Crowncom), Cannes, France, 2010.

R. Couillet, M. Debbah, “Eigen-Inference Statistical methods for Cognitive Radio”,
European Wireless, Lucca, Italy, 2010.

I defended my PhD thesis on November 12th, 2011 which was graded “Tres horonable” by
the following jury:

Mérouane Debbah  CentraleSupélec PhD advisor

Pierre Duhamel CNRS/CentraleSupélec President of the Jury
Walid Hachem CNRS/Telecom ParisTech Member of the Jury
Philippe Loubaton  Université de Marne la Vallée Examiner

Xavier Mestre CTTC Catalunya Examiner

Aris Moustakas University of Athens Member of the Jury

Jack W. Silverstein North Carolina State University Member of the Jury.

0.5.3 Activities as an Assistant Professor

Location Telecom. Department, CentraleSupélec, Gif-sur-Yvette, France
Position Assistant Professor (CDI)
Group leader Hikmet Sari, Professor at CentraleSupélec, France

Publication total Book: 1, Book chapters: 3, Journals: 28, Conferences: 47, Patents: 4.

Since January 1st, 2011, I hold a position as an assistant professor at CentraleSupélec,
Gif-sur-Yvette, within the Telecommunication Department. By then, while maintaining a side
occupation for new problems in wireless communication-related random matrix theory, I steered
my research orientation towards signal processing applications of random matrix theory and
increased my involvement in purely theoretical questions in the field. Generally speaking, I
started to realize at that time that the extent of applications that random matrix tools can
embrace extends well beyond the sole scope of wireless communications and that much more
results are awaited in the wider area of signal processing. This general state of mind, which
paralleled the ambition of my former advisor Mérouane Debbah, led the two of us to apply for
and be granted an ERC Consolidator Grant (with M. Debbah as the principal investigator) on
the development of mathematical tools for large dimensional systems (ERC MORE EC-120133).
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0.5. RESEARCH ACTIVITY

In collaboration with colleagues of the Parisian area (notably Walid Hachem, Philippe Loubaton,
Jamal Najim, Djalil Chafai, etc.) we also obtained an ANR grant on random matrix theory for
array processing (ANR DIONISOS).

Aside from marginal continuity work on my previous activities on the performance analysis
of large dimensional communication systems, as in our recent contribution to the design of
interference-aware linear precoders for multi-cell broadcast systems:

A. Miiller, R. Couillet, E. Bjornson, S. Wagner, M. Debbah, “Interference-Aware
RZF Precoding for Multi-Cell Downlink Systems”, (submitted to) IEEE Transactions
on Signal Processing, 2014.

my main remaining activity in wireless communications is oriented towards the second-order er-
ror probability performance of finite block-size MIMO communications. For such considerations,
first order convergence results of large dimensional random matrix functionals, as required in my
previous works, are no longer sufficient and one needs to move to second order results (central
limit theorems) for technically more complex random matrix models. Our main contribution
in this area was the determination of good lower and upper bounds on the error probability
performance of point-to-point fading systems for which the number of antennas at both trans-
mit and receive sides and the number of channel uses are of the same order of magnitude. The
respective impacts of the fading channel on the one hand and of the finiteness of the block length
on the other are easily isolated. Comparisons against practical (suboptimal) schemes were also
performed from which intuitive considerations were extracted. These results are reported in:

J. Hoydis, R. Couillet, P. Piantanida, M. Debbah, “A Random Matrix Approach to
the Finite Blocklength Regime of MIMO Fading Channels”, IEEE International Sym-
posium on Information Theory, Boston, Massachusetts, USA, 2012. [Citations: 13|

J. Hoydis, R. Couillet, P. Piantanida, “The Second-Order Coding Rate of the MIMO
Rayleigh Block-Fading Channel”, (to appear in) IEEE Transactions on Information
Theory. [Citations: 5]

As part of my research activity for the aforementioned projects (ERC-MORE and ANR-
DIONISOS), I initiated works on random matrix models of the spike-type; these can be seen
as small rank perturbations of well-understood random matrix models which have the same
eigenvalue behavior as these well-known matrices but for finitely many eigenvalues that enjoy an
exceptional (but of practical importance) behavior. Among the various applications of such spike
models, one involves the detection and localization of failures in a network whose interconnected
nodes report sequences of correlated data. Upon local failure in the network, the data correlation
matrix is perturbed in a rank-one modification fashion which the empirical sample covariance
matrix can exhibit and identify. These resulted are reported in the following article:

R. Couillet, W. Hachem, “Fluctuations of spiked random matrix models and failure
diagnosis in sensor networks”, IEEE Transactions on Information Theory, vol. 59,
no. 1, pp. 509-525, 2013. [Citations: 15]
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Subsequently, I took part of a more theoretical study of spiked models for more involved matrix
models. That is, instead of considering small rank perturbations of identity matrices, we studied
a more elaborate small rank perturbation model for generic matrices. This theoretical work
served as a support to a novel type of applications in array processing for signal buried in colored
noise (or spatially white noise with time correlation, such as a vector time series process). These
articles were respectively published in a mathematical and an applied journal:

F. Chapon, R. Couillet, W. Hachem, X. Mestre, “The outliers among the singular
values of large rectangular random matrices with additive fixed rank deformation”,
Markov Processes and Related Fields, vol. 20, pp. 183-228, 2014. [Citations: 6]

J. Vinogradova, R. Couillet, W. Hachem, “Statistical Inference in Large Antenna
Arrays under Unknown Noise Pattern”, IEEE Transactions on Signal Processing,
vol. 61, no. 22, pp. 5633-5645, 2013. [Citations: 5|

While the aforementioned lines of work followed more or less a natural gradual continuation
of my earlier works as a PhD student, based on rather classical random matrix tools, I was
recently proposed to study the large dimensional behavior of a random matrix model of profound
importance in the field of robust statistics but whose structure is quite unlike any work in the
random matrix theory literature. Those matrices, referred to as robust M-estimators of scatter,
are designed as an improvement of the classical sample covariance matrix against outliers or
impulsiveness among the collected data. As an M-estimator, the robust estimator of scatter is
the solution of an optimization problem which remains in general implicit, unlike the explicit
sample covariance matrix. From a random matrix technical outlook, this induces an involved
dependence structure between the entries of the matrix which classical random matrix tools
cannot tackle. During the last two to three years, I intensively studied these random matrix
models and made a series of substantial contributions which shall be discussed in Chapter [[I] of
this report. To start with, initially not managing to handle more interesting models, we began
to analyze a very simple model of robust estimators of scatter for vector observations made of
independent entries, the interest of which is in fact quite limited in robust estimation theory:

R. Couillet, F. Pascal, J. W. Silverstein, “Robust Estimates of Covariance Matrices
in the Large Dimensional Regime”, (to appear in) IEEE Transactions on Information
Theory, 2014, arXiv Preprint 1204.5320. [Citations: 19]

This work nonetheless allowed us to set the stage for our subsequent major contributions dealing
with more fundamental models of high practical relevance. The most fundamental result we
obtained deals with the robust estimate of scatter of the Maronna-type for elliptical vector
observations (as opposed to vectors made of independent entries). It was precisely discovered
that, in the large dimensional regime, such estimators show a close behavior to standard families
of random matrices of the “separable covariance” type, while significantly differing from the
standard sample covariance matrix obtained on the same samples. In particular, while the
latter usually has an asymptotically unbounded eigenvalue spectrum, the robust estimator of
scatter has a provably bounded spectrum which can be fully characterized. Moreover, any
outlying observation entails a possibly large isolated eigenvalue in the sample covariance matrix

18



0.5. RESEARCH ACTIVITY

spectrum, whereas robust estimates tame down the outlier contribution to the spectrum. The
details of this work are found in:

R. Couillet, F. Pascal, J. W. Silverstein, “The Random Matrix Regime of Maronna’s
M-estimator with elliptically distributed samples”, (to appear in) Elsevier Journal
of Multivariate Analysis, 2014. [Citations: 12]

Theoretical relevance set aside, the ability to approximate the structurally involved robust es-
timators by technically accessible and well-understood random matrix objects allows for the
design of new estimation techniques based on robust estimates of scatter (rather than on sam-
ple covariance matrices) for large dimensional systems. The main blessing of these techniques
lies in their controlling the natural spectrum spreading induced by heavy-tailed observations
and outliers, so for instance in models involving information and impulsive noise, where sample
covariance matrix-based approaches are either provably erroneous or at best inefficient. In the
simple case of a spiked-model extension of the aforementioned work, we devised such a statistical
inference technique along with a practical application to array processing under the form of a
novel improved MUSIC algorithm:

R. Couillet, “Robust spiked random matrices and a robust G-MUSIC estimator”,
(submitted to) Elsevier Journal of Multivariate Analysis, 2014, arXiv Preprint 1404.7685.

As is quite common to signal processing, to evaluate the performance of a given estimator (and
subsequently tune it appropriately), central limit theorems and second order variance figures are
often required. The asymptotic approximation results obtained in the previous contributions
are unfortunately too weak to ensure that central limit theorems for generic functionals of the
robust estimators of scatter extend to the same central limit theorems for the same functionals
applied to their approximations. In a recent work, we showed that this holds indeed true for
functionals of the quadratic form-type. That is, whenever the performance figure of interest is
a quadratic form induced by the (necessarily nonnegative definite) robust estimator of scatter,
the fluctuations of the quadratic form are in the limit the same as those of the quadratic form
induced by the approximating matrix. This result was applied to a fundamental GLR detection
problem in array processing and allowed for the introduction of a novel false-alarm minimizing
robust detector:

R. Couillet, A. Kammoun, F. Pascal, “Second order statistics of robust estimators of
scatter. Application to GLRT detection for elliptical signals”, (submitted to) Journal
of Multivariate Analysis, 2014.

The works above mainly considered the setting of impulsive noise following a given distribution
for all samples but only hand wavingly considered the impact of outliers among the observations.
In a recent work, we treated instead the scenario of non-impulsive regular data corrupted by a
certain quantity of outliers, and observed precisely the action of the robust estimators of scatter
on the individual observations. Our main findings are collected in:

D. Morales, R. Couillet, M. McKay, “The impact of outliers on large dimensional
robust estimators of scatter”, IEEE Conference on Acoustics, Speech and Signal
Processing (ICASSP’15), Brisbane, Australia, 2015.
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It was mentioned above that the robust estimators of scatter exhibit a close behavior to random
matrices of so-called separable-covariance model type. These models, somewhat studied in the
mathematical literature, are usually of lesser interest to practitioners to the point that some
fundamental results on the structural properties of the limiting spectrum for these models was
left unexplored. As part of a much theoretical project, we devised such an analysis in the
following article:

W. Hachem, R. Couillet, “Analysis of the limiting spectral measure of large random
matrices of the separable covariance type”, (submitted to) Random Matrix Theory
and Applications, 2013. [Citations: 6]

The last five listed works, along with the inspirational ideas and a few key technical lemmas
from the sixth to last reference, constitute the main core of our findings for this important
project.

More theoretically marginal but of practical importance, we extended the analysis of es-
timators of the Maronna-type to another important class of robust estimators derived from a
hybridization of Tyler’s robust estimator of scatter and Ledoit—Wolf’s famous shrinkage estimate
and which I shall refer to as robust-shrinkage estimators. Similar to the Maronna-type estima-
tors, the robust-shrinkage estimates asymptotically behave similar to a well-understood random
matrix from which improvement over classical applications may be brought. The interest of
the hybridization is to further improve the approximation of the population covariance matrix
by harnessing both the impact of outliers or impulsive noise and the impact of the paucity of
observations. This then finds applications in several problems related to the optimization of a
functional of population covariance matrices for which data are far from Gaussian and scarce. A
first main contribution in this area was to reconcile two schools which considered different nor-
malization procedures for the robust shrinkage estimator which we proved to be asymptotically
equivalent and in fact equivalent to a mere Ledoit—Wolf estimator for the impulsion-free obser-
vations. As a second contribution, we derived an online procedure for minimizing the Frobenius
norm between the robust shrinkage estimator and the population covariance matrix. In another
article, we provided an application to financial portfolio risk minimization, which proved on
actual financial datasets to systematically improve upon existing approaches. These results may
be found in:

R. Couillet, M. McKay, “Large Dimensional Analysis and Optimization of Robust
Shrinkage Covariance Matrix Estimators”, Elsevier Journal of Multivariate Analysis,
vol. 131, pp. 99-120, 2014. [Citations: 13]

L. Yang, R. Couillet, M. McKay, “Minimum Variance Portfolio Optimization with
Robust Shrinkage Covariance Matrix Estimator”, Asilomar Conference on Signals,
Systems, and Computers, Pacific Grove, CA, USA, 2014.

As a side comment, it is interesting to point out that the first of the two works above found an
unexpected application to distributed power minimization problems in wireless communications
(Sanguinetti et al., [2014).
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0.5.4 Present and Future Activities

My recent work on robust estimation brought recently to light the possibility for random matrix
theory to become a major enabling tool for the future big data challenge. Robust statistics may
indeed be considered as one device among others to handle large sets of heterogeneous data,
therefore bridging to some extent the gap between pure signal processing (where data are accu-
rately described in probabilistic terms) and machine learning (where data are merely collections
of inputs of possibly various nature, in particular prone to outliers). In the machine learning
realm, most questions relate to data clustering, classification in independent components, sudden
change detection, etc., where the data, of intrinsic heterogeneous nature, are barely modelled
probabilistically. The big data challenge consists in establishing efficient means of performing
these tasks for vast quantities of possibly large dimensional such data. Assigning probabilistic
models in a first approximation, whose inaccuracies may be corrected by tools such as robust
estimates, makes it arguably useful to consider the performance of machine learning algorithms
on large dimensional datasets.

This spirit guided the redaction of a proposal to the ANR Jeunes Chercheuses Jeunes
Chercheurs program, which I obtained in August 2014 (ANR RMT4GRAPH). In this program,
I propose to consider a subclass of the many big data problems that relate to large dimensional
graphs. Classical methods of machine learning, among which kernel methods (e.g., spectral
clustering) or echo-state neural network approaches, are indeed often associated to the spectral
properties of (possibly large and random) graphs. The random matrices involved are of various
structures often loosely studied by the random matrix community. I propose in particular to
study kernel random matrices for which only prior works of little practical relevance are available
and which are therefore waiting yet for useful results. Similar to the robust estimation of scatter
framework developed during the last two to three years, I expect to successively analyze the
performance of existing machine learning methods from a probabilistic viewpoint in order then
to improve these techniques. The objective of RMT4GRAPH and of the expected follow-up
programs is thus to develop an original framework of random matrix techniques to address a
variety of machine learning problems falling within the big data challenge.

0.5.5 PhD and postdoctoral students advising

0.5.5.1 PhD students having defended by 2015

Julia VINOGRADOVA 2011-2014
Subject Random matrices and applications to detection and estimation in array processing
Details 50%, with W. Hachem (Telecom ParisTech)

Publications 2 articles in IEEE-TSP, 2 IEEE conferences
Defense November 27th, 2014
Funding DIGITEO grant
Axel MULLER 2011-2014
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Subject Random matrix models for multi-cell communications

Details 50%, with M. Debbah (CentraleSupélec)

Publications 3 articles in IEEE-JSTSP (published), -TIT, -TSP, 5 IEEE conferences
Awards 1 best student paper award

Defense November 13th, 2014
Funding Private funding by Intel
Position Engineer at HUAWEI, Paris, France.

Axel Miiller. The PhD work of Axel Miiller involves the use of random matrix theoretical
tools to improve the performance of wireless communications in more practical future-oriented
scenarios. In particular, while most works prior to the thesis focused on single-cell communica-
tions omitting the existence of interfering adjacent cells and often assuming perfect knowledge
of the channel states of each point-to-point link, the purpose of the thesis was instead to turn
theoretical considerations into practice by incorporating as much complexity in the systems as
theoretically tractable. The major contributions (only a subset of all the work carried out) of
the thesis went into two specific directions.

The first main result deals with the performance analysis of polynomial precoders in a
downlink multi-user MIMO setting, which have the practical advantage to bear less complexity
than optimal linear precoders when a large number of antennas are used at the transmitter (such
as in a massive MIMO setting), yet perform better than matched-filters. An accurate estimation
of the weight parameters intervening in the precoder structure was performed to improve the
resulting system performance.

The second contribution is the development of a new precoder structure for multi-cell com-
munications with interference reduction. The latter is named ia-RZF for interference-aware
regularized zero-forcing precoder and is parametrized so to balance the power transmitted to
the legitimate users in the base station’s own cell against the power leakage compromising the
other cells’ users. By partial or full knowledge of the adjacent cell users’ channels, the afore-
mentioned parameters can be selected to optimize the overall cell throughput, which takes on
intuitive forms in simple system settings.

These works and others were the objects of two articles submitted to IEEE Transactions
on Information Theory and IEEE Transactions on Signal Processing, of one article published in
IEEE Journal of Selected Topics in Signal Processing, and of five conference articles presented at
the IEEE Global Communications Conference and the Workshop on Spatial Stochastic Models
for Wireless Networks in 2012, the IEEE Asilomar Conference on Signals, Systems, and Com-
puters in 2013, the EUSIPCO conference and the IEEE Sensor Array and Multichannel Signal
Processing Workshop in 2014. For the latter work, Axel Miiller received a best student paper
award.

Julia Vinogradova. The PhD thesis of Julia Vinogradova targeted the generalization of
recent random matrix methods of detection and estimation for array processing applications,
when the additive noise in the system has memory. This appropriately models situations of high
data sampling rate, hardware imperfections, large band interference, etc. In this setting, the
classical white noise assumption falls apart and so do many detection and estimation schemes
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that generally assume a temporally uncorrelated (often spatially white) noise setting. Two
specific considerations were made which constituted the major two results of the thesis: (i) the
noise temporal correlation has an a priori unknown structure and (ii) the noise is a stationary
time series with finite-time correlation structure thus modelled as a Toeplitz matrix. In both
settings, we assumed the noise i.i.d. across the antenna elements (so that noise correlation is
modelled as a single time-covariance operator) and we also supposed that the information carried
by the observation signal is a low rank perturbation perturbation of the noise-only signal.

In scenario (i), improved spiked-model based random matrix schemes were designed which
allow for detection and estimation of the information parameters, under two (unfortunately
rather stringent) assumptions: (i-a) the noise correlation structure is such that the resulting
noise-only sample covariance matrix does not exhibit isolated eigenvalues (that could be wrongly
detected as signal bearers) and more importantly (i-b) the information time correlation must be
white (to ensure that the product of time correlations which naturally intervenes in the calculus
prohibits the estimation). The crux of the method lies in gathering a sufficient statistics from
the main bulk of eigenvalues of the (time) sample covariance matrix to extract the required
knowledge on the noise correlation; this is then used along with the information versus noise
“freeness in time” to proceed to estimation upon isolated (signal bearing) eigenvalues.

In scenario (ii), a consistent Toeplitz correlation matrix estimate was designed, based on
a simple version of existing methods relying on Toeplitzifying the sample covariance matrix.
The major novelty is that this estimation is performed in spite of the presence of a low rank
information in the signal and does not require any arbitrary truncation procedure (which might
nonetheless improve our method if appropriately exploited). The Toeplitz estimate is then used
to approximately whiten the signal data from which, due to consistency in the random matrix
regime, the model becomes essentially equivalent to an information-plus-white noise model.
Classical detection and estimation schemes can then operate straightforwardly. Unlike (i), no
strong assumption is required but for the Toeplitz structure of the noise correlation.

These two works led to two articles published in IEEE Transactions on Signal Processing
and to two conference papers in ICASSP’13 and EUSIPCQO’14, respectively.

0.5.5.2 PhD students under my current supervision

Azary ABBOUD 2012-2015
Subject Distributed optimization for smart grids
Details 33%, with M. Debbah and H. Siguerdidjane (CentraleSupélec)
Publications 1 article in progress, 1 IEEE conference
Funding CentraleSupélec grant
Status Defense expected in Sept. 2015.
Gil KATZ 2013-2016
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Subject Interactive communication for distributed computing

Details 33%, with M. Debbah, P. Piantanida (CentraleSupélec)
Publications 1 IEEE conference
Funding ERC MORE
Status Defense expected in Sept. 2016.
Evgeny KUSMENKO 20152018

Subject  Random matrix and machine learning
Details  80%, with M. Debbah (CentraleSupélec)
Funding ERC MORE

Status Defense expected in 2018.

Adrien PELLETIER 2012-2014
Subject New random matrix tools for wireless communications
Details 50%, with J. Najim (University of Marne-la-Vallée)
Publications 1 IEEE conference
Funding DIGICOSME grant
Status PhD aborted, looking for PhD in mathematics.

Azary Abboud. In order to bring together various research entities within CentraleSupélec
and partly in relation to the ERC MORE on applications to smart grids, a PhD subject was
designed by M. Debbah, H. Siguerdidjane, and myself on communication tools for smart grids.
The PhD consists precisely in devising advanced distributed communication methods to opti-
mize the regulation of power grids. Azary Abboud, a student with expertise in communication
engineering, was selected for this position. Her work focuses on distributed optimization meth-
ods, such as the alternating direction method of multipliers (ADMM), which she analyzes from
a theoretical viewpoint.

Relying on recent publications on (random) asynchronous distributed adaptations of the
standard ADMM, she produced a practical application to asynchronous smart grids communi-
cations for power-flow optimization that guarantees convergence to the optimal solution of the
problem, while requiring little synchronization between the network nodes. The results of this
study were presented at the IEEE ICASSP conference in 2014. An extended version of this work
was then submitted to IEEE Transactions on Signal Processing and is currently under revision.

Gil Katz. One of the main directions of the ERC MORE project (aside from the random
matrix analysis of large systems) goes towards the theoretical analysis of large dimensional net-
works from an information theoretic perspective. Being a subject of his own interest, Pablo
Piantanida, assistant professor at CentraleSupélec, thus joined Mérouane Debbah and myself to
propose a PhD thesis on distributed computing for interactive communications. The idea behind
the subject is to establish tight performance lower and upper bounds for network distributed
computing problems accounting for the cost of data exchanges within the network. This ap-
proach tends to unite information theory, most of which restricted to communication questions,
and distributed signal processing, for which communications between nodes is only loosely con-
sidered. Gil Katz, former master student at Technion, Israel, specialized in information theory,
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was selected to carry out this task as PhD student.

A first article was published at the IEEE Allerton 2014 conference in which the exact region
of joint detection and estimation by a pair of nodes communicating over a lossy channel was
established. This work brought to light the difficulties to extend such considerations to more
than two nodes in the network, which the remainder of the PhD shall try to establish.

My personal involvement in the PhD relates to my earlier works on signal processing for
large dimensional systems. As of now, since the work concentrates mostly on two-nodes commu-
nication networks, my contribution has remained limited, P. Piantanida having handled most of
the supervision of the PhD student.

Evgeny Kusmenko. Straddled across the ERC MORE and the RMT4GRAPH project, an
objective of present research is to better understand the structure of random matrices describing
graphical models. In particular, the focus of the PhD is here on the spectrum of kernel random
matrices and their associated Laplacian matrices. Applications are numerous and of particular
interest to machine learning topics, such as that of spectrum clustering. Evegeny Kusmenko, who
started his PhD in January 2015, will have the dual task of extracting the relevant features and
open questions of theoretical machine learning and of analyzing random matrix models about
which the current literature is quite scarce. As machine learning is a topic of high practical
relevance in various fields (rather than one of theoretical predominance), another aspect of
the PhD consists in connecting both practical and theoretical considerations to bring to light
fundamental design elements in the so far quite heuristic machine learning methods. Evgeny
Kusmenko received a solid background in engineering from TU Dresden, specialized in wireless
communications.

Adrien Pelletier. Random matrix theory has provided a large amount of fundamental results
for the performance analysis, optimization, and improved design of large dimensional wireless
communication systems. The technical tools to tackle the majority of problems of present
interest have now been in place for a few years. Nonetheless, these tools are mostly adequate to
fast channel fading considerations in local single- or several-cell scenarios with fixed terminals.
In parallel the opposite large-scale long-term fading consideration is tackled by tools such as
stochastic geometry, however for restrictively simple communication systems. The PhD thesis,
under a DIGICOSME grant, intended to devise new tools at the boundary between random
matrix theory and stochastic geometry to handle such problems. More generally, the PhD had
the ambition to propose a fresh toolbox of random matrix methods for large communication
systems. As such, the PhD was of a quite theoretical nature and required the expertise of a
student with strong mathematical background. Adrien Pelletier, MSc. at Cachan and MSc. at
Paris VI in probability theory, was selected for these skills.

During the first year of his PhD we produced a new result for the joint performance of
multiple users in a single-cell communication scenario (uplink and downlink). This (a priori
initial) work was published at the 2013 IEEE Asilomar Conference and was in the process of
being extended to a journal article (extension for a more general model). However, after a year
of work, Adrien Pelletier’s involvement in his PhD started to decay dramatically (regular long
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absences from work, complete absence of production, no answer to email exchanges) so we had
to take the decision to interrupt the PhD after two years.

0.5.5.3 PhD student open position

PhD-1 20152018
Subject  Random matrix and graphical models
Details  100%
Funding ANR JCJC RMT4GRAPH
Status Defense expected in 2018.

PhD-1. The ANR JCJC project RMT4GRAPH is built on two major pillars: the analysis
of specific graphical Hermitian random matrix models, such as symmetric kernel matrices, and
the study of more fundamental non-Hermitian matrices with i.i.d. entries modelling more ele-
mentary random directed graphs. Of interest in particular will be the spectrum analysis (from
weak eigenvalue convergence to isolated eigenvalue considerations) of advanced models in which
e.g., the matrix entries have a variance profile rather than purely i.i.d. entries or exhibit some
correlation pattern. These models find numerous applications in systems surrounding random
graphs, such as neural networks. In the latter example, the dynamics of the system is ruled
by the amount of isolated eigenvalues of the random matrix which is therefore an object of
fundamental relevance. The PhD will tend to produce theoretical results in this direction.

0.5.6 Full publication record (with clickable links)

In this section are listed all publications in book, journals, and conferences. Dark blue titles in
the electronic version of the report are clickable URL links allowing for an immediate access to
the article. The section starts by a list of the most cited publications overall and restricted to
articles produced after my PhD thesis.

0.5.6.1 Five most cited publications overall

Article Cites

R. Couillet, M. Debbah, |“Random Matrix Methods for Wireless Communications,” 187
Cambridge University Press, 2011.

S. Wagner, R. Couillet, M. Debbah, D. T. M. Slock, “Large System Analysis of Linear 131
Precoding in MISO Broadcast Channels with Limited Feedback”, IEEE Transactions
on Information Theory, vol. 58, no. 7, pp. 4509-4537, 2012.

R. Couillet, M. Debbah, J. W. Silverstein, “A Deterministic Equivalent for the Analysis 72
of Correlated MIMO Multiple Access Channels”, IEEE Transactions on Information
Theory, vol. 57, no. 6, pp. 3493-3514, 2011.
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R. Couillet, J. W. Silverstein, Z. Bai, M. Debbah, |“Eigen-Inference for Energy Estima-
tion of Multiple Sources”, IEEE Transactions on Information Theory, vol. 57, no. 4,
pp- 2420-2439, 2011.

R. Couillet, J. Hoydis, M. Debbah, |“Random beamforming over quasi-static and fading
channels: A deterministic equivalent approach,” IEEE Transactions on Information
Theory, vol. 58, no. 10, pp. 6392-6425, 2012.

0.5.6.2 Five most cited publications produced after 2011

Article

R. Couillet, F. Pascal, J. W. Silverstein, “Robust Estimates of Covariance Matrices in
the Large Dimensional Regime,”| (in Press) IEEE Transactions on Information Theory,
arXiv Preprint 1204.5320, 2014.

G. Geraci, R. Couillet, J. Yuan, M. Debbah, I. B. Collings, “Large System Analysis
of Linear Precoding in MISO Broadcast Channels with Confidential Messages,” IEEE
Journal on Selected Area in Communications, vol. 31, no. 9, pp. 1660-1671, 2013.
2nd prize of the 2012-2013 IEEE Australia Council Student Paper Contest.

R. Couillet, W. Hachem/“Fluctuations of spiked random matrix models and failure
diagnosis in sensor networks,”| IEEE Transactions on Information Theory, vol. 59, no.
1, pp. 509-525, 2013.

J. Hoydis, A. Miiller, R. Couillet, M. Debbah, “Analysis of Multicell Cooperation with
Random User Locations Via Deterministic Equivalents,”| Eighth Workshop on Spatial
Stochastic Models for Wireless Networks, Paderborn, Germany, 2012.

R. Couillet, M. McKay, |“Large Dimensional Analysis and Optimization of Robust

Shrinkage Covariance Matrix Estimators”| Elsevier Journal of Multivariate Analysis,
vol. 131, pp. 99-120, 2014.

0.5.6.3 Books

43

24

Cites

19

18

15

15

13

e R. Couillet, M. Debbah, “Random Matrix Methods for Wireless Communications,” Cam-

bridge University Press, 2011.

— Content: Theoretical random matrix tools (finite dimensional analysis, limiting spec-
tral laws, free probability, deterministic equivalents, statistical inference) and ap-
plications to wireless communications (SU-MIMO, MU-MIMO, CDMA, detection,

estimation, channel modelling).
— Nb. pages: 600+.
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0.5.6.4 Book Chapters

e Chapter “Random matrix theory” in E. Serpedin, T. Chen, D. Rajan, “Mathematical
Foundations for Signal Processing, Communications and Networking”, CRC Press, Taylor
& and Francis Group, 2011.

e Several chapters in J. Palicot, C. Moy, M. Debbah, R. Couillet, H. Tembine, “De la radio
logicielle a la radio intelligente”, Hermes-Lavoisier Editions, 2010.

e Chapter “Fundamentals of OFDMA Synchronization” in T. Jiang, L. Song, Y. Zhang, “Or-
thogonal Frequency Division Multiple Access Fundamentals and Applications”, Auerbach
Publications, CRC Press, Taylor & and Francis Group, 2010.

0.5.6.5 Publications in Journals and Magazines

Mathematics

e R. Couillet, F. Pascal, J. W. Silverstein, “The Random Matrix Regime of Maronna’s
M-estimator with elliptically distributed samples” (to appear in) Elsevier Journal of Mul-
tivariate Analysis, 2013.

e Y. Chitour, R. Couillet, F. Pascal |“On the convergence of Maronna’s M-estimators of
scatter”| IEEE Signal Processing Letters, vol. 22, no. 6, pp. 709-712, 2014.

e R. Couillet, W. Hachem, |“Analysis of the limiting spectral measure of large random ma-
trices of the separable covariance type”, Random Matrix Theory and Applications, vol. 1,
pp- 1-23, 2014.

e F. Chapon, R. Couillet, W. Hachem, X. Mestre, “The outliers among the singular val-
ues of large rectangular random matrices with additive fixed rank deformation,” Markov
Processes and Related Fields, vol. 20, pp. 183-228, 2014.

e R. Couillet, F. Pascal, J. W. Silverstein, |“Robust Estimates of Covariance Matrices in the
Large Dimensional Regime,” (to appear in) IEEE Transactions on Information Theory,
arXiv Preprint 1204.5320, 2014.

Signal Processing

e R. Couillet, “Robust spiked random matrices and a robust G-MUSIC estimator”| (submit-
ted to) Elsevier Journal of Multivariate Analysis, 2014, arXiv Preprint 1404.7685.

e R. Couillet, A. Kammoun, F. Pascal, |“Second order statistics of robust estimators of
scatter. Application to GLRT detection for elliptical signals”| (submitted to) Elsevier
Journal of Multivariate Analysis, 2014, arXiv Preprint 1410.0817.

e R. Couillet, M. McKay, “Large Dimensional Analysis and Optimization of Robust Shrink-
age Covariance Matrix Estimators”| Elsevier Journal of Multivariate Analysis, vol. 131,
pp. 99-120, 2014.
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J. Vinogradova, R. Couillet, W. Hachem, “Estimation of Toeplitz covariance matrices in
large dimensional regime with application to source detection large”, (to appear in) IEEE
Transactions on Signal Processing, 2013.

e J. Vinogradova, R. Couillet, W. Hachem, “Statistical Inference in Large Antenna Arrays
under Unknown Noise Pattern,” IEEE Transactions on Signal Processing, vol. 61, no. 22,
pages 5633-5645, 2013.

e J. Yao, R. Couillet, J. Najim, M. Debbah, “Fluctuations of an Improved Population Eigen-
value Estimator in Sample Covariance Matrix Models,”| IEEE Transactions on Information
Theory, vol. 59, no. 2, pp. 1149-1163, 2013.

e R. Couillet, M. Debbah,“Signal Processing in Large Systems: a New Paradigm,” IEEE
Signal Processing Magazine, vol. 30, no. 1, pp. 24-39, 2013.

e R. Couillet, W. Hachem/“Fluctuations of spiked random matrix models and failure diag-
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Chapter 1

Foreword

1.1 Timetable of the technical contributions

The report introduces a contribution of my recent research activities, which I consider to be
the most advanced and elaborate work I have conducted so far and to be an appropriate topic
to account for my latest research as an assistant professor at CentraleSupélec. Indeed, quite
unlike my other activities which are to some extent in natural continuation to existing works,
this work results from an open discussion back in September 2011 with my colleague Frédéric
Pascal at CentraleSupélec on an ambitious problem never considered in the literature at that
time: that of analyzing the behavior of robust M-estimators of scatter in the random matrix
regime. This discussion led to several months of frustrating trials and errors until an important
first breakthrough was made in early 2012. This breach in the problem was large enough to
produce a first article (Couillet et al., 2014b) which set the stage to future work but for which we
had to assume hypotheses of little practical relevance, i.e., that the data vectors upon which the
M-estimator is built have independent entries. As such, in spite of the important breakthrough
from our outlook, this article suffered a lot of criticism and little understanding from the research
community.

It then took yet another year, after again several months of vain explorations, to finally reach
the most fundamental result of this work, which anecdotally resulted from a sudden inspirational
albeit simple idea. The complete derivation of the main theorem was heavily technical but the
crux of the proof still lay in this one simple ingredient. The result consisted in the understanding
of the large dimensional behavior of the M-estimator for elliptically distributed data vectors. The
main theorem shows that the M-estimator can be asymptotically well approximated by a random
matrix model of the separable variance profile type, which we had incidentally recently analyzed
in depth in (Couillet and Hachem, [2014). The result got published in (Couillet et al., |2013), a
work which we broadly advertised and which received quite positive feedback. If structurally
central to the work, the result however remained of a theoretical nature, but applications could
easily be derived from it. A first application consisted in appending a small perturbation to the
elliptically distributed data model (that in applications stands for impulsive noise observations)
to account for the presence of informative signals. Technically, this merely boiled down to
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developing a spiked version of the model studied in (Couillet et al., 2013). This entailed yet
another important article (Couillet} |2014), of practical interest this time, the main contribution
of which was the introduction of an improved MUSIC algorithm for array processing which
accounts both for large system dimensions and for noise impulsiveness. In recollection, this
precise application was considered two years before as the ultimate, most likely infeasible, task
I had expected to achieve in this vast project.

All these contributions mainly rely on finding an asymptotically (as the system dimensions
get large) close matrix approximation of the M-estimator having the key property of being
mathematically tractable, unlike the M-estimator itself. For practical purposes though, when
devising consistent estimators (as with the improved MUSIC estimator of (Couillet, 2014)),
for fair comparison against other consistent estimators or for appropriate selection of a free
parameter in the model, one requires not only consistency results but second-order statistics
(i.e., finite dimensional variance or central limit theorems). To delve into such considerations,
the aforementioned matrix approximation of the M-estimator needs be very accurate in the
sense that the approximation error (in spectral norm difference) must remain small enough not
to induce additional fluctuations in the second-order regime of the M-estimator. Unfortunately,
simulations suggest that this error is too large to allow for a simple analysis. Nonetheless, for
many practical applications, the eventual objective function often deals with quadratic forms
involving the M-estimator. For these quadratic forms, it turned out that the approximation error
(obtained by replacing the M-estimator by its matrix approximation) is significantly reduced
due to a salutary fluctuation self-averaging effect. The latter makes the error smaller than the
fluctuations of the quadratic form of interest, which further allows for an easy study of these
fluctuations. Being a technically heavy work, instead of studying the fluctuations of the improved
MUSIC algorithm (which we however strongly believe to behave the same), we restricted our
attention to a simpler application in robust signal detection by generalized likelihood ratio
tests. This unfolded into a novel false-alarm rate minimizing estimator which again accounts for
both large system sizes and noise impulsiveness, and the second-order performance of which is
accurately determined. This work was published in (Couillet et al., [2014a).

The latter contribution constitutes the last technically challenging result of this whole line of
work since 2012, which I conducted in collaboration with Frédéric Pascal, assistant professor at
CentraleSupélec and expert in robust statistics, Abla Kammoun, postdoctoral student at King
Abdullah’s University of Science and Technology and expert in advanced technical considerations
in random matrix theory, as well as Jack W. Silverstein, professor of mathematics at North
Carolina State University and one of the pioneers of the random matrix theory. Frédéric Pascal
was at the onset of the whole work and brought to light the intuitive notions behind robust
estimation. Abla Kammoun enriched several technical discussions throughout these years and
contributed among other things to prove a lemma of fundamental importance in (Couillet et al.
2014a). As for Jack Silverstein, he took part to the early work in relation with the first articles
and provided some interesting ideas and references to handle a few nontrivial technical details
of these articles.

Once we had obtained a first set of important results in early 2013, we could envision a much
wider applicative scope than I had initially anticipated. I started at that point to share these,
by then vague, ideas to several colleagues, among which Walid Hachem, Philippe Loubaton, and

40



1.1. TIMETABLE OF THE TECHNICAL CONTRIBUTIONS

Leonid Pastur, the three of whom are known for their contributions to both theoretical and
applied random matrix theory. All of them showed a deep interest in the work, although it was
not until I later met with Matthew McKay, professor at Hong Kong University of Science and
Technology, that the work broadened towards other models and other applications. His own
interest in shrinkage estimation methods along with my interest in robust statistics led us then
to work on so-called robust shrinkage methods which had been studied at several occasions in the
literature but never really took off for lack of appropriate theoretical tools. Together we wrote
an article on such robust shrinkage methods based on rather simpler proof techniques almost
immediately deriving from (Couillet et al., |2013). Our main finding, published in (Couillet and
McKay, 2014), was to show that the two types of robust shrinkage estimators studied in parallel
in the literature, each of which claimed by the authors to be better than the other (for rather
unclear reasons), turn out to be asymptotically equivalent for elliptical data and to be equivalent
to the well-known Ledoit—Wolf shrinkage estimator obtained for a scaled version of the data.
An algorithm was devised in the same article to determine the asymptotically best shrinkage
approximation of the population covariance matrix in terms of Frobenius norm error. Such
techniques have the advantage of accounting for impulsiveness in the vector norms and also of
benefiting from the positive effect of linear shrinkage methods a la Ledoit—Wolf when only few
observations are available. As a concrete application of this result, along the same lines, a risk
minimizing robust estimator for portfolio optimization in finance was then proposed in (Yang
et al.l 2014) which, from a purely simulation-based standpoint, proved to often (if not always)
outperform alternative methods of the literature.

Although these various applications constituted a much lesser theoretical thrill and were
restricted to specific models, they underline the important potential that robust estimation
in the random matrix regime may bring to many other similar problems relying on sample
covariance matrices but expecting instabilities due to impulsiveness in the model.

From an even deeper practical standpoint though, all these contributions kept considering
the M-estimation side of the “robust M-estimators”, in that data were until that point assumed
to be clean elliptically distributed vectors (i.e., impulsiveness in the noise means heavy-tailed
randomness in the norm of a conditionally Gaussian noise vector). As we got increasingly
acquainted with the subject, we realized that some of our results suggested that (i) under these
assumptions the M-estimators are sometimes asymptotically no better than other much simpler
estimators (such as per-sample normalized sample covariance matrices) and (ii) when it comes
to selecting an optimal M-estimator from a given class of estimators for a specific problem, these
assumptions sometimes led to trivial optima (such as finding that the optimal estimator within
the open Maronna class is the Tyler’s estimator which no longer belongs to the Maronna class).
These two negative features however do not take into account the robust aspect of the estimator
in the sense that the simpler models of Item (i) and the trivial solutions of Item (ii) are naturally
extremely sensitive to the introduction of some types of outliers in the observed data. As such,
the results of our works at this point, not integrating the outlier-resilient component, could lead
to unfortunate hasty conclusions. In fact, once faced with real data such as financial time series
(instead of synthetic data), the robust estimators we devised often proved in stark opposition to
these conclusions. It is in particular at first quite surprising to observe that robust estimators
acting on supposedly close-to-elliptical real data, and thus presumably no better than some
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theoretically equivalent methods for elliptical data, often show an outstanding performance gain
against these. Since integrating elliptical vectors and outliers in a joint model would lead to too
specific models and would ill serve our purpose, in order to bring these observations to light, we
recently investigated the action of the robust M-estimators on Gaussian data corrupted by rare
(deterministic or random) outliers. We understood through this work the fundamental hinges
on which robust estimators adequately tame down the impact of the outliers. A noticeable
observation was that, while strong-energy outliers are nicely harnessed by most M-estimator
families, outliers of weak amplitude could provoke dramatic performance loss for certain types
of M-estimators and particularly for those M-estimators which would systematically perform best
in outlier-free scenarios (such as the Tyler estimator which suffers from weak energy outliers).
From a technical viewpoint, the latter work does not meet much difficulties but instead follows
rather straightforwardly from the results in (Couillet et al.l 2013)).

1.2 Outline

The report describes in full technical details the aforementioned contributions following the
chronological thread described above.

Before getting into the actual contributions, Chapter [2| provides an introduction to the main
notations and objects under study in the report along with some mostly hand-waving discussions
that should bring some important insights to the reader. This, we expect, will help the reader
through the manuscript.

As the main results take the form of an approximation of M-estimation matrices by random
matrices of the separable variance type, our first technical section, Chapter (3| shall recollect the
latest findings about the spectrum of such important mathematical objects. The (recent) results
of this section are extracted from

W. Hachem, R. Couillet, |“Analysis of the limiting spectral measure of large random
matrices of the separable covariance type”, Random Matrix Theory and Applications
(under revision).

Having set a solid theoretical ground for the mathematical objects under study, we shall
then be in position to introduce the most fundamental result of the present manuscript and to
describe its proof in length. This result, on the asymptotic equivalence between robust estimators
of scatter of the Maronna class for elliptical data and a certain random matrix model, along
with its associated proof, are presented in Section of Chapter [4] and are an excerpt of

R. Couillet, F. Pascal, J. W. Silverstein, |“The Random Matrix Regime of Maronna’s
M-estimator with elliptically distributed samples”, (to appear in) Elsevier Journal
of Multivariate Analysis.

The second part of Chapter 4] Section describes the extension of this work to a perturbed
elliptical noise model of the data and the resulting improved detection and estimation procedures,
in particular to array processing. The results from this section closely follow the article
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1.2. OUTLINE

R. Couillet, “Robust spiked random matrices and a robust G-MUSIC estimator”,
(submitted to) Elsevier Journal of Multivariate Analysis.

The adaption of the results for the robust M-estimate of the Maronna type to the hybrid
robust shrinkage model is subsequently discussed in Chapter [5] The main results and technical
proofs are first provided in Section It is to be noted that, while the proof for the so-called
Chen model first relies on some additional technical ingredients and is moreover rather hard to
follow, the proof for the Abramovich—Pascal estimate is quite easy to understand and is in fact
much simpler than that of the Maronna M-estimator of the previous section. The innate reason
for this simplicity lies in the spectral norm boundedness of the robust estimate inverse ensured
by the shrinkage component. The reader finding it hard to follow the proof for the Maronna
estimator, the readability of which gets reduced by technical aspects of spectral norm control
and other similar subtleties, should be more at ease with the present section. These results,
along with some immediate applications to Frobenius norm minimizing robust shrinkage, follow
from the article

R. Couillet, M. McKay, |“Large Dimensional Analysis and Optimization of Robust
Shrinkage Covariance Matrix Estimators”, Elsevier Journal of Multivariate Analysis,
vol. 131, pp. 99-120, 2014.

The adaptation of these results to yet another minimization problem, that of minimizing risk in
the Markowitz portfolio optimization problem is treated next in Section This result and its
complete proof, which follows from classical derivations not fully reproduced here, are found in:

L. Yang, R. Couillet, M. McKay, “Minimum Variance Portfolio Optimization with
Robust Shrinkage Covariance Matrix Estimator”, on-going work.

The next section, Chapter [0 introduces our results on second-order statistics for quadratic
forms built upon hybrid robust shrinkage estimators and an associated application in signal
detection. The choice of hybrid robust shrinkage estimators against Maronna type estimators
was mostly made out of mathematical simplicity, for the reasons evoked above, and is mostly
instrumental to the understanding of similar second-order results for robust estimators. The
proof of the result, however complex and quite involved, is thus at least not overloaded by
additional technical aspects. This proof is presented in full length in Section[6.1] The application
of this result to a robustness-improved generalized likelihood ratio test appropriate for source
detection in impulsive noise environments is then introduced in Section These results are
originally found in:

R. Couillet, A. Kammoun, F. Pascal, |“Second order statistics of robust estimators
of scatter. Application to GLRT detection for elliptical signals”, (submitted to)
Elsevier Journal on Multivariate Analysis.

Finally, the report will be concluded by an account of the effect of robust estimators of the
Maronna type on data collections which, unlike in the previous sections, include outliers. The
results in this section, Chapter |7 provide a clear understanding of the “magic in play” that
many simulation trials on actual real-world data convey. These are mostly extracted from
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D. Morales, R. Couillet, M. McKay, “Large dimensional analysis of Maronna’s M-
estimator with outliers”, on-going work.
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Chapter 2

Introduction

The present work discusses our first breakthroughs in an, as of 2012, unexplored yet fundamental
research field: that of robust statistics in the random matrix regime. Before precisely defining
what we mean by the latter and discussing our contributions, let us start by motivating the
work by a fifty-year old challenge.

2.1 Motivation

Back in the sixties, John W. Tukey, who became famous for his contributions to modern signal
processing, was one of the first to understand the important need for improved mathematical
methods to automatically deal with large datasets. Fifty years later, the demand for big data
analysis tools has grown fast and has now become a topic of major concern in the statistics
and signal processing communities. Of particular importance among big data challenges is the
stringent need for breaking the curse of dimensionality that naturally occurs when dealing with
exact statistics of large dimensional populations. Recent mathematical tools have made it clear
that the curse of dimensionality paradigm can be turned into a “dimensionality blessing”, a term
coined by the statistician David L. Donoho in (Donoho| 2000). The key idea somehow follows
from a similar viewpoint as long taken in statistical mechanics by which the many degrees of
freedom (or randomness) in both the system observations and the system dimensions result in
a statistical “hardening” effect, such as met in probability theory with the classical law of large
numbers.

Random matrix theory is one of today’s major driving tools (along for instance with compres-
sive sensing) for bringing dimensionality blessings in signal processing, although its roots date
back to the works of Vyacheslav Girko on generalized statistics (Girko, 1987). Let us describe
how generalized statistics provide dimensionality blessings. Denoting X = [z1,...,z,] € CN*"
the matrix of n stacked observed random data 1, ..., z,, with z; € CV, it is assumed that N
and n are both large but that the ratio N/n is non trivial (i.e., sufficiently remote from zero or
infinity). This regime is appropriate to model engineering systems built upon a large number N
of nodes which extract n successive observations of a shortly stationary environment. Statistical
methods based on X mostly rely on functionals of the type [ f(X)u(dX), with u the measure of
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the joint entry distribution of X, which are usually difficult objects to evaluate. Moreover, since
the paradigm n > N is not valid here, classical asymptotic statistics (law of large numbers and
central limit theorems relying on n — oo and N fixed) are impractical. This is mostly what char-
acterizes the curse of dimensionality for large data matrix operations. Spurred by the ideas of
Girko, the last ten years of random matrix studies for signal processing have successfully turned
these curses into blessings, in particular by providing improved methods that supplement and
often largely outperform classical asymptotic signal processing techniques; among those meth-
ods are notably novel detection and estimation techniques for array processing (Mestre, |2008b
Couillet et al., 2011b)). Technically speaking, the dimensionality blessings appear whenever,
in addition to independence between the vectors {z;}!" ;, degrees of independence among the
entries of the vectors are exploited (Bai and Silverstein, 2009)) (or more generally when a con-
centration of measure phenomenon can be exhibited (El Karoui, 2009)). Now, since each x; may
be built upon up to O(N) statistical degrees of freedom and since N = O(n) in the large random
matrix assumptions, exploiting these degrees of freedom often results in fast converging meth-
ods, with in particular central limit theorems with speed O(n) instead of the standard O(y/n).
This empowers methods originating from random matrix theory against classical asymptotic
approaches, even for N not so large as often observed in practice.

Another point made by Tukey was that practical data, upon which statistical treatment is
to be performed, often diverge from their expected model. Since practical systems are often
designed out of modelling, this lack of control on data negatively affects the system to a point
usually not accounted for. Along with Peter Huber, Tukey then became one of pioneers of the
then new field of robust statistics. The latter precisely consists in determining the impact of ill-
behaved data on systems and in designing improved systems that cope with such shortcomings
(Huber, 1964). Today robust statistics form a rich research field, see e.g., (Maronna et al.
2006)), the major contribution of which being the elaboration back in the seventies of various
classes of robust estimators of mean and variance and of robust regression estimators. These
robust estimators owe their appellations to the fact that they are optimal in their being weakly
affected by many or arbitrarily ill-behaved outliers among the dataset. Robust statistics have
even come up with metrics to gauge the robustness of various estimators, among which the
influence function (measuring the degree of negative impact of the introduction of few outliers)
and the breaking point (measuring the proportion of outliers that an estimator can tolerate
before becoming arbitrarily biased) are the most important representatives. The research in
robust statistics, which thrived in the seventies and eighties, however slowly lost momentum in
the subsequent decades. A probable explanation relates to the fact that the tools developed
in this field inherently take mathematically intractable forms. As a telling example, which we
shall study throughout these notes, consider the estimation of population covariance matrices
from observed samples. While the known sample covariance matrix is a mathematically simple
and thus practical estimate for the population covariance matrix, it is highly not robust against
outliers or heavy-tailed distributions; its natural robust counterpart is extremely more powerful
in its resilience to outliers, but it suffers from its being only defined as the solution of a fixed-
point equation and thus lacks mathematical tractability. Robust statistics have come up with
important results on the performance of the estimators themselves, however only in the regime
where the number of observed data is extremely large. Also, when used as a plug-in estimator for
other purposes than merely estimating population covariance matrices, the resulting estimator
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statistics quickly become unmanageable.

This report studies the behavior of robust estimators of scatter in the regime where the
number of observations n and the population size N are both large. As shall be seen, our main
finding is to realize that, for various classes of data distributions of practical interest, these
estimators — which we recall have an intrinsic intractable structure — asymptotically behave
similar to simple and well-understood classes of random matrices, in particular separable sample
covariance matrices. This result alone has major consequences for robust statistics that we
believe may allow for a resurgence of its lost interest by the statistics and signal processing
communities. Indeed, for one, through the approximation by well-known random matrices, the
result turns the intractable robust estimators into asymptotically tractable entities. This result,
although of a purely theoretical nature, in turn allows for the development of new detection and
estimation schemes derived from now classical random matrix-based algorithms but featuring
the robust estimator of scatter instead of the sample covariance matrix as central ingredient.
These schemes shall then benefit from the robustness properties carried along by the robust
estimator of scatter.

2.2 Sample covariance matrices, robust estimators of scatter,
and the random matrix regime

Let us now turn the previous motivational discussion into rigorous mathematical terms.

2.2.1 The downsides of sample covariance matrices.

Letting 1, ..., 2, € CV be n independent realizations of a random variable z with say zero mean

and covariance matrix Cl, it is well-established that the sample covariance matrix + Yo wix)

n
is a consistent estimator for C in the sense that, as n — oo, % ?:1 ;X 2% Oy. Aside
from this fundamental consistency aspect, the major reasons for the almost exclusive use of
sample covariance matrices as an estimator for population covariance matrices in the literature
are twofold: (i) from a practical outlook, it takes an extremely simple form which allows for easy
theoretical analysis and (ii) on a more philosophical viewpoint, it corresponds to the maximum-
likelihood estimator for Gaussian x. However, sample covariance matrices come along with at
least two main drawbacks. For one, the sample covariance matrix estimate is quite sensible to
the introduction of arbitrarily strong outliers. Precisely, the introduction of a single outlying
observation of say arbitrarily large norm induces an arbitrarily large bias on the estimation of
Cy. Thus, not only may the sample covariance matrix be affected by a single bad observation,
but it can become arbitrarily remote from the expected Cp to be estimated. Second, in practical
settings where N and n are similar in size, it is a weak estimator for C'y which entails that, when
used as a plug-in estimator, functionals of C'y are in general no longer consistently estimated
by the same functional of % Som g wixk

These two problems have been tackled with success by independent fields of research: robust
statistics which aims in particular at producing alternative estimators for C'y which are resilient
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to a possibly large number of arbitrarily strong outliers and random matrix theory which con-
siders among other questions that of consistently estimating functionals of Cy when both N
and n grow large. As we shall see, the objects of interest produced by robust statistics however
do not fall into the realm of classical entities studied in random matrix theory, which thus until
recently left open the questions of analyzing the performance of robust estimators as N and n
are both large on the one hand and therefore of developing improved algorithms that would be
both resilient to outliers and large system sizes on the other. The purpose of this document
is to report the recent advances that we performed to reconcile both fields and to derive the
aforementioned theoretical analyses and improved algorithms.

2.2.2 The advent of robust statistics.

To start, let us precisely introduce the objects of interest throughout the work, that is robust
estimators of scatter.

Huber was historically the first one to provide a definite formulation of a robust estimator.
In his landmark article (Huber} [1964)), Huber assumes the observation of n independent variables
x1,...,x, € C with identical probability measure (1—¢)u+ep’, where u is a known and expected
distribution fitting the model, 1’ some polluting unknown distribution, and € > 0 small. He
then determines, both for the mean (or location parameter) and for the variance (or scale),
the estimator among the class of M—estimatorsﬂ which meets the smallest possible asymptotic
variance (as n — o) in the worst possible choice for p’ (this is thus formulated as a min-max
problem). Huber shows that such M-estimators are unique for both location and scale and
provides an explicit characterization of these.

Those results easily extend to multivariate data x1, . .., z, € CV to the estimation of location
and scatter (or covariance) matrix. In the case of the M-estimation of scatter for zero mean
observations, the estimator, call it Cy € CNxN , is one solution of the fixed point equation
(provided n > N and that all subsets of N — 1 vectors are linearly independent)

A IR L oAt "
Cn = - ZluH <in Cy xz> ;X (2.1)

where uyg : Ry — R is the continuous function

st (s) = min{a,f}

and o, > 0 are parameters depending on ¢ and pu, the exact values of which are of little
relevance for our present considerations. The focus of our work shall indeed not be on the
technical details of how such a result is obtained but rather on how C’N behaves when both N
and n are of similar dimensions (and rather large). Note from the expression that Cy
appears as a form of weighted sample covariance matrix with weights being either « for small

'Recall that an M-estimator % for i.i.d. observations z1,..., z, of a random variable z is such that, for some
cost function p : Ry — Ry, £ is a minimizer of > ., p(z — 2). The M-estimation of the location parameter of
Ti,...,%y is that for z; = x;, while the M-estimator of scale is that for z; = 1og(|xi|2).
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xfé&lxz or smaller (possibly arbitrarily small) positive values for larger x;“é&lxl Outliers are
then considered here as vectors z;’s for which the quadratic form takes large values, which hand-
wavingly might be seen as vectors x; whose alignment to the leading eigenspaces formed by all
the z;’s is weak.

As robust statistics and M-estimation are inherently connected, a parallel track of robust
estimation theory consists in letting x1, ..., z, be i.i.d. vectors taken from a quite impulsive but
known distribution, the scatter matrix estimate then being the maximume-likelihood estimator
for this distribution. In this case, outliers are seen as those few samples extracted from the
impulsive vector distribution that show extreme behavior. Maronna realized in (Maronnal [1976])
that, for x1 taken from the class of elliptical distributions, the maximum-likelihood estimate for
the scatter matrix takes a specific form which belongs to a generic class of estimators, that we
shall from now on refer to as the Maronna class. The estimators from this class are defined as
solutions C of the equation

R 1 & 1A .
Cy = - Zu (in Clei> ;X (2.2)

=1

where u : Ry — R, is a continuous non-increasing function such that ¢(x) = zu(z) is non-
decreasing with lim, o ¢(x) = ¢oo > 1. Under some technical conditions, Maronna shows that,
for each N,n with N < n, a solution of (2.2)) always exists. Besides, if ¢ is increasing (and not
only non-decreasing), Cy is the unique solutlon of (]_ﬁ[) allowing then for a proper definition
of C'y. This result is generalized in (Kent and Tyler, [1991)) where the aforementioned technical
conditions are relaxed to the mere requirement of linear independence of every family of N — 1
vectors among the x;’s

Note that, setting aside the requirement for ¢ to be increasing, the function uy previously
defined would belong to the Maronna class. As such, Maronna’s class of estimators of scatter
encompasses both maximum-likelihood estimators of scatter for elliptical observations and, up
to a slight smoothening of Huber’s function uy, Huber’s robust estimator for outliers. The
u functions specified above in particular all behave similar to uy in their attenuating those
observations z; meeting large values for %xfé&lx, The family of estimators Cy defined by
is as such quite an interesting object, to which we shall dedicate an important part of the
report.

Following on Maronna’s work, Tyler took a third approach to robust M-estimation in (Tyler,
1987) by assuming that, if impulsiveness is only a matter of vector norm, rather than entire
distribution, as in the case where z; = |/7;y; for i.i.d. y; of unit norm and random heavy-tailed
7; > 0, then a so-called scale-free robust estimator of scatter is adequately defined for all N < n,
as the unique solution with given trace, of the equation

Z e zixt. (2.3)

Note the importance here of constraining the trace of Cy as it is easily seen that, if Cy is a
solution to (2.3)), then so are every aCy for @ > 0 (and it is then clear that Cy is only estimated
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up to a constant). A second remark of importance is that Tyler’s estimator behaves again similar
to Maronna’s estimators but for the fundamental difference that x — 1/x is not defined at x = 0
as opposed to Maronna’s u function. This slight change has fundamental consequences which,
as shall be seen, makes the analysis of Maronna’s estimator much more amenable to our proof
approaches than Tyler’s.

The aforementioned Cy estimators have the downside of not being defined for N > n which
is a situation of practical interest in the case of large dimensional observations or scarce data. In
a similar way that the so-called linear shrinkage estimator (1 — p)2 Y% | @z} + ply, p € [0,1],
was developed in (Ledoit and Wolf, 2004) to compensate for the poor sample covariance matrix
performance in these scenarios (a discussion on this poor performance is provided later in this
section), two teams developed in parallel two hybrid robust-shrinkage estimators in (Pascal et al.|

2013; |Chen et al., [2011)), respectively defined as the unique solutions C’N(p) and Cy(p) of

. 1 n

SN I L) G S—— (2.4
n Z:: N Oy (p)zi

for p € (max{0,1 —n/N},1] and

= BN(P)

Cn(p) = —2NP) 2.5

Brlp) = (1— )2 zn: ! 1ol

N(p) = (1—p)= — zif + pIy

n i=1 %1‘@ Nl(p)xi

for p € (0,1]. By different means, the authors show that the defining implicit equations have
unique solutions for all N,n and all x1,...,z,. The difference between both estimators lies
foremost in the different normalizations, as & tr Cy(p) = 1 while + tr Cy'(p) = 1. However, it
is not clear, even to the authors (to whom we asked), what practical advantage each estimator
has over the other. We however concur with the authors on the potential performance gains in
applications induced by the free parameter p (if properly set) and by the inherent robustness of
the estimator.

Note that zero is excluded from the definition space of p for both estimators. The case p =0
corresponds indeed to the aforementioned Tyler’s estimator for which uniqueness no longer
holds. Technically speaking, Cy(p) and C(p) will be much simpler to analyze than Maronna’s
M-estimator. This is precisely due to p > 0 which ensures the boundedness in spectral norm of
the inverses of the two estimators.

For most of the articles mentioned so far, the authors systematically provided asymptotic
properties of the Cy (or Cn(p), Cn(p)) estimators as n — oo, while N is kept constant.
The results are that, for well-behaved distributions for z1, Cy (or any other estimator) is a
consistent estimator of the covariance or scatter matrix and fluctuation results such as central
limit theorems at rate 1/4/n are established. These results are of key importance to understand
in particular the important gains in variance of the estimators against the sample covariance
matrix estimator. These gains can in fact be usually made arbitrarily large by selecting a specific
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distribution for the x; which induces particularly slow convergence of the sample covariance
matrix while being properly harnessed by the robust estimator counterpart. As this is not much
informative, the performance in terms of the variance of the robust estimator on purely Gaussian
data is often considered instead. The latter allows for an assessment of the loss of performance
naturally induced by shifting for a robust — thus not maximum-likelihood for Gaussian inputs
— estimate. A classically obtained result is that robust estimators of scatter perform as sample
covariance matrices would on a smaller amount of data; thus robustness comes at the cost of a
requirement for more data.

2.2.3 The large N,n regime.

The results above are however of little relevance when it comes to studying large dimensional
systems for which both NV and n are large, or in more practical terms when the system dimension
is large but one cannot afford too many observations of it. In this setting, random matrix
theory has established for long (Marcenko and Pastur, [1967)) that the sample covariance matrix
is already no longer a consistent estimator of the population covariance matrix, in the sense
that [|2 37 | z;27 — Cn|| does not converge to zero as N,n — oo with N/n — ¢ € (0,00) for
all distributions of z; of practical relevance. It is thus quite unexpected that ||Cy — Cx|| would
converge to zero for the various robust estimators described above. It indeed does not.

This being said, in many practical situations, estimating Cp is not the eventual objective.
Often in signal processing one is rather concerned with functionals of various statistics of the
system under study, and in particular in functionals of C. Under the classical large n as-
sumption, the sample covariance matrix thus merely serves the purpose of a plug-in estimator
for this functional. That is, calling f this functional, one exploits convergences of the type
f(ES"  ziaf) — f(Cn). Due to inconsistency in the random matrix regime, i.e., as both N
and n grow large, for most cases of interest such convergence results unfortunately no longer
hold in this regime. Recent random matrix works (following mostly from the pioneering works
from Girko (Girko, 1987)) have tackled the question of providing such estimates, consistent in
the regime N,n — oo with N/n — ¢ € (0,00), as in e.g., (Mestre, [2008b) where consistent
estimates of linear functionals of the eigenvalues of Cy are provided. The approach carried
out to obtain such estimators consists in a thorough understanding of the limiting spectrum of
%Z;;l xix] as provided early by (Silverstein and Bail 1995; Silverstein and Choi, |1995), from
which a relation expressing the sought for functional f(Cp) in terms of a functional of this
limiting spectrum is retrieved. Approximating the latter by the finite (but large) dimensional
spectrum of %Z?:l x;x; provides the estimator. It is important to raise a philosophical com-
ment at this point. The method we just presented is based on exploiting the sample covariance
matrix, which is no longer a consistent estimator for Cy in the large N, n regime, as a means to
retrieve information about Cp. Although this might seem natural, one could have also consid-
ered other pre-filtering of the data z1,...,z, to obtain the same information. The reason why
the sample covariance matrix is used is obviously out of simplicity and surely few researchers
ever thought of considering any other starting point. However, note that, in addition to leading
to simple technicalities, one may expect that the several innate properties of the sample covari-
ance matrix, i.e., its being maximum-likelihood for Gaussian x; and its being consistent with
Cn for n large alone, should play a role in the performances of the eventual f(Cy) estimator.
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In particular, we might expect better performance for Gaussian inputs than non-Gaussian ones,
which often turns out to be the case (as confirmed by various central limit theorems that exhibit
a variance that is minimal under Gaussian inputs, see e.g., (Hachem et al., [2008b))).

When it comes to extending the above sample covariance matrix-based studies to random
vectors 1, . . ., oy following more impulsive distributions (such as elliptical distributions) or con-
taining a certain amount of outliers, many problems are observed. For one, the spectrum of the
sample covariance matrix may be of asymptotically wide, if not unbounded, support (in the
elliptical case) or may maintain a bounded limiting support but contain isolated eigenvalues
purely due to outliers. In both cases, these properties have a negative impact on the resulting
estimators of f(Cy), the performance of which are often optimized when the spectra of the
sample covariance matrices have a short support and do not exhibit spurious eigenvalues. In
extended information-plus-noise models (in which x; stands for noise observed at time instant
i), the largest eigenvalues carry much information and are better found as far away as possible
from the remaining eigenvalues. The fact that a pure-noise (only z;) setting may exhibit arbi-
trarily large eigenvalues or spurious “signal-like” (and thus deceiving) eigenvalues leads to many
problems that are in general not easily dealt with. Following our philosophical line of thought,
it is sensible that these concerns might be tamed down if one would use robust estimators of
scatter in place of sample covariance matrices. This seems all the more compelling that in the
case of elliptical vector observations, Maronna’s estimator of scatter is a maximum-likelihood
estimator for Cp, which makes its use much more natural than the use of sample covariance
matrices in the first place. As we shall see, our intuition will turn out to be correct in that the
estimators developed in this report will show unexpectedly powerful properties of outlier control
and of adaption to elliptical data.

2.2.4 Harnessing robust M-estimators in the large N,n regime.

As we recalled earlier, deriving estimators of functionals of Cy in the large IV, n regime based
on the sample covariance matrix as the first building block requires a deep understanding of
the limiting spectrum of the latter, from which a connection between some other functional
of the sample covariance matrix and the sought for functional of Cy can be drawn to obtain
the estimator. Trading the sample covariance matrix for a robust estimator of scale, call it
generically C\, in this scheme thus demands a prior understanding of the large N, n behavior of
Cy. This task turns out to be quite challenging as C, unlike sample covariance matrices and
similar objects of interest in random matrix theory, has a quite involved dependence structure
of its entries. In effect, we do not know of any past contributions (be it in mathematics or in
applied science) prior to 2012 when we started this study that tackled any such random matrix
model. Most results of random matrix theory indeed rely on some clear independence, or simple
dependence, structure of the matrix entries; here, even for independent z; with independent
entries, the entries of Cy are related in a non-trivial manner. Lifting this difficulty constituted
the main challenge of the work. What we shall precisely demonstrate is that, for x; i.i.d. elliptical
and Cy the Maronna estimator of scatter, |Cy — Sy|| == 0 in spectral norm, where Sy is a
much more classical random matrix with clear entry dependence. This result is proved in full
length in Section
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The strength of the spectral norm convergence induces immediately the possibility to study
the spectrum of Cy through that of Sy. Of particular importance is the fact that not only do
Cy and Sy share the same limiting spectrum, but they also share the (approximately) same
individual eigenvalues for all finite but large IV, n. This point has fundamental consequences in
statistical inference procedures discussed below. Technically speaking, the matrix Sy precisely
belongs to the class of random matrices with a separable covariance. Similar to mere sample
covariance matrices, the limiting spectrum of Sy is well characterized, although only recently
was its study fully completed in (Couillet and Hachem), [2014). Since these elements are key to
a detailed study of C in the random matrix regime, Chapter [3| recalls these elements and shall
constitute a good opportunity for introducing the various analytical tools needed in the rest of
the report.

Having performed the challenging task of harnessing Cy for large N, n, the statistical infer-
ence of functionals f(Cy) based on Cy then merely consists in applying the classical random
matrix tools developed to this aim, albeit for the slightly more complex Sy matrix model. The
convergence HéN - SNH 2% 0 indeed allows for an asymptotically licit substitution of Cy by
Sy in the expression of most estimates of f (Cn). This part of the study does not bring any par-
ticular difficulty. As a practical example, having generalized the convergence HC’N — Sy | &30
to an information-plus-noise model of xz; with elliptical noise and small rank information, we
obtained consistent estimates, based on Cy, for two types of functionals of the information part
of the signal having important applications in array processing. Precisely, we adapt the classical
array processing MUSIC algorithm to evaluate source powers and angles of arrival contained in
the deterministic parameters of the model (which is not exactly Cy to be fully correct). Details
are provided in Section

Following the same approach carried out for Cy of the Maronna class, we then similarly
study the large dimensional behavior of the robust shrinkage matrices Civ(p) and Cn(p). Al-
though the final results for both matrices shall take a slightly different form than for Cy of
the Maronna class, the derivations to reach these are essentially the same and, apart from a
technical complication for Cy(p), do not present any particular difficulty. The interest of pre-
senting these results in the report mostly lies on practical grounds. Many classical statistical
inference applications (in fields as various as statistical biology or finance) where N > n are
indeed already known to gain from Ledoit—Wolf shrinkage of the sample covariance matrix. As
these applications also often involve outlying or impulsive data, the estimators C N (p) and Cy(p)
are expected to further cope with this aspect. A second useful property of Cixv(p) and Cx(p)
lies in their analytical simplicity which shall ease the more elaborate considerations, such as
central limit theorems, discussed later on. The theoretical considerations are reported in Sec-
tion while applications, here to portfolio optimization in financial statistics, are the object
of Section [£.2]

2.2.5 Large N,n performance of robust consistent estimators.

As is classical not only in random matrix theory but in large dimensional statistics at large,
beyond consistency, one is often interested in the second order statistics of the studied estimators.
These, usually inaccessible for all finite IV, n, are often obtained through central limit theorems.
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In random matrix theory, many statistics of practical interest lead to central limit theorems,
either with fluctuations of order O(1/n) for linear eigenvalue functionals or of order O(1/y/n)
for quadratic forms. As of today, multiple methods exist to achieve central limit theorems for
random matrix estimators based on a sample covariance matrix, as for instance martingale (Bai
and Silverstein) 2004) or characteristic function (Pastur and Serbinal, 2011) approaches. The
fluctuations of functionals of the matrix S N, the earlier mentioned random equivalent for C’N,
are in particular amenable to calculus via these methods. But, while Sy was seen to be an
adequate plug-in estimator for Cy allowing for the study of “first order” functionals of Cy
(among which the aforementioned estimators of f(Cy)), it cannot be straightforwardly said
that the second order statistics of functionals of Cy are asymptotically the same as those of the
same functionals with Sy in place of Cy. If one were able to prove the stronger convergence

na||C'N -S il 2. 0 for some a > 0, then one could ensure that most classical functionals of Cy
fluctuating at rate O(1/n?) for any § < « have the same fluctuations as for Sy. Unfortunately,
the latter convergence does not seem to hold for any o > 1/2 (which is the minimum requested
for fluctuations of quadratic forms). This means that finer results are required to ensure that a
straightforward substitution of Cy by Sy in the fluctuations study is authorized.

Since generic fluctuation results are difficult to obtain (even for classical sample covariance
matrix based random matrix results), we shall concentrate here on a specific form of functionals
of Cy, that is functionals of the bilinear (or quadratic) form a*C%b for k € Z and ||a|| = [|b]| = 1.
For simplicity and practical interest, our focus will precisely be on bilinear forms for the shrinkage
robust estimator Cy (p) defined in rather than for Maronna’s estimator. For these bilinear
forms, when z1,...,x, are i.i.d. elliptical, it is possible to prove that a*CA']’i,(p)b — a*Sﬁ,(p)b =
op(n®~1) for all £ > 0. This and the fact that a*gjli,(p)b fluctuates in n~2 ensures that so does
a*C% (p)b with the same limiting distribution. Proving the convergence a*C% (p)b— a*S% (p)b =
op(n1) is a difficult task which we handle in much the same way that we prove ||Cn(p) —
S N(p)|| 22 0, however with some important improvement necessary to gain in convergence
speed. The technical details are explored in Section [6.1, while an application to false alarm
minimizing source detection under impulsive noise is carried out in Section [6.2

2.2.6 The impact of outliers.

It was recalled multiple times, although loosely commented, that all large N, n results discussed
so far suppose z1,...,2z, to be i.i.d. elliptically distributed. The reason for such a systematic
modelling is twofold: (i) elliptical vectors are easy to study, and (ii) in much the same way
that Gaussian variables appropriately model background noise phenomena, elliptical vectors
constitute an adequate extension to many impulsive noise scenarios of practical interest. How-
ever, they at least do not properly model what Huber initially considered outlying data, that
is unknown vectors not necessarily attached to any natural distribution. Outliers may be as
various as missing data, data arising from a short-time modification of the system model, or
deterministic unknown vectors altogether that arise from a priori unexpected sources. For these
scenarios, Huber’s estimator, which we haven’t considered in itself so far (but only as an example
of the Maronna class), is expected to bring advantageous properties. In our last study, proposed
in Chapter |7 we undertake this analysis and understand clearly why Huber’s estimator is so
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fundamentally precious and more efficient in particular than Tyler’s estimator in taming down
the effect of unknown outliers. For this study, instead of considering the z;’s i.i.d., we assume
that a large quantity of them are simply Gaussian with covariance Cn (for simplicity) and that
the remaining quantity is deterministic but unknown. The limiting behavior of the matrix C'N,
which again can be assimilated to that of a tractable matrix Sy (different this time), sheds light
on the role played by the interaction between Cx and the deterministic outliers in the weighs
affected by uy to each vector. This analysis further allows for an assessment of the robustness
performance of the estimators of the Maronna class which we evaluate by means of various
spectrum comparison metrics of Cy for the outlier-free versus non outlier-free data.

2.3 A word on notations

Robust M-estimates. Throughout the notes, we shall denote Cy robust matrices of the
Maronna class, defined in . Despite closeness in notation, these will be distinct from Cy (p)
and CN(p), reserved for robust shrinkage estimators. The Tyler estimator will not be discussed
much and shall, in a slight abuse of notation, be referred to as C(0); indeed, although Cy(p)
as defined in only for p > 0, letting p = 0 in provides the expression of Tyler’s
estimator. Finally, it should be mentioned that in some of the proofs, for notational simplicity,
the indexes N and arguments p in parentheses might be dropped. From the context, these will
never create any possible confusion with other notations.

Vector notations. Although from chapter to chapter our basic system settings will change
with in particular variations in the vector dimensions and statistical representations, we will
enforce the following vector convention. The notation w; will mostly stand for vectors with
either i.i.d. entries zero mean and unit variance entries or uniformly distributed on the sphere of
radius the square root of the dimension of w;. From a random matrix viewpoint, at least as far
as first order convergence is concerned, these two hypotheses are essentially one and the same.
We shall then denote z; a vector of the type Aw; for A a properly size deterministic matrix, so
that z; has zero mean and covariance AA*. Then we shall denote z; the observation vector which
often will be of the type x; = /7,Aw; with 7; > 0 some real number modelling impulsiveness;
alternatively, z; might follow an extended form of this basic setting, in particular in Section [£.2]
where z; will be of the form x; = As; + /7,w; with As; standing for the signal part of x; and
\/T;w; for its noise part, or in Section m where z; will be modelled as x; = Aw; for some 7’s and
x; = a; for deterministic vectors a; for other 7’s.

Other notations. As for other notations of importance in this report, we shall take the fol-
lowing conventions. We denote A\;(X) < ... < Ay (X) the ordered eigenvalues of any Hermitian
(or symmetric) matrix X. The superscript (-)* designates transpose conjugate (if complex) for
vectors or matrices. The norm || - || is the spectral norm for matrices and the Euclidean norm
for vectors. The cardinality of a finite discrete set €2 is denoted by |€2|. Almost sure conver-
gence is written =2, We use the set notations Ry = {z € R,z > 0}, A* = {z € A,z # 0},
Ct = {z € C,9[z] > 0}, and similarly for R_, C_, R%, etc. The Hermitian (or symmetric)
matrix order relations are denoted A = B for A — B nonnegative definite and A > B for A — B
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positive definite. The Dirac measure at point € R is denoted by d,. Real and imaginary parts
of z € C are denoted respectively by R[z] and 3[z].
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Chapter 3

The limiting spectrum of separable
sample covariance matrices

As mentioned in the introduction, the most important results of this report consist in showing
that various robust estimators of scatter, call them generically Cy, defined as the solutions of
2.2), (2.4), (2.5), etc. and constructed from i.i.d. elliptical vectors z1,...,x, can be asymp-
totically well approximated by matrices which we shall denote Sy. These matrices Sy will be
shown to belong to a well-known class of random matrices of the separable covariance type.
As such, many properties of Sy naturally transfer to Cy, starting with its limiting eigenvalue
distribution, when properly defined. While the study of the defining equations for the limiting
spectrum of matrices of the type Sy dates back to the early nineties, no thorough study of the
analytical properties of this spectrum has ever been carried out. This first chapter intends to
fill the gap by showing, in a similar fashion as in (Silverstein and Choi, 1995)), that the limit-
ing spectrum is continuous away from zero, analytical whenever the density is positive, and its
support can be fully characterized.

This chapter will also offer the opportunity to recall the basic analytical tools at the root of
many random matrix results and essential to a good understanding of this report.

3.1 Introduction and problem statement

We consider the N x n random matrix X = C]%WT 3 where W is an N x n real or complex
random matrix having independent and identically distributed elements with mean zero and
unit variance, the N x N matrix Cp is determinisitic, Hermitian and nonnegative, and the n xn
matrix T is also deterministic, Hermitian and nonnegative. We assume that N,n — oo such that
N/n =cn — ¢ > 0. We also assume that the spectral measures v, of Cy and 7, of T' converge
respectively towards the probability measures v and 7 as N — oo and n — oo, respectively. We
assume that v # dg and U # §y, where we recall that §, is the Dirac measure at z.

Many contributions showed that the spectral measure of Sy = %X X* converges to a de-
terministic probability measure p and provided a characterization of this limit measure under
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various assumptions (Girko, |1990; [Shlyakhtenkol [1996; Boutet de Monvel et al., [1996; [Hachem
et al., 2006), the weakest being found in (Zhang, |2006|). We show here that p has a density away
from zero, this density being analytical wherever positive, and it behaves as y/|z — a| near an
edge a of its support for a large class of measures v, . We also provide a complete characteriza-
tion of this support along with a thorough analysis of the master equations relating p to v and
IJE] To that end, we follow the general ideas already provided in the classical paper of Marcenko
and Pastur (Marcenko and Pastur], [1967) and further developed in (Silverstein and Choil, 1995)
and (Dozier and Silverstein) 2007).

In (Silverstein and Choi, [1995), Silverstein and Choi performed this study for the sample
covariance matrix model where T' = I,,. The outline of the present section closely follows that
of (Silverstein and Choi, [1995) although at multiple occasions our proofs will depart from those
of (Silverstein and Choi, [1995), allowing for a more self-contained analysis. In particular, while
Silverstein and Choi benefited from the existence of an explicit expression for the inverse of the
Stieltjes transform of p when T = I,,, this property no longer holds in the present more general
setting which requires more fundamental analytical tools.

We recall in passing that, for T' = I, if max; dist(\;(Cn),supp(v)) — 0 and some mild
additional conditions are satisfied, it was further shown in (Bai and Silverstein, [1998) that, with
probability one, no closed interval outside the support of u contains an eigenvalue of Sy for all
large n. In (Bai and Silverstein, [1999), a finer result on the so called exact separation of the
eigenvalues of Sn between the connected components of the support of 1 is shown. Note that
the requirement max; dist(\;(Cn), supp(r)) — 0 is quite fundamental in practice (although not
necessary in the mathematical sense) since, if not fulfilled, eigenvalues of Sxn would be allowed
to wander away from the support of p. This remark will drive the behavior of the eigenvalues
of Oy in Chapter [4f with major consequences for the applications presented in Section

Recently, it has been discovered that the characterization in (Silverstein and Choil 1995)
of the support of u and the results on the master equations relating p to v, beside their own
interest, lead in conjunction with the results of (Bai and Silverstein, [1998] 1999) to the design of
consistent statistical estimators of some linear functionals of the eigenvalues of Cy or projectors
on the eigenspaces of this matrix. Such estimators were developed in particular by Mestre in
(Mestre, [2008a,b)), the initial idea dating back to the work of Girko (see e.g., (Girko| 2001))).

Turning to the separable covariance matrix ensemble of interest here, the absence of eigenval-
ues outside the support of i (under similar fundamental conditions as discussed above) has been
established by Paul and Silverstein in (Paul and Silverstein, |2009) without characterizing this
support. The results of the present chapter therefore complement those of (Paul and Silverstein,
2009). More importantly, similar to the case T' = I,, these results are a necessary first step to
devise statistical estimation algorithms of e.g., linear functionals of the eigenvalues of one of the
matrices Cy or T. Finally, it has been noticed that there is an intimate connection between
the square root behavior of the density of the limit distribution of the (scaled-centered) extreme

'Note that the requirement of spectral measures convergence for both Cy and T may seem relatively stringent
and one would often prefer letting v, and 0, wander as N, n grows. In this case, deterministic equivalents of the
eigenvalue distribution of %X X instead of a limit will be considered, which depend on v, and 7, instead of v
and . However, as far as spectrum properties are concerned, these deterministic equivalents will essentially have
the same properties as the limiting measures. It is as such not necessary to introduce this complication in the
present study.
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eigenvalues found at the edges of the support and the Tracy—Widom fluctuations of the eigen-
values near those edges (see in particular (El Karoui, 2007) dealing with the sample covariance
matrix case). It can be conjectured that this behavior still holds in the separable covariance
case considered here. In this respect, Theorem [3.3.3] introduced below may help guessing the
exact form of the Tracy—Widom law at the edges of the support of u.

We now recall the results describing the asymptotic behavior of the spectral measure of Sy.
We also introduce the basic analytical tools that will be of constant use in this report.

3.1.1 The master equations

We recall that the Stieltjes transform of a probability measure 7 on R is the function

1) = [ 2t

defined on C,. The function f(z) (i) is holomorphic on C, (ii) satisfies f(z) € C; for any
z € Cy, and (iii) limy—,0 |yf(2y)| = 1. In addition, if 7 is supported by R, then (iv) zf(z) € C4
for any z € Cy. Conversely, any function f(z) satisfying (i)—(iv) is the Stieltjes transform of the
probability measure 7 supported by R defined by

1 b

w(la,b)) =~ lim | S{f(x +a)lde

at all continuity points a < b (Krein and Nudelman, 1997). Finally, observe that the Stieltjes
transform of 7 can be trivially extended from C, to C\ supp(w) where supp(r) is the support
of .

In this chapter, a slight generalization of this result will be needed (Krein and Nudelman,
1997, Appendix A). Precisely, we shall use the fact that the following three statements are
equivalent:

e The function f(z) satisfies properties (i), (ii), and (iv);

e The function f(z) admits the representation

f(z):a+/ooot L )

—z
where a > 0 and 7 is a Radon positive measure on Ry such that 0 < [7°(14t) '7(dt) < oo;

e The function f(z) satisfies the properties (i)—(ii) and is analytical and nonnegative on the
negative real axis (—o0,0).

We now recall the characterization of the limitation spectrum of Sy as it stands so far. Let
us denote p, = % Zf\il 6)\_(§N) the spectral measure of Sy = %XX*. The spectral measure fiy,

of LX*X is then ji, = (N/n)un + (1 — N/n)§. These measures satisfy the following.
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Theorem 3.1.1 ((Zhang, 2006), see also (Hachem et al., [2006) for similar notations). For any
z € C,, the system of equations

t
~ t 5

admits a unique solution (8,8) € C2. Let §(2) and §(2) be these solutions. The function

1
m(z) = | ————v(dt), z€ C 3.3
) /—z(1+5(z)t) () i (33)
is the Stieltjes transform of a probability measure p supported by Ry. The function

- 1 .
m(z) = /—z(l—i—é(z)u)y(du)’ zeCy

is the Stieltjes transform of the probability measure fi = cu+ (1 — ¢)dg. Moreover, as N,n — oo
with N/n — ¢ € (0, 00),

[ emm(an) =5 [ ooy
[emian = [ o
for any continuous and bounded real function .

As a side note, observe as a simple corollary of Theorem that

o for Cy = In, m(z) = 6(z)/c is defined as the unique solution in C; of

m(z) = (—z+/Wa(dt)>_l (3.4)

o for T'= I, §(z) is the unique solution in C of

5(z) = ¢ / _Z+1tzj(dt). (3.5)

1+0(2)

These two relations will be extensively used in the proofs of the main results of the following
chapters (with possibly some slight changes in notations from chapter to chapter).

Returning to the general setting, we first collect some simple facts and identities that will
be often used in this chapter:
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e Define

- t B - ~
F(b,2) = / S 1fugy(du)y(dt) -4, (0,2)€Ci. (3.6)

Plugging (3.1)) into (3.2)), we obtain that 4(z) can also be defined as the unique solution
of F(d,z) = 0, which will sometimes be more convenient to than than the dual equation

B-D-@2.

e The functions m(z) and m(z) satisfy

B 1+S(z)t—5(z)ty ol (062
m(z) _/ iy T e

z). (3.7)

=
—~
N
~—
I
|
z\II
—
|
(=9
—~
N
~—
(=%
—

e For any 21,20 € C4, define

t2
V(@ 22) = C/ z129(1+ 8(21)8) (1 + 6(22)1) e
~ t2
(21, 22) = / z122(1 +6(21)t) (1 + 0(22)t)

(since |(146(21)t) (14+6(22)t)| > I6(21)I6 (22t and |(1+0(21)t)(1+6(22)t)| > I6(21)I6(22)12,
the integrability is guaranteed). By definition of §(z), we have

5 (dt) (3.8)

N - [ (z1 = 22)t 4 (216(21) — 226(22))t?
0(z1) — 0(22) —/ 212a(1+ 0(z0)0) (1 + 0(22)t)

5 (dt)

and by developing the expression of z16(z1) — 220(z2) using (3.1), we obtain

(1 — z1297(21, 22)7(21, 22))0(21) — 0(22))
t N
= (51— 2) / 2129(1+ 0(21)8) (1 + 0(22)1) v(dt). (3:9)

A similar derivation performed over z; = z and z9 = 2* for z € C; shows that

*\ &~ £\ O & e t ~
(1= [227(2 )5 (2, 2))33(2) = Jz/ e ERL (3.10)

On Cy4, 36 (z) > 0. Moreover, the integral at the right hand side is strictly positive. Hence
VzeCy, 1—12%9(z 2%)7(z,2%) > 0.

This inequality will be of central importance in the sequel.

The two measures introduced by the following proposition share many properties with p as
will be seen below, despite their not being probability measures. They will play an essential role
in what follows.
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Proposition 3.1.1. The functions 0(z) and 6(z) admit the representations

R e

S(Z)z/ooo L @b, zec.

where p and p are two Radon positive measures on Ry such that

1
0 —p(dt
<A TPl <

o
0 = (dt) < oo
</0 Pt <o

Proof. One can observe that the function F (5, z) defined in (3.6)) is holomorphic on (Ci. Fixing
zp € C4, a short derivation shows that
‘ OF -

o5 (3:20)] =11 = 3(z0. 200720, 20)

> 1 — |237(20, 20)7(20, 20)| > 1 — [z0[*v(20, 25)¥(20, 25) > 0

by (3.10). The holomorphic implicit function theorem (Fritzsche and Grauert, 2002, Ch. 1, Th. 7.6)
shows then that § (z) is holomorphic in a neighborhood of z9. Since z¢ is chosen arbitrarily in
C4, we get that d(z) is holomorphic in C4. Recall that J6(z) > 0 on C,. Since we furthermore
have

3 2
S(26(2)) = S6(2) / Ma(dt) >0

on C,, we get the representation

—Z

S(z):a+/t ! p(dt)

where a > 0 and where p satisfies the properties given in the statement. Let us show that a = 0.
Observe that 6(z) | @ when x is a real negative number converging to —co. By a continuation

argument, F(6(x),z) = 0 for any negative value of z. As x — —oo, we get by the monotone
convergence theorem

1(5) = / H“ugu(du)w(a): / v (du) € (0,00).

When z < 0 is far enough from zero, I(0) > C where C' > 0 is a constant, and the dominated
convergence theorem shows that

5z) = / L 0.

—x + ctI(6(z)) =00

A similar argument can be applied to §(z). O
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3.2 Some elementary properties of p

In the asymptotic regime where N is fixed and n — oo, the matrix Sy — (% tr T')Cy will converge
to zero when the assumptions of the law of large numbers are satisfied. In the large N, n setting,
the following result is therefore expected.

Proposition 3.2.1. Assume that M, = [tv(dt) and My = [tv(dt) are both finite. Then
p(dt) — v(M; 1t dt)

a.s. as ¢ — 0 where the convergence is understood as the weak convergence of probability mea-
sures.

Proof. For any u > 0 and any z € Cy, |2(1 + (2)u)| > I(2(1 4 0(2)u)) > I(2), hence |5(2)| <
cM, /3(z), which implies that §(z) — 0 as ¢ — 0. Similarly, |z(1 + d(2)t)| > (=) for any ¢t > 0
and any z € C, hence 6(z) — —Mj/z by dominated convergence. Invoking the dominated
convergence theorem again, we get

m(z) — /Mﬂtl_zy(dt):/tizy(Mﬂldt)

which shows the result. O

We now characterize p({0}). Intuitively, rank(X) ~ min[N(1 — v({0})),n(1 — 2({0}))] and
1({0}) ~ 1 —rank(X)/N for large n. The following result is therefore also expected.

Proposition 3.2.2. ;({0}) =1 — min[1 — v({0}), ¢~ (1 — #({0}))].

Proof. From the general expression of the Stieltjes transform of a probability measure, it is
easily seen using the dominated convergence theorem that ;({0}) = lim,o(—2ym(xy)). More-
over, since |y(t — 1)~ < (12 + 1)~Y/2 when |y| < 1, the dominated convergence theorem and
Proposition show that p({0}) = limyw(—zyg(zy)).

Let us write v = v({0})dp + v/ and 7 = v({0})do + 7/, and let us assume that 1 — v({0}) <
c71(1 — 9({0})), or equivalently, that v/(R;) < ¢ !'#/(R;). In this case, we will show that
p({0}) > 0. That being true, we get

. . 1 o
(0D = i —wym(e)) = v({OD) + Iy [ () = M(0))

(since R(6(2y)) > 0, see below, the integrand above is bounded in absolute value by 1, and
furthermore, it converges to 0 for any ¢ > 0 due to the fact that p({0}) > 0).

We assume that 5({0}) = 0 and raise a contradiction. The equation F(8,2y) = 0 for y > 0
can be rewritten as

t

/—zyg(zy)-i-ct %V’(du)

v (dt) = 1.
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We have

R6() = R [ = lat) = [ i) >0

and lim,_,0 R(5(2y)) € (0,00] by the monotone convergence theorem. Let

I(y) = / _ W) g,

1+ ud(wy)

Writing § = §(2y), we have

w(RO) (1 + uRd) + (u6)?
(14 uRd)? + (uS9)2

R1) = [ (du)

whose lim inf is positive as y | 0. Furthermore, we have for y > 0

2
_Zy ~ Y
R(—1d(1y)) 3‘8/ /t2+ 50(dt) >0

hence lim inf o | —21yd(2y) + ctI(y)| > ctliminf, o RI(y). Consequently, we have by the assump-
tion p({0}) = 0 and the dominated convergence theorem again

~/ dt ﬁ/(R+)

t
/—zyg(zy)—&—ctl(y)y cl(y) _yz(;)

This shows that lim, o I(y) = ¢~ 7/ (R). But since R(5(2y)) > 0, [ud(1y)(1 4+ ud(2y)) | < 1 for
u > 0 hence |I(y)| < v/(Ry). Therefore, ¢c~'7/(Ry) < v/(R4) which contradicts the assumption.

If /(Ry) > ¢ '7/(Ry ), we replace u, m(z) and 0(z) with fi, 7(z) and (z) respectively in
the previous argument.

To deal with the case /(R ) = ¢ '7/(R, ), we use the fact that p is continuous with respect
to 7 in the weak convergence topology (see (Zhang, 2006, Chap. 4)). By approximating © by a
sequence 7, = 7 ({0}) 4+ 7}, such that v/(R}) < ¢ !5, we are led back to the first part of the
proof. The result is obtained by continuity. O

3.3 Density and support

3.3.1 Existence of a continuous density

This paragraph is devoted to establishing the following result.

Theorem 3.3.1. For all x € R, = R\ {0}, the nontangential limit lim cc, _,» m(2) exists.
Denoting m(x) this limit, the function Sm(z) is continuous on Ry, and p has a continuous
derivative f(z) = m 1%m(3;) on Ry. Similarly, the nontangential limits lim.cc, . 0(z) and
lim.cc, -z 0(z) exist. Denoting respectively I6(x) and I6(x) these limits, the functions I6(x)
and SS(CL‘) are both continuous on R, and both p and p have continuous derivatives on R..
Finally supp(p) VR, = supp(p) N R, = supp(u) NR,.
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Since fi = cu+ (1 — ¢)dp, it is obvious that we can replace m with /m in the statement of the
theorem.

As soon as the existence of the three limits as z € C; — x are established, we know from
the Stieltjes inversion formula that the densities exist (see (Silverstein and Choi, [1995))[Th. 2.1]).
By a simple passage to the limit argument ((Silverstein and Choi, (1995, Th. 2.2)), we also know
that these densities are continuous.

To prove the theorem, we first prove that lim.cc, -, d(2) and lim.ec, 3(2) both exist for
all x € R, (Lemmas to . This shows that both p and p have densities on R,. Lemma
shows then that lim.cc, —, m(2) exists, and furthermore, that the intersections of the supports
of u, p and p with R, coincide.

Lemma 3.1. |6(2)| and |0(z)| are bounded on any bounded region of C lying at a positive
distance from the imaginary axis.

Proof. We first observe that for any z € C,,

/|z|2|1+5 vn)” = Ve =)

3(2)] < 5(2,2")2

and we recall that 0 < |2|2y(z, 2*)7(2, 2*) < 1. Using (3.7), we therefore get that sup, 4 [/m(2)| <
oo where R is the region alluded to in the statement of the lemma.

| /\

We now assume that sup,cg [0(2)] = oo and raise a contradiction, the case where sup, . [6(2)|
being treated similarly. By assumption, there exists a sequence zg, z1, ... € R such that |S (z1)] —
oo. By the inequalities above, we get that ¥(z, z;;) — oo, hence y(zy, 2;) — 0 and therefore
d(zx) — 0. In parallel, we have

zom(z0) — 2k (2k) = /( ! .

1+ 6(z0)t 1T Ozt

)ﬂ(dt)

! )
— (6(20) — 8(z) / T

Using (3.9), we obtain

(1 — z02y(20, 2)7 (20, 2k)) (6(20) — 0(21))
1 _1)2’07”71(20) — 2z (2k)
0 6(20) — 0(2k)

By what precedes, supy |(z;, " — 25 ) (20m(20) — zk(zk))| < oo. Moreover, liminfy,|3(z) —

=(z, -

d(zk)] > 0 since Id(z0) > 0. By Cauchy-Schwarz, |y(zo,z2x)] < fy(zo,zg)%’y(zk,zZ)% and
1520, 2)| < F(20, 26) 27 (2, 2;) 2. Therefore,

inf 11 — 2027y (20, 21)7 (20, 21)| > 1 — Sup | 2027y (20, 21)7 (20, 21) |

N

*\ ~ N ~ *
> 1 — (|20/*7(20, 28)7(20, 7)) % sup p(|2 >y 2k, 21) 7 (285 21))

>0

65



CHAPTER 3. THE LIMITING SPECTRUM OF SEPARABLE SAMPLE COVARIANCE
MATRICES

which shows that supy, [0(z)| < oc. O

Lemma 3.2. For { = 1,2, the integrals

tt o
/Mwu(dt) and /W(z)t\?]j(dt)

are bounded on any bounded region R of Cy lying at a positive distance from the imaginary axis.

Proof. We observe that for ¢ = 2, the integrals given in the statement of the lemma are equal
to c71|2|2y(z, 2*) and to |2|?5(z, z*) respectively. We know that sup,cq |2[*y(z, 2%)7(z, 2*) <
sup,eq |2|? < co. Assume that ¥(zp, 2;) — oo along some sequence 2z, € R. Then v(zp, 2) — 0,
which implies that the integrand of |z,|?y(2y, 2%) converges to zero v-almost everywhere. This
implies in turn that \5 (zn)| — oo which contradicts Lemma The result is proven for ¢ = 2.

We now consider the case £ = 1, focusing on the first integral that we write as [ t1(¢)~'v(dt).
Since [~ tI(t) " tv(dt) < fol tI(t)"tw(dt)+ 7 t21(t) " v(dt), we only need to bound the first term
at the right hand side. Denoting by 14 the indicator function on the set A, we have

1 t 1 " 1 "
/0 [(t)y(dt):/o ml[o,zml}(t)’/(dt)—i'/o ml(p%grlm)(t)u(dt)
1 _ o) t2
<4 tv(dt) + |28 —v(dt
<a [ wtan)+ 1203 [T vtan
which is bounded. 0

Lemma 3.3. For any x € Ry, lim.cc, . 0(2) and lim.cc, 5(2’) exist.

Proof. If both v and  are Dirac probability measures, one can see that §(z) and 0(z) are the
Stieltjes transforms of Marcéenko—Pastur distributions and the result is straightforward. We shall
assume without generality loss that v is not a Dirac measure.

We showed that § and § are bounded on any bounded region of C; lying away from the
imaginary axis. Let z, € C, be a sequence converging to an z € R, and along which (5(zn)
converges to some 6 and d(zn) converges to some 4. Since |22 (20, 22)7(20, 2) < 1, taking the
limit we get that 22T'(z,0)['(x,8) < 1 where

_ 2
I(z,5) = c/ L

x2|1 + ot]?

- +2 ~

Take two sequences z, and z,, in C4 which converge to the same z € Ry, and such that (5(zn)
and 0(z,,) converge towards & and & respectively, and d(z,) and §(z,,) converge towards & and &
respectively.

We shall show that 6 = §. Writing

t

(1 annr)/(znﬂ n);)v/(znv n))(g( ) S(gn)) = (Zn_zn)/znz (1—}—5(2”)75)(1—}—5@ )t) i)(dt)
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the sequence of integrals at the right hand side is bounded by Cauchy—Schwarz and by Lemma
Moving to the limit, we obtain (1 — 22T'T)(d — §) = 0 where

t2
r= C/ ETE AT At

~ +2 ~
F:/x2(1+5t)(1+5t)”(dt)'

Assume that § # 8. Since v is different from a Dirac measure, we have || < I'(z, 5)%F(x,§)%
by Cauchy-Schwarz. By Cauchy—Schwarz again, we also have |I'| < F(a:,é)%F( ,é)%. Conse-
quently,

|1 — 2°TT| > 1 — 2T
>1-— \/x2F(aﬁ,5)F(a:,§)\/fo(x,é)f(x,Q)

> 0.

This contradicts (1 — 22TL)(5 — §) = 0. Hence 6 = . We prove similarly that § = 8. O

Lemma 3.4. For any x € R, lim,cc, , m(2) exists. Let m(x) = lim,ec, 2 m(2), d(x) =
lim.cc, »20(2) and 0(x) = lim.ec, . 6(2). Then

() > 0 I0(z) > 0 < Im(z) > 0.

Proof. The fact that lim,cc, —,, m(2) exists can be immediately deduced from the first identity
in (3.7) and the previous lemma. Let us show that 3§(z) > 0 < I6(z) > 0. We have

< 1 Szt + I(26(2))t2 .
396 = 1 [ T s

Assume that lim.ec, . S0(2) = I6(x) > 0. By Fatou’s lemma, we get

. < 1 36 ()t .
1 f <& > —
dmpinf 90(=) 2 2 / {1 ()02 + 2(as@e ) >0

Using this same argument with the roles of § and 0 interchanged, we get that 36(z) > 0 <
S6(x) > 0. Using and Fatou’s lemma again we also obtain that $0(z) > 0 = Sm(z) >
0. Conversely, Sm(z) = —c '¥(5(x)d(z)) = — (§R(5( )S0(x) + I6(x)Rd(x)). Therefore,
Sm(z) > 0= (36(z) >0 or I(z) > 0) < Io(z ) O

3.3.2 Determination of supp(u)

In the remainder of the chapter, we characterize supp(u) N R, = supp(p) N Ry, focusing on the
measure p. In the following, we let

7 {0} U{6 €R, : =6 & supp(P)} if supp(#) is compact,
T {6 €R, : =61 & supp(P)} otherwise,
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and

5 {Q} U {S €R,: —5l¢ supp(v)} if supp(v) is compact,
{6 € R, : —0~! ¢ supp(v)} otherwise.

Note that D and D are both open sets.

Proposition 3.3.1. If x € R, does not belong to supp(p), then d(x) € D, é(x) € D, and
1 — x%y(x, z)y(x,x) > 0.

Proof. Since supp(u) N Ry = supp(p) N R, = supp(p) N R, and since the Stieltjes transform of
a positive measure is real and increasing on the real axis outside the support of this measure,

5(z) € R, §(x) € R, and & (x) > 0. Extending (3.9) to a neighborhood of x, we get

. 1 t )
@) = w2 ) / 2200+ oz )

hence 1 — x2y(z, x)¥(x,x) > 0. We now show that 6(x) € D. Assume 6(x) # 0. Denoting
by my the Stieltjes transform of 7, can be rewritten as my(—8(2) 1) = 8(2) + 26%(2)8(2).
Making z converge from C4 to a point z lying in a small neighborhood of ® in R, the right
hand side of this equation converges to a real number, and —§(z)~! converges from Cy to a
point in a neighborhood of —§(x)~! in R. Since my is real on this neighborhood, the load of
this neighborhood by 7 is zero, which implies that é(x) € D. Assume now that é(x) = 0. Then
there exists @y & supp(p) such that €y < x and 6(z) increases from d(xp) to zero on [xg, x|.
The argument above shows that 7([—6~!(z¢), =9~ (z)]) = 0 for any x € [z, z). Making z 1 x,
we obtain that 7([—8~!(x¢),00)) = 0, in other words, ¥ is compactly supported. It results that
§(x) € D. The same argument shows that é(z) € D. O

Proposition 3.3.2. Given 6e @, assume there exists x € R, for which

dzc/tu(dt) €D,

—x(1 + t)
6= / _m(lt_i_&)ﬁ(dt), (3.11)
and
1 — 22y (x,8)7(x,8) > 0 (3.12)
where

Then x & supp(p).
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Proof. Let (8, ) be a solution of Equations (3.11)) such that 5e€D,6€D, and (3.12)) is satisfied.
Define on a small enough open neighborhood of (8, ) in R? the function

o(dt) — 0. (3.13)

_/—x—i-ct/ el <v(du)

Clearly, F'(0,x) = 0, and a short calculus reveals that

22 B.) = —1+ P, H)3(w.8) <0

(in this calculus, integration and differentiation can be exchanged since 5€Dandd e D). By
the implicit function theorem, there is a real function E(x) defined on a real neighborhood V/
of « such that 5(3:) = & and every couple (x,é(a:)) for x € V satisfies the assumptions of the
statement of the proposition. To establish the proposition, it will be enough to show that for
any x € V, é(x) =lim,ec, s S(z)

Fixx € V. For z € C4, let

t
AQ) = | e

By the Cauchy—Schwarz inequality, Lemma[3.2]and the fact that § € D, |A(z)| remains bounded
as z — x. Let (6(z),d(x)) be the limit of (§(z),d(z)) as z € C; — x. Repeating the derivations
made in the proof of Lemma using the fact that |A(z)| is bounded, and letting z — z, we
obtain that (1 — z?TT)(J(z) — &(x)) = 0 where

o(dt).

t2
r= C/ 22(1+ 6(x)t)(1 + o(x)t) v(di)
~ +2 ~
f= [ v smon s @

and §(z) = —ca™" [#(1 +8(z)t) " v(dt). As in the proof of Lemmam we show that 1 —2?T'T >
0, resulting in 6(x) = d(x). O

Proposition shows that for any € supp(p)® N R,, there exists a couple (d,5) that
satisfies the assumptions of Proposition The reverse is shown by Proposition [3.3.2

These observations suggest a practical procedure for determining the support of u. We let 5
run through D. For every one of these ¢, we compute

< t
Vo) = C/ 14 Sty(dt)

then we find numerically the solutions of the equation in @

~ t B
5= / @
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for which —:D_lw(g) € D. Among these solutions, we retain those points a for which

2 2 _
1-— C/(l—i—gt)QV(dt)/(az—z/J@)t)zy(dt) >0

What is left after making $ run through D is supp(u) NR,. Figure gives an idea of the result.

400
200 |- g |
7y %
N =
N
8

—200 ‘ ‘
—2 -1 0 1 2

6

Figure 3.1: z, (5) for each component pairs J of D and J of D. In thick line, positions for which

1 — x2~(x, 5) (x,8) > 0. On the vertical axis, in black dashes, empirical eigenvalue positions
for N = 1000. Setting: c=10,v = 1/2(51 + 52), U= 1/2((51 + 510).

The two following propositions will help us bring out some of the properties of the graph of

x versus 0. In their statements, we assume that the triples (51,51,:1:1) and (52,52,%2) satisfy
both the statement of Proposition [3.3.2

Lemma 3.5. & + 0o = T4 # xy and 81 # 02 = x| # x3.

Proof. We know that SZ = lim.ec, —a, 5(3’) for i+ = 1,2. Assume that 5 #* d5. Then having
x1 = oo would violate this convergence. O

Lemma 3.6. If &; < b9, if 122 > 0, and if [01 A b2,01 V 82] C D, then 1 < x,.
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Proof. We use the identity

<1 — x1x2Y (21, T2) (X1, 5132)) (51 — d2)
t
= (@~ @) / z1@a(1+ 8:0)(1 + 6at)
(see (3.9)). By the Cauchy—Schwarz inequality, 1 — @1@2y (@1, 2) (@1, 2) > 0.

o (dt)

Let us show that the integral I at the right hand side of the equation above is positive.
Assume that for some t € supp(?), the numbers 1 + d;¢ and 1 + d2t do not have the same
sign. Then there exists § € (81 A 02,01 V d2) such that 1 + 6t = 0. But this contradicts
[61Ad2,01V 2] C D. Hence I > 0, which shows that &1 — a2 and 51 — 05 have the same sign. [

In order to better understand the incidence of these propositions, let us describe more for-
mally the procedure for determining the support of Proposiation Equations (3.11]) can be
rewritten as —xdd = g(d) = g(d) where

g(g):c/ 6t~ v(dt) and 9(6):/ ot v(dt)

1+ 6t 14 ot

are both increasing on any interval of D and D respectively. Let J and J be two connected
components of D and D respectlvel Assume that g(J) N g(J) # (). Since g is increasing, it has
a local inverse g ~ on g(ﬂ) Let 6 = g 16 ¢(5) and consider the function

e _9(5) g9
B0 T g og) (3.14)

with domain the open set dom(z,7) = {6 €7 : 36 € J such that §(8) = g(é) and & # 0}.
Computing z, 5(5) on all connected components J and J and dropping the values of x for which

1 — 2y (x,8)7(x, 8) > 0, we are of course left with supp(u) N R,.
Thanks to Lemmas . the functions T, 7 7 have the following properties:

1. For any x € R,, at most one function x, - satisfies ., =(§) = o and ac (5) > 0 by Lemma

J, J J J(
Note that more than one function «, = can be possibly increasing at a given be D, as

7,
e figure shows.
2. We show below that there is exactly one couple (J, 5) for which T;5 7 has negative values

and is 1ncreasmg from —oo to zero where it is negatlve Moreover for any couple (J, f])
and for any [01, 6] € J such that x, ((5 ) > 0 and a: ((5 ) > 0,4 =1,2, the function acjj(é)

never decreases between d; and 65 by Lemma

In summary, if a branch of a mjj(g) is increasing at two points &, and d2, then it never
decreases between these two points.

2To give an example, assume that supp(v) R. = [a1, b1]U[az, be]U- - -U[ax, bx] where 0 < a1 < b1 < a2 < ba <
-~ < ax < bx < oo. Then the connected components of D are (—oo, —ay '), (=b7 ', —az '), ..., (=bx"q, —ax",),
and (—by', 00).
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3. Let b = sup(supp(v)) € (0, ] and b = sup(supp(#)) € (0,00], and let us study the
behavior of x5 when J = (=b"',00) and J = (—b~*,00). Assume b = b = co. By the
) &

fact that the functlons o(x
by Lemma the branch @,

5(
having this property, and (5

c~1 5(x) are both positive and increasing on (—ooc,0) and
9) is increasing where it is negative, it is the only branch
)

— ooaséi()

Assume now that b = oo and b < co. Here it is easy to notice that g((—b~",0))Ng((0, c0)) =
() which implies that we can replace J with (0,00). As in the former case, the graph of T, 7
consists in one branch that has the same properties as regards the negative values of «.
The same conclusion holds when b < oo and b = oo

Finally, assume that b,b < co. Here g(6)/6 ~ C and & ~ C’é near zero, where C,C" > 0.
Consequently, the graph of x,3(d) consists in two branches, one on (—=b=1,0) and one

n (0,00). The first branch converges to infinity as ) 1 0, showing that u is compactly
supported, and the second branch behaves below zero as its analogues above. These two
branches appear Figure

4. Assume that a = inf(supp(v)NR,) > 0 and let J = (—o0o0, —a~1). Then g(4) increases from
¢ as b increases from —oo. If § < 0, then T, 3(5) < 0 since g( 5)/6 < 0, and the conclusions

of Item (3) show that the branches T, 5 need not be considered for determining supp(u)
when J C (—oo,O). It remains to study x,7 for J = (=b~',00). On (0,00), the function
g(8) increases from 0 to 1, hence g((0,00)) N g(7) # () if and only if ¢ < 1. In that case,
it can be checked that z,35(d) increases from 0 as ¢ increases from —oo. In conclusion, if

a >0 and ¢ < 1, then inf(supp(p) NR,) > 0, and the location of this infimum is provided
by the branch @, 7

Similarly, if @ = inf(supp(?) N R,) > 0, J = (—o0,—a"!) and J C (=0,0), then the
branches @, 7 need not be considered. If in addition ¢ > 1, then inf(supp(p) NRy) > 0,

and the location of this infimum is provided by the branch T, 5 for J = (—o0 ,—a~!) and
= (=71, 00).
We terminate this paragraph with the following two results.
Proposition 3.3.3. Assume that supp(v) "R, and supp(7) "R, consist in K and K connected

components respectively. Then supp(u) NR, consists in at most KK connected components.

Proof. When v is compactly supported, supp(v — v({0})do) = [a1,b1] U [az,b2] U --- U [ak, bk]
WhereO<a1§bl<a2§b2<---<aK§bK<ooor0:a1§b1<~a2§b2<---<

ag < bg < oo. In the first case, the connected components of D are Jy = (—o0,—a] 1),
I = (—bfl, —ay"),...,Jx = (~bg',00). In the second case, these connected components
are Ji,... ,JK. If v is not compactly supported, ax < bx = oo and the expressions of the

connected components of D are unchanged. With similar notations, the connected components
of D are Jo,...,Jz or Ji,...,J % according to whether inf(supp(#) N R,) is positive or not. Let
s = inf(supp(p) NR.) and S = sup(supp(x)). Following the observations we just made, we notice

that the only possible @, 3 (3) € (s,S) such that cc; 5 (8) > 0 are those for which 1 < k < K,
Y k:If,
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1<k< IN(, and (k, l~§) # (K, IN() Therefore, the number of intervals of supp(u)©N(s,.S) is upper
bounded by K K — 1, hence the result. ]

Proposition 3.3.4. supp(u) is compact if and only if supp(v) and supp(v) are compact.

Proof. The “if” part has been shown by Item above. Assume supp(u) is compact. The
fact that supp(p) N R, = supp(p) N Ry = supp(p) N R, and the equation my(—6(2)~1) =
8(2) + 20%(2)0(z) show that my(z) can be analytically extended to (A, c0) for A large enough,
hence the compactness of supp(7). A similar conclusion holds for supp(v). O

3.3.3 Properties of the density of 1 on R,

Theorem 3.3.2. The density f(x) specified in the statement of Theorem is analytic for
every x # 0 for which f(z) > 0.

Proof. As in the proof of Lemma we assume that v is not a Dirac measure. Let xg # 0 be
such that f(zg) > 0. We start by showing that §(z) can be analytically extended from C4 to a
neighborhood of g in C. Write

_ 3 _ N
¥(z0, z0) Zecfgxov(z,z), Y(z0, zo) Ze&gxov(zjz)a

D(z0,z0) = lim  7(z,2%), T(zo,m0) = lim #(z,2%).
z2eCyr—xo zeCyr—xo

Making z € C, converge to xg in and recalling that the integral at the right hand side
of this equation remains bounded and that %5(1’0) > 0, we get that x%F(mo,mo)f(xo,xO) =
1. Any integrable random variable X satisfies |[EX| < E|X]|, the equality being achieved if
and only if X = 0|X| almost everywhere, where 6 is a modulus one constant. Consequently,
lv(z0, z0)| < T(0,x0) since v is not a Dirac measure, and |§(xo, z0)| < I'(x0, ). Therefore,
|z3y(wo, 20)7 (w0, 20)| < 1. Now, since I0(x0) > 0, it is easy to see by inspecting Equation
that the function F' (5, z) which is holomorphic on C% can be analytically extended to a

neighborhood of (§(zg), zg) in C4 x C, where C, = C — {0}. Observing that

53 (8(x0), o) = —1 4 x2~(z0, 20)7(z0, 20) # 0

and invoking the holomorphic implicit function theorem, we get that there exists a neighborhood
V C C, of zg, a neighborhood V' C C4 of é(z¢) and a holomorphic function d : V' — V’ such
that

{(2,0) eV xV': F(,2) =0} ={(2,0(2)) : z€ V}.

Since 6(z) and §(z) coincide on V N Cy, the function §(z) is an analytic extension of §(z) on V.

This result shows in conjunction with (3.3) that m(z) can be extended analytically to V.
Therefore, writing m(z) = > /5qar(z — zo)" we get that f(z) = 7! >0 Sae (x — o) near
xQ. ]
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We now study the behavior of the density f(x) near a boundary point a > 0 of supp(u). The
observations made above show that when « is a left end point (resp. a right end point) of supp(u),
it is a local supremum (resp. a local infimum) of one of the functions x,7. Parallelling the
assumptions made in (Marcenko and Pastur,|1967), (Silverstein and Choi, 1995) and (Dozier and

Silverstein, 2007), we restrict ourselves to the case where a = T, j(5 ) for some §, € dom(x x, 7).

In that case, @, = is of course analytical around &, and :1:5J J(5 ) = 0. Note that this assumption

J, J
might not be satisfied for some choices of the measures v and 7. Assuming a > 0 is a left end

point of supp(p), it is for instance possible that the function x, 3(5) increases to a as d 1§, with

—5(; L € dv. We however note that our assumption is valid when the measures v and o are both
discrete.

Theorem 3.3.3. LetJ and J be two connected components of D and @ respectively, and assume
that @, 5 reaches a mazimum at a point b, € dom(z x,5). Then az;’i(éa) < 0. Furthermore, for

e > 0 small enough, f(x) = H(v/x —a) on (a,a + &) where H(x) is a real analytical function
near zero, H(0) =0, and

Assume now that x5 reaches a minimum at a point by € dom(z,73). Then cc;’i(ga) > 0.

Furthermore, for ¢ > 0 small enough, f(z) = H(v/a—x) on (a —¢,a) where H(z) is a real
analytical function near zero, H(0) =0, and

To prove the theorem, we start with the following lemma which is proven in Section

Lemma 3.7. Assume that either v or U is not a Dirac measure. Let (5a, a) with a # 0 satisfy

_ OF -~
F (5a, - 0, —= 50,, == 0
o) =0, ZZ(fna
where the function F( x) is defined by (3.13). Then
O*’F - PF -
ﬁ((sa,a) =0 = ﬁ(éa,a) 750

Proof of Theorem[3.3.3. We follow the argument of (Marcenko and Pastur, [1967). We first

assume that x, 5 reaches a maximum at 5, € J and prove that :I: (5 ) < 0. Observe that z, (5)

satisfies F((S,a:”(é)) = 0, and that OF /0z = [t(x(1 + 6t)) > (dt) > 0. By the chain rule for
differentiation, 7
OF OF
O*°F (9’F _O°F = OF
_ Y 99 - X2 (5,
952 <8w2 T 86630) 2, 5(0) + Ox 2,5(09)
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3.4. PROOF OF LEMMA [3.7]

If we assume that a: (5 ) = 0, then (82F/86%)(3a,a) = 0 and it is furthermore easy to check
that

PF[95% -

OF [ow v V-

By Lemma x3)(5,) # 0, but this contradicts the fact that the first non zero derivative of a

function at a local extremum is of even order. Hence :13’3’ 5(5a) < 0.

) (6,) = —

Equation (3.14)) shows that x,5 can be analytically extended to a function 2,7 3 in a neigh-
borhood of &, in the complex plane. Since m;»jv(ga) = 0 and ac;’-jv(ga) < 0, we can write

2y 5(5) —a = ¢(6)? in this neighborhood where ¢ is an analytical function satisfying ¢(5,) = 0 and
(¢'(64))2 = :z: ( 2)/2. We choose ¢ such that ¢'(3,) = —o(—x” (~ )/2)l If we choose z > a
such that z—a is small enough, then z; j((5(1‘)) a = o(6(z))?, and moreover z”(é(x)) = z. Con-

sidering the local inverse ® of ¢ in a neighborhood of d,, we get that & (x) = ®(v/x — a) where the
analytic function ® satisfies ®(0) = 6, and @' (0) = 1/¢'(, ) = (—2/:1:”~(~ ))l (thus the choice

of ¢/(8,) ensures that I5(x) > 0). Using the equation Sm(z) = f (14 6(z)t)~Yr(dt),

we get the result. The case where x, = reaches a minimum at (5 is treated s1m1larly O

J,J

3.4 Proof of Lemma

First recall that

oF = a’~y(x,0)7(x, 8) —
5(57m)_ 7( 75)’7( 75) 1 (315)

so that a27a;7~’a =1, with v, = 7(aa Sa)> Yo = ;7"(0” 6a)7 and

t
0y = c/..y(dt).
—a(1l + dqt)
Differentiating (3.15)), the equation (92F/962)(8,,a) = 0 reads

- t3 ) B
’Yac/ my(dt) + a~ye, / ml/(dt) =0 (316)

9 t -
% (C/ MM) (Bus) = v

Assume now that (93F/86%)(3q,a) = 0. A second differentiation of (3.15) leads then to
Ya t / t*
0=2—c | ———=v(dt ————v(dt
a /(1+6at)3 (dt) (14 64t)3 (d)
+ 75 0/7541/(al7f)—|—a2 3/t417(dt)
7@ (1 + gat)4 7(1, (1 + 5at)4 .

75

where we used
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3 by v2/4, in the

MATRICES
Using a?v,75, = 1, replace now v, Ja by 1/ (a35/a) in the leftmost term and a27a
rightmost term. Multiplying the result by 7, leads to
c t3 / t3
0=2- [ —" 7 —y(dt
a® ) (1+6dqt) () (14 b4t)3 (dt)
4
dt). (3.17)

t4
+ 42 /~ dt) + 3/*
Yol | aran e | T s

We now use ([3.16) and a?~,7, = 1 to write the two equations:
c t3 2 ~2 t3
2— | ————v(dt) = -2 | ——————v(dt
7 ) axnp = @5, | T eap
3 902 72 3
20/&(dt) =X —————v(dt).
ad | (14 64t)3 a? Yo ) (14 0,4t)3
Replacing the corresponding terms in the leftmost term of (3.17)) leads to the two equations
2 ~2 BN, # ) o
— =2 ———v(dt — ———v(dt) — ———v(dt) =
22 ([ ) e [ a2 [ ttan =0
2
2 42 / t3 ~2/ t4 2/ th
-2l | ———v(dt —~ic | ——=—v(dt) -, | ———v(dt) =0.
a? Ya ( (1+ 04t)3 (d) K (1 + 0qt)* (dt) = (14 8qt)* ()
Multiplying each equation by ~,%, and averaging then gives:
2
1 £ S £
0=—~> ———v(dt —73 ————v(dt
a2 (/ (1 +5at)31/( )) T (C/ (1 +5at)3y( )>
4
v(dt). (3.18)

4
B P
Yol | g\ T Ve | s
Remark now, by expanding the definition of 7, that
1 BN o
— ——v(dt — dt
a27a </ (1+(§at)3y( )) ’Ya’ya/(l_'_éat)gly( )
2 o
PP [ s

</( : )3ﬁ(dt)>2_/(1+6at

e
1+ 0,

a?

<0
with the inequality arising from Cauchy—Schwarz. The case of equality holds only if 7 is a Dirac

v v(dt)

measure. Similarly,
+ d,t)%

2
53 7t3 v — A3~
(S armr) e[
t4

l/(dt)) (c/wy(dt)>

?’Ya
5 g ' 2
a2 (C/ (14 Sat)3y(dt)> (C/ (14 bqt)2

<0
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with equality only if v is a Dirac measure. Therefore, to ensure (3.18]), both v and 7 must be
Dirac measures, which goes against the hypothesis.
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Chapter 4

Robust estimates of scatter for
elliptical data

In the first section of this chapter, we explore the random matrix asymptotics of Maronna’s
robust estimator of scatter introduced succinctly in Chapter |2 as the unique solution of ,
which we will apply to improve array processing subspace methods in the second section. The
assumed model for the observations z1,...,z, € CV from now on until Chapter @ is that of
ii.d. data following a slightly generalized version of the elliptical distribution.

It is to be noted that the technical approach to achieve our main result, Theorem for
Maronna’s estimator can and will be extended to robust shrinkage estimators in Chapter |5 but
cannot be adapted to Tyler’s estimator Cy(0) defined as the (unique up to a scale) solution to
. Since the publication of our first articles, the problem has been solved using a different
technique in (Zhang et al.; 2014). Their approach is based on defining ON(O) as the argument
of the minimum of a potential function whose derivative at the minimum is exactly . Using
concentration inequalities for random matrices, they show that this minimum has a decreasingly
low probability of falling away from some random equivalent S ~(0). Our own approach in the
present section rather relies on exploiting the properties of Maronna’s functions v and ¢ to
contain Cy between two asymptotically tight bounds (in the Hermitian ordering sense) related
to Sy that are amenable to random matrix analysis.

4.1 Theory

In this section, we provide the most fundamental theoretical results of this report, with technical
details and some basic lemmas moved to the Appendix [A]

Before discussing our main results, we first introduce the notations and assumptions taken

in this chapter, some of which being valid for most of the report. We let z1,...,7, € CV be
n random vectors defined by x; = \/7;Ayw;, where 71,...,7, € Ry and wy,...,w, € CN are

random and Ay € CV*V is deterministic. We denote cy £ N/n and &y £ N/N and shall
consider the following growth regime.
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Assumption 4.1. For each N, cy <1, ¢y > 1 and

c— < liminf ey < limsupey < c4
n n

where 0 < c— < cq < 1.

The robust estimator under consideration in this section is Maronna’s M-estimator C’N de-
fined, when it exists, as a (possibly unique) solution to the equation in Z € CV*¥

1< 1
7 = - Zu <ijlei) X (4.1)

i=1

where u satisfies the following properties:

(i) w:[0,00) — (0,00) is nonnegative continuous and non-increasing
(ii) ¢ : 2 — au(x) is increasing and bounded with lim, o ¢(7) £ doo > 1
(ili) ¢oo < ;1.

Note that (ii) is stronger than Maronna’s original assumption (Maronnay, 1976, Condition (C)
p. 53) as ¢ cannot be constant on any open interval. The assumption (iii) is also not classical in
robust estimation but obviously compliant with the large n assumption made in classical works
(for which ¢4 = 0). The importance of both assumptions will appear clearly in the proof of the
main results.

The statistical hypotheses on x1,...,x, are detailed below.

Assumption 4.2. The vectors x; = \/TiANw;, © € {1,...,n}, satisfy the following hypotheses:

1. the (random) empirical measure o, = L 3" | 8, satisfies [ 70, (dT) 251
2. there exist ¢ < 1 — ¢t <1 —cy and m > 0 such that, for all large n a.s. 7, ([0,m)) < e
3. defining Cy = Ay A%, Cn = 0 and limsupy [|On|| < 0o

4. Wi, ..., wy € CN are independent unitarily invariant complex (or orthogonally invariant
real) zero-mean vectors with, for each i, |[w;||> = N, and are independent of 11, ..., Tn.

Item [1] is merely a normalization condition which, along with Item |3| ensures the proper
scaling and asymptotic boundedness of the model parameters. Note in particular that Item
ensures a.s. tightness of {7,}5°,, i.e., for each ¢ > 0, there exists M > 0 such that, with
probability one, 7,([M,00)) < e for all n. Item [2] mainly ensures that no heavy mass of 7;
concentrates close to zero; this will ensure that Cy does not have too many eigenvalues close to

zero and thus has a stable asymptotic behavior.
Note that Item [4| could be equivalently stated as w; = VN Hg—’” with w; € CN standard
complex Gaussian (or standard real Gaussian). This remark will be used throughout the proofs
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of the main results which rely in part on random matrix identities for matrices with independent
entries.

All these conditions are met in particular if the 7; are independent and identically distributed
(i.i.d.) with common unit mean distribution # (in which case [ ,(dz) = 1 by the strong law
of large numbers) such that #({0}) = 0. If in addition N = N, then x1,...,z, are i.i.d. zero-
mean complex (or real) elliptically distributed with full rank (Ollila et al.| 2012, Theorem 3).
In particular, if 2N7 is chi-squared distributed with 2N degrees of freedom, z; is complex
zero mean Gaussian. If 1/7 is chi-squared distributed with arbitrary degrees of freedom, z; is
instead zero mean complex Student distributed (see (Ollila et al., 2012) for further discussions
and recent results on elliptical distributions).

For simplicity of exposition, most of the following, and in particular the proofs of the main
results, will assume the case of complex x;; the results remain however valid in the case of real
random variables.

We shall now take a last technical assumption, which we believe is necessary to our main
result.

Assumption 4.3. For each a >b> 0, a.s.

s 151D, (1, 50))

o ey 7y T 7 R

Assumption [£.3] controls the relative speed of the tail of 7, versus the flattening speed of
¢(x) as x — oo. Practical examples satisfying Assumption are:

e There exists M > 0 such that, for all n, maxj<;<, 7 < M a.s. In this case, 7, ((t,00)) =0
a.s. for t > M while ¢(at) — ¢(bt) # 0 since ¢ is increasing.

e For u(t) = (1 + a)/(a+t) for some a > 0, it is easily seen that it is sufficient that
lim sup,, 7, ((t,00)) = o(1/t) a.s. for Assumption to hold. In particular, if the 7; are
i.i.d. with distribution 7, limsup,, 7, ((¢,00)) = P((¢,00)) a.s. (for all ¢ continuity points of
7) and, by Markov inequality, it suffices that [ 2!*7(dz) < oo for some € > 0.

The main contribution of this section is twofold: we first present a result on existence and
uniqueness of Cy as a solution to (Theorem and then study the limiting spectral
behavior of Cy as N,n — oo (Theorem . With respect to existence and uniqueness,
we recall that for N = N (Maronna, 1976, Theorem 1) ensures the existence and uniqueness
of a solution to (4.1) under the statistical hypothesis that each N-subset of z1,...,z, spans
CV and that ¢oo > n/(n — N). While the first condition is met with probability one for
continuous distributions of x;, the second condition is restrictive under Assumption [4.] as it
imposes ¢ > 1/(1 — c_) which brings a loss in robustness for c_ close to oneE| Our first result
is a probabilistic alternative to (Maronna, |1976, Theorem 1) which states that for all large n,

! As commented in (Maronna), [1976)), small values of ¢ induce increased robustness to the expense of accuracy.
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a.s.E| has a unique solution. This result uses the probability conditions on x1,...,z, and
also uses ¢ < cll which, as opposed to (Maronnal |1976, Theorem 1), enforces more robust
estimators. The uniqueness part of the result also imposes that ¢ be strictly increasing, while
(Maronnay, 1976, Theorem 1) allows ¢(z) = ¢ for all large ZL’.E|

As for the large dimensional behavior of Cly, in the fixed N large n regime and for i.i.d. 7,
it is of the form Cy = Viy where Vi is the unique solution to Vy = E[u(%wTVﬁlxl)xlxﬂ
(Maronnay, (1976, Theorem 5). When the z; are i.i.d. elliptically distributed and w is such that Cy
is the maximum-likelihood estimator for Cp, then Vy = Cy, leading to a consistent estimator
for Cy. In the random matrix regime of interest here, we show that Cn does not converge in any
classical sense to a deterministic matrix but satisfies ||C,, — Sx|| == 0 in spectral norm, where
Sy follows a random matrix model of the separable covariance type studied in the previous
chapter. As such, the spectral behavior of Cy is easily analyzed from that of Sy for N,n large.

In the next subsection, we introduce some new notations that simplify the analysis of Cy
and provide an insight on the derivation of our main result, Theorem [4.1.2

4.1.1 Preliminaries

First note from the expression of Cy as a (hypothetical) solution to (&.1)) that we can assume
1 1

Cy = Iy by studying CXFCA’ NC'J:,5 in place of Cn. Therefore, here and in all major proofs in the
section, without generality restriction, we place ourselves under the assumption Cy = Ay A} =
In.

Our objective is to prove that C Nisa well behaved solution of (4 . for all large n, a.s.) and
to study the spectral properties of Cy as N, n grow large. However, the structure of dependence
between the rank-one matrices u(ﬁxj C’N x;)zixy, © = 1,...,n, makes the large dimensional
analysis of Cy via standard random matrix methods impossible (see e.g., (Pastur and Serbina,
2011; Bai and Silverstein, 2009; |Anderson et al., 2010))) as these methods fundamentally rely on
the independence (or simple dependence) of the structuring rank-one matrices. We propose here
to show that, in the large N, n regime, Cy behaves similar to a matrix Sy whose structure is
more standard and easily analyzed through classical random matrix results. For this we first need
to rewrite the fundamental equation in order to exhibit a sufficiently “weak” dependence
structure in the expression of Cy. This rewriting is performed in Section below. This
being done, we then prove that some weakly dependent terms can be well approximated by
independent ones in the large N,n regime. Since the final result does not take an insightful
form, we provide below in Section a hint on how to obtain it intuitively.

2As is common in random matrix theory, the probability space under consideration is that engendered by the
growing sequences {1, ..., Tn }ne1, with N, n satisfying Assumption so that an event F,, holds true “for all
large n, a.s.” whenever, with probability one, there exists no for which FE,, is true for all n > ng, this no possibly
depending on the sequence.

3We should point out here that a more general proof than Maronna’s and to which we were unaware at
the time of publication of this work was provided in (Kent and Tyler} [1991) which somewhat encompasses our
present result; nonetheless our proof is quite instrumental to the understanding of the structure of Cy in the
large dimensional regime and therefore has interest in its own.
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4.1.1.1 Rewriting (4.1)

We need to introduce some new notations that will simplify the coming considerations. Write
x; = JTIANW; = V/Tizi and recall that Cy = Iy for the moment (in particular, ||z is of order
VN for most z;). If Cy is well-defined, we denote C'; L2 Cy— lu(%m*cflxi)ajia}f.

Remark that C'( ) depends on z; only through the terms u( C’ xj) j # 4, in which the

term Cy is built on z;. But since ; is only one among a growmg number n of x; vectors,
this dependence structure looks intuitively “weak”. This informal weak dependence between x;
and C(l) along with classical random matrix theory considerations, suggests that the quadratic

forms Nz C(l) zi,i=1,...,n, are all well approximated by - ~tr C (more precisely, this would

roughly be a consequence of Lemma and Lemma |A.2|in the Appendix if z; and C’(i) were
truly independent).

With this in mind, let us rewrite CN as a function of %zl* C’(;)lzi instead of %x;‘ CA’K,lzL‘Z-,
i =1,...,n. For this, let Z € CN*N be positive definite such that for each i, Z) S~

_1z,~)7'iziz;‘ is positive definite. Using the identity (A + 722*)7!'z = A71z/(1 +

1 iz’-kZ(_.)lz
—z;z7!
N 1+TZ (rixziZ- 1ZZ)nZZ()

Hence,

1 1 1 .. 1
NziZ(i)lzi <1CNTZ-U< szZ >NZiZ 1zi> :NziZ lzi

which, by the definition of ¢, is

1. 1, 1,
NziZ(i)1z¢< chb( Nz,Z 1zz>> :NZiZ 1o

Using Assumption and ¢oo < cjrl, taking n large enough to have ¢(z) < oo < 1/cy, this
can be rewritten

1 L *Z*l .

— 27 =

NTZ@™ g —cNgb (TlNZ Vi 122)

(4.2)

Now, since ¢ is increasing, g : [0,00) — [0,00), x — z/(1—cnp(x)) is increasing, nonnegative,
and maps [0, 00) onto [0,00). Thus, g is invertible with inverse denoted g~—!. In particular, from

@2,

1 _ 1 _1
Call now v : [0,00) — [0,00), z — w0 g~!. Since g is increasing and nonnegative and wu is
non-increasing, v is non-increasing and positive. Moreover, 9 : x — zv(z) satisfies:
¢(g~" ()
—1

=zu(g ' (z)) = “@)u(g Hz)) =
Y(z) =2u(g™ (7)) = g(g~ (2))u(g™ () 1~ cnolg-1(2)
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which is increasing, nonnegative, and has limit Y £ ¢ /(1 — cN¢oo) as & — co. Hence, v and
1) keep the same properties as u and ¢, respectively.

With these notations, to prove the existence and uniqueness of a solution to (4.1)), it is
equivalent to prove that the equation in Z

T\ Ti—=2zi 2.5 % | Ziz
= () =

has a unique positive definite solution. But for this, it is sufficient to prove the uniqueness of
di,...,d, > 0 satisfying the n equations:

-1

1, (1 . .
G=N%\n ;m’ (ridi) ziz; |z, 1<j<n. (4.3)
i#]

Indeed, if these d; are uniquely defined, then so is the matrix
1 n
Cn = - Z 70 (Tid;) 22 (4.4)
i=1

with d; = %zz* CA’(;)lzi, C'(i) Cn - fu( C’ SCZ)QSZ (the existence follows from taking the

d; solution to (&.3) and write Cy as in (d.4), while uniqueness follows from the fact that (4.4)
cannot be written with a different set of di from the uniqueness of the solution to (4.3))).

This is the approach that is pursued to prove Theorem [4.1.1, based on the results from
(Yates|, 1995). Equation (4.4]), which is equivalent to (4.1) (with Cy in place of Z), will be
preferably used in the remainder of the section.

4.1.1.2 Hint on the main result

Assume here that the d; above are indeed unique for all large n so that Cy is well defined. We
provide some intuition on the main result.

From the discussion in Section we may expect the terms d; to be all close to % tr C’;,l
for N,n large enough. We may also expect % tr CA’X,I to have a deterministic equivalent vy, i.e.,
there should exist a deterministic seqlience {7~}%_; such that | ]{[ tr C'_l — | 225 0. Let us
say that all this is true. Since N tr Cy' is the Stieltjes transform ~ Ltr(Cy — zIn)~" of the
empirical spectral distribution of CN at point z = 0, and since CN is expected to be close to
rlb > Tiv(TyN ) 2zi2f with now v(7;yn) independent of 21, . . ., z,, from (3.4) in the previous chapter
(extended to z = 0), we would expect that one such yx be given by (recall that Cy = Iy)

1 () \
TiU\TiYN

w=|-

(n ; 1+ CNTiU(Tz"YN)’YN)
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if this fixed-point equation makes sense at all. This can be equivalently written as

Z TfYN (45)

14+ cny Tz'YN)

We in fact prove in Section that such a positive vy is well defined, unique, and satisfies
a.s. . . . . . .
maxj<j<n |di —yn| — 0 (under correct assumptions). Proving this result is the main technical
difficulty of the proof.

This convergence, along with (4.4)), will then ensure that for all large n, a.s.

‘ ~

where

n

S'N = n Z v (Tz"YN) Tizizf

i=1
with v the unique positive solution to (4.5)). It will then be immediate under Assumption
to see that the result holds true also for C # In.

The major interest of this convergence in spectral norm is that Sy is a known and easily
manipulable object, as opposed to C. The result therefore conveys a lot of information about
Cy among which the fact that its largest and smallest eigenvalues are almost surely bounded
and bounded away from zero for all large n (which is not in general the case of % o xxf for
7; with unbounded support).

4.1.2 Main results

We now make the statements of Section [4.1.1.2] rigorous. The first result ensures the existence
and uniqueness of a solution C'y to (4.1) for n large enough.

Theorem 4.1.1 (Existence and Uniqueness). Let Assumptions[{.1] and[{.4 hold, withlimsupy [|Cn/||
non necessarily bounded. Then, for all large n a.s., . ) has a unique solution Cn given by

Cy = lim ZW
t—o0
teN

where Z(0) = 0 is arbitrary and, for t € N,
1o 1 -1
Z+) = - E u (Na:;" (Z(t)> x,) Xy

Having defined Cy, our main result provides a random matrix equivalent to C v, much easier
to study than Cp itself.
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Theorem 4.1.2 (Asymptotic Behavior). Let Assumptions hold, and let Cy be given by
Theorem when uniquely defined as the solution of (4.1) or chosen arbitrarily if not. Then

where

and vy is the unique positive solution of the equation in ~y

¢ 7—17
Z 1+ CNl/} TZV)

with the functions v: x> (uog 1) (x), ¥ : 2+ zv(x), and g : Ry = Ry, 2 2/(1 —cnop(z)).

The fact that Cy is well approximated by S ~, which follows the separable covariance random
matrix model studied in the previous chapter, has important consequences. From a purely
mathematical standpoint, this provides a full characterization of the spectral behavior of Cy for
large N, n (see in particular Corollary below). For application purposes, this first enables the
performance analysis in the large N, n horizon of standard signal processing methods already
relying on Cy (these methods were so far analyzed solely in the fixed N large n regime).
A second, more important, consequence for signal processing application is the possibility to
fully exploit the structure of Cy for large N,n to improve existing robust schemes (see next
Section for an example in array processing). Note importantly here that Sy is a matrix
of the separable covariance class studied in the previous chapter, the spectrum of which we
therefore can completely characterize. However, Sy is not a directly observable matrix since vy
and the 7;’s are not directly readable from the z;’s so that Sy has a purely analytical purpose
and cannot be used as a substitute for Cy in practice.

As a consequence of Theorem [£.1.2]and of the results of Chapter [3] we now have the following
corollary.

Corollary 4.1 (Spectrum). Let Assumptions hold. Then

Z M(C) — PN 0 (4.6)

where the convergence is in the weak probability measure sense, with uyn a probability measure
with continuous density and Stieltjes transform my(z) given, for z € C4, by

11 Y
mpy = f—g
ZN: 1+5N (CN)
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where dx (z) is the unique solution in C of the equations in 0

5o 11~ v(mw)
zn = IN + ¥(TiN)d

N
5= _112M
zn =1+ N(Cn)o

and where vy is defined in Theorem[].1.9. Besides, the support Sy of un is uniformly bounded.
If Cny = In, mn(2) is the unique solution in C, of the equation in m

" 1
o (_Z+7&17112 P(TiTN) ) ‘

i=1 1 + C’}/&lw(’ﬁ’}/]\[)m

Also, for each Ny € N and each closed set A C R with AN (UNZNo SN> =0,

250 (4.7)

=1

‘{)\i(C'N)}].V nA

so that, in particular,

limsup [|Cx || < co. (4.8)
N

Proof. Equation is obtained from the results of (Zhang, [2006) and Chapter 3| with ) ~N(z)
and my(z) the deterministic equivalents extension of 0(z) and m(z) defined in and (3.3),
i.e., the fundamental equations attached to (v, 7n) instead of (v, ), where vp, = 3 >, 6, (Cp)-
The characterization of puy follows immediately from the results of Chapter The uniform
boundedness of the support is a consequence of the boundedness of ¥ and -y, Lemma (4.1

in Section Finally, the results (4.7) and (4.8) are an application of (Paul and Silver-

n

stein|, 2009) along with limsupy ||Sx|| < v(0)limsupy ||Cy|| limsupy 1257 @xf]| < oo by
Assumption and (Bai and Silverstein, [1998]). O

A consequence of Theorem [I.1.2] and Corollary [f.1]in the i.i.d. elliptical case is as follows.

Corollary 4.2 (Elliptical case). Let Assumptions hold and in addition, let T; be i.i.d.
with law v and let cy — ¢. Then

A 1 & .
C —EZU(Ti’YOO)QS‘il‘Z-

=1

a.s. 0

where ¥v*° is the unique positive solution to the equation in ~y

Ye(ty)

) 7(de)
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with . = limey Y. Moreover, if % Dy Ox,(Cy) — v weakly, then
n
ISs o oas
n Z Ai(CN) H
i=1

weakly with p a probability measure with continuous density of bounded support 8, the Stieltjes

transform m(z) of which is given for z € C4 by

1 1
m(z) = —Z/Wu(dt)

where S(Z) is the unique solution in C, of the equations in )

1 Ye(tr™)
"= / Y2 + Y (ty>°)0 (d)

5:-6/ L ).
zJ) 1+t

Finally, for every closed set A C R with ANS§ =0,
N

’{)\i(C‘N)}} N4

a.s. 0

1=
Proof. We use the fact that vy =2 4> (yy defined in Theorem i which is a consequence
of ¥/(1 + ent) being monotonous and vy uniformly bounded, Lemma The rest unfolds
from classical random matrix results presented in part in Chapter ]

T T

T
- Empirical eigenvalue distribution

Density of un

Density

it I| —.-._I‘, I
W
1 1

.5 2
Eigenvalues

— 2500, N = 500, Cy =

Histogram of the eigenvalues of Cy for n

Figure 4.1:
diag (125, 31125, 101250), 71 with I'(.5, 2)-distribution.
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T T T T
- - Empirical eigenvalue distribution

3+ Density of pn H

Density

Eigenvalues

Figure 4.2: Histogram of the eigenvalues of Sy for n = 2500, N = 500, Cy =
diag([125, 3[125, 10[250), T1 with F(5, 2)-diStI‘ibutiOH.

05 T T T T T

- - Empirical eigenvalue distribution
Density of the deterministic equivalent

Density

0 5 10 15 20 25 30

Eigenvalues

o xixy for n = 2500, N = 500, Cy =

Figure 4.3: Histogram of the eigenvalues of %Z
diag(]125, 3]125, 10[250), 1 with F(5, 2)-distribution.

Figures and depict the empirical histogram of the eigenvalues of Cy and Sy, for
N = 500 and n = 2500 with u(t) = (1 + a)/(t + a), a = 0.1, Cy = diag(l125, 31125, 10125),
and 71, ...,7, i.i.d. with T'(.5,2) distribution. In thick line is also depicted the density of uy in
Corollary which shows an accurate match to the empirical spectrum as predicted by .
As a comparison, Figure shows the empirical histogram of the eigenvalues of the sample
covariance matrix % Yo, xjxf under the same parametrization against the deterministic equiv-
alent density for this model in thick line (Zhang, 2006). This graph presents a large eigenvalue
spectrum support, seemingly unboundedly growing with /N, which is indeed expected according
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to Proposition in the previous chapter as 7 has unbounded support; this is to be compared
against the provably uniformly bounded spectrum of Cy (owing again to Proposition and
the uniform boundedness of v(x) and ||Cn||). Also note the gain of separability in the spectrum
of Cy which exhibits clearly three compacts subsets of eigenvalues, reminiscent of the three
masses in the eigenvalue distribution of Cy, while + Yo, xixf exhibits a single compact set of

n
eigenvalues.

Both remarks have major consequences for detection and estimation purposes in signal pro-
cessing applications of robust estimation, where relevant system information is often carried in
the largest eigenvalues, ideally found sufficiently far from the “noise” eigenvalues. As such, from
a practical standpoint, it is expected that robust estimators would allow for an improved separa-
tion between information and noise in impulsive data settings. This behavior will be confirmed
by the application carried out in Section [4.2

In the next section, we present the proofs of Theorem and Theorem |4.1.2

4.1.3 Proof of the main results

For the sake of definition, we take all variables to be complex here although the arguments are
also valid for real random variables.

4.1.3.1 Proof of Theorem [4.1.1]

As mentioned in Section [4.1.1] we can assume without generality restriction that Cy = Iy.
Indeed, if Cy is the unique solution to (4.1)) assuming Cy = Iy, then, for any other choice of

L. 1
Cn = 0, CyCnCp is the unique solution to the corresponding model in (4.1)). Hence, we only
need to prove the result for Cy = I.
Consider a growing sequence {x1,...,z,}52; according to Assumptions and Since
{7 = 0} = n,({0}) < n(1 — ¢4) for all large n a.s. (Assumption 2), n — |{r = 0} >

cin > N + 1 which, along with zi,..., 2z, being normalized Gaussian vectors, ensures that
{z1,...,2j-1,2j41,...,2,} spans CN for all j for all large n a.s. As long as n is large enough,
we can therefore almost surely define h = (hy, ..., h,) with h; : R — R given by

-1

1, (1 \
hilan - van) = 575 | > omv(mg) 2z | 2
i]

As shown in Section {4.1.1.1] in order to show that Cly is uniquely defined, it suffices to show
that there exists a unique ¢, ..., ¢, such that for each j, ¢; = h;(q1,...,¢,). For this, we show
first that A satisfies the following properties with probability one:

(a) Nonnegativity: For each ¢1,...,¢, > 0 and each 7, h;i(q1,...,qn) >0

(b) Monotonicity: For each ¢1 > ¢},...,qn > ¢}, and each 4, hi(q1,...,qn) > hi(d},--.,q,)
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(c) Scalability: For each a > 1 and each i, ahi(q1,...,qn) > hi(aq, ..., aq,).

Item (a) is obvious since the matrix inverse is well defined for all n large and z; # 0 almost surely.
Item (b) follows from the fact that, for two Hermitian matrices A = B = 0, B~ = A=!1 = 0
((Horn and Johnson, (1985, Corollary 7.7.4)), and from v being non-increasing, entailing h; to
be a non-decreasing function of each ¢;. As for Item (c), it follows also from the previous
matrix inverse relation and from ) being increasing, entailing in particular that, for a > 1,
Y(agi) > ¥(q) if gi # 0 so that v(ag;) > v(g;)/a for ¢; > 0.

According to Yates (Yates| 1995, Theorem 2), h is then a standard interference function
and, if there exists q,...,q, such that for each i, ¢; > h;(q1,...,qn) (feasibility condition),
then there is a unique {qi,...,qn} satisfying ¢; = h;(qi,...,q,) for each i, which is given
by ¢ = limy_,e qi(t) with ql(o) > 0 arbitrary and, for ¢t > 0, qi(tJrl) = h; (qit), ..,q,(f)) (which
would then conclude the proof). To obtain the feasibility condition, note that the function

—1 -1
q— ~ <1 > iz Y(Tiq)ziz *) z; decreases with limit %%j“"i (1 D im0 Fi% ) z; as

q — oo. As {r;}I"; and {z;}"; are independent and limsup,, N/|{m # 0}| = limsupcn/(1 —
7,({0})) < 1 as. (Assumptlon E [4.2] and Assumption [£.1)), for all large n a.s., we fall within the
hypotheses of Lemma in the Appendix and we can then wrlteﬁ

-1

a.s.
max (1= 7 ({0}) 27;02 z — 1] 250.

Assume first that 7; # 0. Then, using the relation

- L (LS oz 71z-

1 (1 N N~j \'n Lum#0 ~“i% J

—zi | — g 2i%; 2 = -
N A i #0,i#] l—ens2s (LS 2z 12'
TiF#0,i#] NN*j \n T #£0 1% J

and the fact that for all large n a.s. 1 — ,({0}) > ¢4, we have

-1

1 1 1 a.s.
max |— - 2i2f zi — _ == 0.
im0 | N | n Tig;# o 7 1-5,({0}) —en

%-x-

Therefore, using the fact that 7y ({0}) < 1 — ¢ for all n large a.s. (Assumption 2), we
have that for all j with 7; # 0

-1

1 1
Nz; - Z 2z} zj < 1. (4.9)
Ti#0,1#7

“To be more exact, since |{r; # 0}| is random with probability space T producing the 7;’s, Lemma applies
only on a subset of probability one of T. It then suffices to apply Tonelli’s theorem (Billingsleyl [1995) to ensure
that Lernrna can be extended and still holds with probability one on the product space producing the (7;, z; ).
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If instead 7; = 0, then
-1
1 1 1 a.s,
— = o R S Y
im0 [N\ ;}” T 1= ooy

and we find also the inequality (4.9) for all large n a.s. and for all j with 7; = 0, using once
more 7y ({0}) < 1 — @52, As such, (4.9) is valid for all j € {1,...,n}.

We can then choose n large enough so that (4.9) holds for all j, after which, taking ¢
sufficiently large,

-1

1, (1 .
N ﬁzw(nq)zizi zj <1

i#]
which is equivalent to
-1
1 1
Nz; - gv(nq)nzizf zj < q
i#j

for all j, ie., hj(q,...,q) < ¢q. This ensures feasibility for all large n a.s. and concludes the
proof.

4.1.3.2 Proof of Theorem [4.1.2]

Similar to the proof of Theorem we can restrict ourselves to the assumption that Cy =
In. The generalization to Cp satisfying Assumption 3) will follow straightforwardly. We
therefore take Cy = Iy in what follows.

We start the proof by introducing the following fundamental lemmas (note that these lemmas
in fact hold true irrespective of Cn > 0).

Lemma 4.1. Let Assumption[{.1] hold and let h : [0, 00) — [0,00) be given by

! Z” (T Ly ) .
h’(’}/) = (n TZU(TZ’Y) ) - v (n Zz:l 1+ch(Ti’y)> , Y >

1+ enmiv(Ty)y U(lo) (Iyn, Ti)_l v =0.

Then, for all large n a.s., there exists a unique yn > 0 satisfying ynv = h(yn), given by

— 1 (t)
YN ti{& TN

=1

with ’y](\?) > 0 arbitrary and, fort > 0, %(\t[H) = h(’yj(\?)). Moreover, with probability one,
v_ < liminf vy <limsupyy < v+
N N

for some v_,v4+ > 0 finite.
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Proof. As in the proof of Theorem we show that h (scalar-valued this time) is a standard
interference function. We show easily positivity, monotonicity and scalability of h. Indeed, for
Y20, h(7y) > 0. For vy > 4" >0,

h(v) —h(y) _ 1 Zn: 7i (v(ry) = v(1y)) + (v = V)entPo(Evo(ry)
h(

Nh(y) & (1 + eniv(rim)7) (1 + enriv(riv')y')

>0

which follows from v being nonnegative decreasing. Finally, for a > 1, ah(0) > h(0) and for
v #0,

1/} Ty 1/) Y -
hlay _a7< Zl—i—ch na’y)> ( Zl—i—c]\/w Tﬁ)
= ah(7)

which follows from v — 9 (7;7)(1 + ent(77)) ! being increasing as long as 7; # 0. It remains
to prove the existence of a v such that v > h(v), inducing by (Yates, 1995, Theorem 2) the
uniqueness of the fixed-point vy given by vy = limy_, vj(\t,) as stated in the theorem. For this, we
use again the fact that v — ¥ (7;7)(1 + cntp(74y)) "t is increasing and that (Assumption ,
for all large n a.s.

1< Ti 1 — o, ({0
3 v(ry) ({0})v

 Trendim) Loyl T {089 > L

Therefore, there exists vy (a priori dependent on the set {r1,...,7,}) such that, for all v > ~,
h(v) <.

To prove uniform boundedness of vy, let € > 0 and m > 0 be such that (1 — ¢)¢o > 1 and
Up((m,00)) > 1 — ¢ for all n large a.s. (always possible from Assumption 2)). Then, for all
n large a.s.

1 i 7-@7 . w(m’}/) .
n Zz; 1+ ento(7y) > 6)1 + enp(mey) = (1=8)¢o0 > 1

as v — oo. Similar to vy above, we can therefore choose v, large enough, now independent
of n large, such that, a.s. v > 4 = v > h(y), implying vy < 74+ for these n large since
N = h(yn). Also, h(0) > 1/(2v(0)) for all large n a.s. since = > | 7; 2% 1 by Assumption
Hence, by the continuous growth of h, we can take v_ = 1/(2v(0)) > 0 which is such that
v < v- = h(vy) > h(0) > ~ for all large n a.s. This implies vy > ~_ for all large n a.s., which
concludes the proof. O

Remark 4.1. For further use, note that Lemma can be refined as follows. Let (n, M,) be
couples indexed by n with 0 < n < 1 and M, > 0 such that 0, ((My,0)) <n for all large n a.s.
(possible by tightness of vy ). Then, for sufficiently small n, the equation in ~y

1 T;0(TiY)
=10 2 Trewm

el 1+ enmiv(miy)y

-1

93



CHAPTER 4. ROBUST ESTIMATES OF SCATTER FOR ELLIPTICAL DATA

has a unique solution ~}; for all large n a.s. and there exists y—, v+ > 0 such that, for all n < ng
small, v— < v3; < 4 for all large n a.s.

Proof. The uniqueness is clear as long as (1 — n9)(1 — limsup,, ,({0}))¢sc > 1 since then,

{7 <My}
n

exploiting the fact that lim,, >1—1np a.s.,

1 (riv)  _ H{m < My}
lim Ti;/[ TS ent() " (1= ({0}))¢o0 > 1

for all n large a.s. and the proof follows from the proof of Lemma For uniform bound-
edness, taking M,, < M, large enough (or equivalently 79 > 7 small enough) such that

lim inf,, Wli"}' > liminf, M > 1 — ¢ a.s. in the proof of Lemma leads to
the same upper bound result for all small n < 79. As for the lower bound, we still have
h(0) > 1/(2v(0)) for all large n a.s. independently of 1 so the result is maintained. O

Lemma 4.2. Let Assumption[{.1] hold and define vy as in Lemmal[4.1. Then, as n — oo,
-1

max |— Z TV 7' 22 Zi — — 0.
1<j<n N - (i )z i TN
i#j

Proof. We first introduce some notations to simplify readability. First, we will write z; =
VN Ay, /|w;]] £ VNZj /||| with @; zero-mean Iy-covariance Gaussian, hence @; is zero-
mean I y-covariance Gaussian. With this notation, in what follows, we denote A = % Yo Tv(TiyN ) iz
A(]) = A — %ij(ijN)zjz;f, A = %Z?:l TiU(Ti’yN)gigf and 121(]) = A — %Tj?)(Tj’}/N>2j§;.
We first show that there exists n > 0 such that, for all large n a.s.
min A\ (A(])) >n (4.10)

1<j<n

(recall that A\; stands for the smallest eigenvalue). For this, take 0 < e < 1 — ¢y and m > 0
be such that 7,((m,00)) > 1 — ¢ for all n large a.s. (Assumption [£.21{2). Using the fact that
zv(x) = ¢ (x) is non-decreasing and that any subtraction of a nonnegative definite matrix cannot
increase the smallest eigenvalue, we have

. w 7_’L’Y]V *

N) > - o

min A (4g) = min X Loy %2
'L;éj T;>m
1

> PmN) g [ 2 Yooz (4.11)
N AmEr AT i mem
Since oy ((m,00)) > 1 — ¢ for all n large a.s.,
N N
O<ceo < hm inf ——— <lim sup s <1
{7 = m}| (rz=m) ~1-c
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From Lemma in the Appendix (see footnote in the proof of Theorem 1| for details), we
can then write

. P(myn) - - ! %
min A (4g) 2 oy Del(msc0)) min HTzZmHWe]zT;m -
S Y gy

TN
for some 1’ > 0 which, along with the almost sure boundedness of v (Lemma proves (4.10)).

Now that is acquired, let Ey; denote the expectation with respect to w (i.e., condi-
tionally on the sigma-field engendered by the w;, i # j, and the 7;) and &; = 1{/\1(A(j))>77} with
n as defined in (4.10). From (Bai and Silverstein| [2009, Lemma B.26) (which applies here since
Zj and /ﬁl;/pA(_j% are independent), for p > 2,

P <4 g CQp —p
]—NK waf) e

for (¢ any upper bound on E[|%;|‘] and K, a constant dependent only on p. From the definition
of k;, we have /@]HA Yl < n~', so that, using % tr B < || B|| for nonnegative definite B € CNV*V,

Ky C2
ij [ ] 77pN <C4 ng1>‘

This bound being irrespective of all z; and 7;, i # j, we can take the expectation with respect
1 sx ALz

to all w;, i # j, and all 7; to obtain
P 1
ST =0 (52):

Taking p > 4 and applying the union bound, Markov inequality, and Borel Cantelli lemma
finally shows that

1, 9. 1
Eg; |:I<&j szA(j)zj trA(j)

~*A ! trA

0%~

)

1
~ 4G

. —ZFAT - tr AL
(4)

~ 5 (])zj 2500. (4.12)

max KIJ
1<5<n

With the same arguments on x; and with the same p as above, now remark that

oo -5

1 il " 1
npp N NPp/2

since N > N, again by (Bai and Silverstein, 2009, Lemma B.26). Therefore, by the union bound,
Markov inequality, and Borel Cantelli lemma,

GAGE — N5AGE

s, [ |5
J

ZEAT A 250, (4.13)

max kj N z; (])z] (7%

1<j<n
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Combining ([#.12) and (#.13)) along with the fact that minj<j<, x; ——> 1 (from (&10)) finally
gives

1 * 4—1 1 -1
max sz A(j)zj N tr A(j)

1<j<n

a.s. 0

By ' s A(]) = (A(]) — gIN) -+ gIN with lim infn Al(A(J) — gIN) >0 a.s., SO we are in the
conditions of Lemma and we have

1 1
—tr Al - —tr AT 25 0.

N @ N

max
1<j<n

It remains to find a deterministic equivalent for % tr A=1. Similar to above, note first that,
for all large n a.s.
n

s oox

il

1 1 ~
NtrA_l — N tI'A_l

1

n -
=1

1
< —wﬁ max

~ n? N 1<j<n

1— N7,
N1 w; 2

where we used the definition and boundedness of ¥ and standard matrix inversion formulas.
From (Bai and Silverstein), |1998), the right hand side converges almost surely to zero, so that
it is equivalent to consider z; or z;. Now, the trace % tr A=! is exactly the Stieltjes transform
i (z) of the matrix A evaluated at point z = 0. Since A (A) > )\1(121(1)) > 7 for all large n a.s.
and since 7,0(1;7n5) = ¥(Tiyn )Yy is uniformly bounded across i and n (from the boundedness
of ¢ and Lemma[4.1)), from standard random matrix results (e.g., (Couillet et al.| [2011a) which
extends to deterministic equivalents instead of 1imits)E|, we have

mn(0) — my(0) 23 0

where mpy(0) is the unique nonnegative solution to the equation in m (as long as at least one 7;
is non-zero)

n -1
m— lz Tiv(TiYN)
n < 1+ cntio(Tiyn)m

Now, by definition, vy coincides with such a solution. By uniqueness of mx(0), one must then
have my(0) = vy so that, gathering all results together,

1
N

max
1<j<n

* 1—1 a.s.
sz(j)zj — WN‘ -0

which completes the proof. O

® More precisely, (Couillet et all 2011a) shows that mn(2) — ma(z) =2 0 for all points z with 2] > 0.
Using )q(fi) > 7 for all large n a.s., the proof can be generalized to all z € C with positive distance to [n, c0)
by turning the bounds in 1/|S(z]| into 1/d(z, [, 00)) with d denoting the Hausdorff distance, so for z = 0. The
existence of my(0) is in particular already obtained in the generalization of the existence result of (Couillet et al.
2011a, Appendix A-C), this time for z = 0. The proof of uniqueness of mxy(0) can then be checked by standard

interference function arguments, where feasibility follows in particular from the right-hand behaving as cxm < m
from Assumption
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Remark 4.2. Similar to Remark[4.1], note that Lemma[{.9 can be further extended to

-1
a.s.

1 1
* n * n
max zi | — E T;0(T; 2% Zi— —0
1<j<n [N \ n . .’(”N)” iTN
73 <My i#j

for some n small enough, with M, and 7}7\, defined in Remark .

Proof. One shows boundedness of )\1(% Yo M, ,izj TiV (Tivi)ziz) simply by taking 7 for which
Un((m, My)) > 1 — ¢ for all large n a.s. in the proof of Lemma Then it suffices to adapt all
derivations by substituting 7; by zero if 7; > M,,. The result follows straightforwardly. O

The two lemmas above are standard random matrix results on x1,...,x,, independent of
the structure of CN The next lemma introduces a first result on the Inatrlx CN which will
be fundamental in what follows. Recall that we denoted d; = C( ) Zis with C’() CN —

%U(Tidi)ﬂziz;.
Lemma 4.3 (Boundedness of the d;). There exist dy > d_ > 0 such that, for all large n a.s.,
d— < liminf min d; < limsup max d; < d+.
n 1<i<n n  1<i<n
Proof. Let us denote dmax = maxi<j<n d; and dpin = minj<j<, d;. Take j € {1,...,n} arbitrary

and, for 0 < e <1— ¢ <1 —cy, take m > 0 such that for all large n a.s. 7, ([m,00)) >1—¢
(Assumption 2). Then, using the fact that v is non-increasing while v is non-decreasing,

. idi) di) .
C(j)t%sz( —*de ' *Zd}m %%

i#] i#] i#]
T,L>m T;>m Ti>m
— Z mu(md;)zizF = mo(mdmax) — Z 2i%; (4.14)
z;ﬁ] l?'éj
TiZm TiZm

The right-hand side matrix is invertible for n large since [{7; > m}| > ncy > N for all large n a.s.
Therefore, choosing j to be such that dp.x = Nz*C(])zj, and using A> B>0= B !> A~!
for Hermitian A, B matrices,

—1
1 1 1
dmax < 772; E Z ZzZZ* Zj-

This implies
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which can be rewritten, from the definition of v,
-1
1 1
¥4 (3 Tromiry 5%) %

-1
1 _x (1 % .
l+enys) (a Yorzmiti Zﬂz‘) “

(4.15)

From Lemma[A.4]in the Appendix and the fact that 7, ([m,00) = n~!|{r; > m}| > 1 —¢ for
all large n a.s., we then have for all large n a.s.

—1 —1

1.1 . 11, | .
—25 | = 22 2i=——— | — 22 25
N7 1|n ; v T Dp([m,00)) N7 | {m > m}| ; B J

Ti>m Ti>m
R S D
l—el— 2 Cl—cey—¢

Now, since t — t/(1 + ¢nt) is increasing, for all large n a.s.

—1
1 % 1 *
N <n2 i Zizi) zj 1 1 )

Ti>m o

-1 1—cy — 1 S 1-¢

N—€¢l+ey———— 1—c¢

1 [ 1 ek . l—cny—¢

1+ eny?) (nz Z7>éj zlzi) Z;
Ti=MM

Ase <1—9¢t, (1 —e)7! < ¢oo so that, from the inequality above, we can apply ¢~ on both
sides of (4.15)) to obtain, for all large n a.s.

g~ (mdmax) < 67" < ! >

1—=¢

b Lo (0 (112)

from which dyax is uniformly bounded for all large n a.s. by say d.

hence

To proceed to duyin, note similarly that we can write

. 1 o 1 x
C(j) = n ; MU(Mdmin)zizi + n ; TiU(Tidi)ZiZi
i#] 7

T, <M Ti>M
1 * 1 *
j ﬁ Z MU(Mdmin)ZZ’Zi +U(O)E Z TiZi%Z;
i#] Gall
<M i >M

for any M > 0. Selecting j meeting the minimum for d;, we then have

1 1,1 v(0) 1
doin >~ [ = N i =N ,
i o (Mdmm) N0 | 0 2= % Mo(Md) o e
i <M Ti>g\4
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which, for all large n a.s., satisfies

1 1

Ao > - Lo .

Wi = N o (Mdgin) N 2 ; “s Mv Moz+ Z TiEE S
7—1<5\/[ 7'1>M

or equivalently

-1

1 1
Mdmln > —z | — j -
i )2 N | % ; %2t Yo ardn Mv Md+ ;: T “
T <M TZ>M

With the same arguments as in the proof of Lemma note that, taking M large enough

o . 1 *

hmnmf 1Ij1f A1 p Z Zi%; >0
7’75]77—1'SM

almost surely (from Lemma and since liminf,, 7, ((M,00)) — 1 a.s. as M — o0). We can

then apply Lemmal[A.3|to obtain, along with Lemma Markov inequality, and Borel-Cantelli
lemma arguments,

-1
-1

1 1 .

1I£1Ja<xn sz g zizi + En %= tr - E ziz; + Eym 250 (4.16)
i#] Ti<M
<M

where we defined Ey; = %% > rsy Ti%iz; - Now, Epy is of maximum rank [{r; > M}|.

Taking M large enough to ensure 7, ((M,00)) = |[{7; > M}|/n < c_&’ for some &’ > 0 arbitrary,
we then have from |{r; > M}| applications of Lemma[A.2]

-1 -1

1 (1 . 1 (1 . ,

N tr ﬁ Z ZiZ; + EM - N tr ﬁ Z ZiZ; <e.
T <M T <M

This and (4.16|) give for all large n a.s.

-1

1 * 1 *
Y(Mdmin) > N5 |5 Z 22 zj + 2¢'

for all large n almost surely. From there, it suffices to proceed similar to the boundedness proof
for dmax starting from ([4.15) with inequality signs reverted and accounting for ¢ arbitrarily
small. This shows finally that dy,;, is uniformly bounded away from zero and this completes the
proof. O
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Equipped with Lemmas and we are now in position to develop the core of
the proof. For readability, we divide the proof in two parts. In the first part, we will assume
that 7q,...,7, have a uniformly bounded support. This will greatly simplify the calculus and
will allow for a better understanding of the main arguments; in particular, the technical As-
sumption [4.3| will be irrelevant in this part. Then in a second part, we relax the boundedness
assumption and fully exploit Assumption in a more technical proof.

Bounded 7;. First assume 7q,...,7, < M a.s. for some M > 0. Define
.
e 2 Umdi) (4.17)
v(TiYN)
. . . . I Y |
with vy the value given by Lemma and with d; still defined as d; = N2 C(i) zi. Up to
labeling change, we reorder the e;’s as e; < ... < e,. Our goal is to show that e; 2% 1 and

en =251 (hence maxj<i<p |€e; — 1] 25 0), which we will prove by a contradiction argument.

For any j =1,...,n, we have
.- v (Tj%z;é(;)lzﬁ
v(7jN)

v <Tj]{fz;'< (% Diti TiU(Tidi)ZiZf>_l zj>

- v(TjN)
v (Tj]{[Z;f (% Dot Tiv(Tiny)eiziz;*>_1 zj>

- o) (4.18)
v <7'j 77 <% > it Tw(nny)enzizj)_l zj>

= v(TjN)
v (QLJ%/Z; (% D it Ti”(ﬁ’m)zz’z,ﬁk)_l Zj)

- (7N (4.19)

where the inequality arises from v being non-increasing and from (Horn and Johnson, 1985,
Corollary 7.7.4). Similarly, for each j,

-1
Tl x(1 . ) ok ;
v (elNZj (ﬁ Zi;ﬁj Tz”(Tz’YN)ZzZi> ZJ)

v(T7N)

€ > (4.20)

From Lemma let now 0 < €, < YN, €n 4 0, be such that, for all large n a.s. and for all
J<mn,
-1
1 * 1 *
TN~ En < 7% - ;TiU(Ti’YN)ZiZZ' zj < YN + €n.
i#£]
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In particular, since v is non-increasing, taking j = n in (4.19) and applying the left-hand
inequality,

v (e;lrn(ny — &?n))
'U(Tn’YN)

en <

or equivalently

enU(Tn'YN)
v (engn(")/N - gn))

< 1. (4.21)

By the definition of v, this can be further rewritten

I/J(Tn’YN)

1. 4.22
b (en (L — ey 422

(1 - gn'YN_l)

Assume now that, for some ¢ > 0, e, > 1+ / infinitely often and let us restrict the sequence
en to those indexes for which e, > 1+ /.

We distinguish two scenarios. First, assume that liminf, 7;, = 0. Then, by the definition
(4.17) and since both d,, and vy are uniformly bounded (Lemma 4.1 and Lemma |4.3)), on some
subsequence {n;} satisfying lim; 7,,, = 0, ey, 2% 1, in contradiction with e, > 1 + /.

We must then have liminf,, 7, > 7_ for some 7_ > 0 along with 7,, < M a.s. for some M > 0
(bounded 7; assumption). Then, since vy is bounded and bounded away from zero for all large
n a.s., so is 7, yny. Considering and restricting ourselves to a further subsequence over which
YN — & > 0 and ¢y — ¢, we then have, with ¢.(z) = lim., . ¥ (x) (recall that ¢) depends on
cn through g),

Y (Tn'YN) e (x)

b (en rann (1= 20x) — Bel(L+ D7 12) ~ 1 (4.23)

lirrln (1 — Ennyfl)

which contradicts (4.22)). Gathering the results and reconsidering the initial sequence e, (i.e.,
not a subsequence) we then have, for each ¢ > 0, e,, < 1 + ¢ for all large n a.s.

Symmetrically, we obtain that, for some &, | 0 and for all large n a.s.

61”(717N)
v (er ' mi(yw +en))

> 1.

From this, we conclude similar to above that, for each £ > 0 small, e; > 1 —/, for all large n a.s.
so that, finally

max |e; — 1] 230
1<i<n

or, by uniform boundedness of the 7; and vy,

a.s.
121%)% |v(1id;) — v(Tyw)| — 0.
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Hence, letting ¢ > 0 and recalling that mv(7vn) = ¥(1ivn) /YN, for all large n a.s.

(1—0)~ Zw TﬂN R Z v(rid)Tizizl < (1+0)= 21/1 o) zi%; - (4.24)

11 TN 11 TN

n

Therefore, since yy > v_ and H% Do %z H < (14,/c5)? for all large n a.s. (Bai and Silverstein,
1998),

|En - 5| < 1+\ﬁ)2¢°°

where Sy = fy;,l% Yom Y(Tiyn)zizF. Since £ is arbitrary, the difference tends to zero a.s. as
n — 0o, which concludes the proof for 7; < M a.s. and for Cy = Iy.

If Cny # Iy is positive definite, remark simply that neither d; nor vy are affected in their
values, so that the effect of Cp first appears in with z; having Cny # Iy as a covari-
ance matrix. But then, in this case, since |1 Zl Lvzizfll < (14 /)P limsupy [Cn ]| < oo
(Assumption [4.2)), the last arguments still hold true and the result is also proved for these C.

Note the importance of the assumption on ¢ being increasing and not simply non-decreasing
(as in (Maronna, 1976)) to ensure that is a strict inequality. If this were to be replaced by
“> 17, no contradiction with could be evoked. There does not seem to be any easy way
to work this limitation around. Similar reasons explain why Tyler robust estimator discussed
in Section [2] cannot be analyzed in the same way as Maronna estimator. All the same, when
T,...,Tn, have unbounded support with growing n, the left-hand side of may equal one
provided limsup,, 7, = oo, which is not excluded. For this reason, a specific treatment is
necessary where the set of {7;}I" ; is split into a large bounded set of 7; and a small set of large
7;. This is the approach followed in the second part of the proof below.

Unbounded 7;. We now relax the boundedness assumption on the support of the distribution
of 71 and use Assumption [£.3] instead.

Since {7, }52, is tight, we can exhibit pairs (1, M,)) with 7 | 0 as M, 1 oo such that, for all
large n a.s. Up((My,00)) < 7. Let us fix such a pair (1, M,) with n small and restrict ourselves
to a subsequence where 7, ((M,,c0)) < n for all n. Denote C, = {i,7; < M,} with cardinality
€pl/n =1 — Dn((My,0)).

We follow the same steps as in the previous proof but differentiating between indices in C,
and indices in CJ. Also we denote

n A ’U(Tidi)
€ = n
U(Ti'YN)

where ’y;(, is the unique positive solution to the equation in ~

_ 1 Y(Ti7)
L= nzez(;n L+ eny(riy)
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Recall first from Remark[4.1|that the conclusions of Lemma are still valid and importantly
in what follows, that v_ < v < 4 for some y_, v+ > 0, for all large N irrespective of n < ng
for some 7y small. This uniform control of 4% with respect to 1 plays a key role here. For
the moment, we do not make explicit the sufficiently small value of ny that is needed in the
following; all what will matter if that we can always choose n arbitrarily small from here.

Let j € €, and denote 1, any upper bound on wévo for all N. Then, similar to (4.18]), with

6717 = minieen{e?} and ep = maxieen{e?},
~1
v Tj]{/'z;< >iee, Tiv (Tv)el zizr + = Zzeec v UZdl)ZiZ:) ?
z#]
en = n
J o(T57)
~1
; TALZ Z ( ) + 1#’00 Z y
iN iee, TiV(TV ) enziz) iec; 1% “
. i#]j
< 7
v(T57%)
~1
. 1 Yoo
o| F4 ( Sice, Tv(m7k )iz + 3 5 Cicey 2t ) i
i#]
= n
v(T57N)
where the first inequality uses d; > d_ for all large n a.s (Lemma ' Since ¢ = 5((:?;1?)) -
YN

;b((::;llyz))%, with the bounds derived previously (Remark and Lemma , e is almost
surely bounded and bounded away from zero for all large n a.s., irrespective of n small enough
(if liminf,, 77 = 0, the first equality ensures lim inf, ] > 0 while if lim sup,, 7 = oo, the second
equality ensures limsup,, ej < oo). Thus, in particular, e] > e_ for some e_ > 0 for all large n
a.s. From this observation, for all large n a.s.

-1
T; 1 % 1 % Lk .
vl T NA < >iee, Tv(Tivg) 2z + g Eie@% ZzZi) Zj

" < #J
e, S
J o(Ti7R)
—1
vl & | w7 < >iee, Tiv(Tivk) 7% ) 2j 4 Gin
" i#j

- o) (4.25)

where we defined

Cin = %Z}* (i) +By) " 25— %Z; A%
with
A A 1 P *
An) = ZTl TN)zE, By = nd_e_ Zzizi'
ngjn 1€Cy;
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Note that A~} i) is well defined as A, (;) is invertible for all large n a.s. provided 7 is small
enough. Slmllar to the proof of Lemma note first that, for some x > 0 and for all j € €,
A1(4,, ;) > & > 0 for all large n a.s. Indeed with the same derivation as - for any m > 0
satisfying o, ([m, My]) > c4 for all n a.s. (this may require M, large enough), A1(4, ;) >
mu(mayg) A (E Zne[m,Mn],i;ﬁj ziz}) away from zero for all large n a.s., independently of 1 small
enough (Lemma . Then, since By, is of maximum rank |Cf| = 7, ((My, o)), the successive
applications of Lemma and Lemma (see the similar steps in the proof of Lemma
lead to

sk [Cos| < Krn((My,00)) (4.26)
J€Cy

for some K > 0 constant, independent of 7.

Now that (j,, is controlled for all j € €, we can proceed similar to the proof in the bounded
7; case. First, for any fixed > 0 small enough, Remark [4.2] ensures that there exists a sequence
en 1 0, such that a.s.

-1

1 * 1 *
gréza( i ln Z .Tiv(n'y]’z,)zizi zji — | <ep. (4.27)
1€Cy iF#]

Combining (4.25)), (4.26), and (4.28)), we then have for all large n a.s. and for all j € G,

313

v (z—f (’VN —el — Ky, (M, oo))))
e .
;= o) (4.28)

which, for j = n, is

o (3 08 el Koy o))
- U(Tﬁ'YN) ‘

Bld

Using the definition of v, this reads equivalently

(1 Il 20 vlrh)
W o (et (1 — ()Y

T~

<1

which implies, from the growth of 1,

S K (Mo blwd)
— - oy < L
TN (G ((en) Tn’YN)
Adding w — 1 on both sides, this further reads
N
(1 et Kﬂn((Mn,OO))> (k) = ¥ ((ef) ) < en + K ((My, 00))
TN CN(C ) TR
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or equivalently, if 7 is taken small enough (recalling that 4}, > ~v_ uniformly on 7 small),

O(mavg) — ¥ ((ed) ') - ¥ ((ed) ) PALSS (4.29)
N ’y}q\f

where the right-most bound holds for all large n a.s. provided 7 is chosen small enough.

Assume limsup,, e}l > 1+ ¢ for some ¢ > 0. Then one must have liminf, 7, > 7_ for
to remain valid, with 7_ > 0 independent of 1 small since 7_ < v}, < 4 for all n large a.s., both
bounds being independent of . Since 777}, belongs to [7_~y_, M,~4] for all large N a.s., taking
the limit of over some converging subsequence over which 7% — z" € [T—vy_, My,
cn — ¢, and 7, ((M,, 00)) converges, ensures that

o) = e (h527)
— < K’ 4.30
limy, 7, (M), 00)) (4.30)
for K’ > 0 independent of 7, with ¢, = lim., . .

We now operate on n. If limsup, ;2" < oo, the left-hand side in diverges to oo
as 7 — 0 so that, starting with an n sufficiently small and taking the limit over n on the
subsequence under consideration raises a contradiction. If instead limsup,_,,z"7 = oo, then,
since 2" < My vy,

o) = e (o) wele) — e (o)

lim,, o, (M), 00))  —  lim, ﬂn((%, 0))

Call y7 = g~!(z"). Recalling that 1.(t) = ¢(g~1(£))(1 — cp(g1(t))) 7}, we get
ole?) e () = o —oly leiotrl)
(1—cp(ym)(1 = colgZz9(y™)]))

1+ 0"
Now, letting x > 0 small, for all large ¢, g(t) < t(1 — cpoo) 1 (1 + k) and similarly g~ (¢) <
t(1 — cpoo)(1 + k). Hence, letting x small enough, for all large y", we have, say,

¢ (g‘l [1‘}%9(@/”)]) <¢ (1 J:%gy”) :

Moreover, using 0 < 1 —c¢(t) < 1, we have (1 —c¢(t))~! > 1. Using these results now gives, for
all large y",

vela?) v (shes") 007 0 ()
lin, 7,((22,00)) T 20 (g 00))

o) — o (v")

lim,, ﬁn((%,oo))
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Since y7 — oo as & — oo, from Assumption the right-hand side must go to co as z" — oo,
or equivalently as 7 — 0. Therefore, taking n sufficiently small from the beginning and then
bringing n large on the subsequence under study leads to a contradiction. Consequently, we
must have limsup,, ef] < 1+ ¢ a.s. A similar reasoning shows that liminf,, e? >1—/ as., for
any given £ > 0. We conclude that

a.s. O

max
J€Cy

We now have to deal with 6;-7 for j € €. For such a j,

-1

dj = Zn (T )el ziz) —i—— Z ¢ zF 2.

zE@ zeenﬂ¢]

But then, from the same reasoning as with the (j, above (using in particular the uniform
boundedness of d;) and from max;ce, |e] — 1| == 0, we have

-1

m%x dj — — g (T ) 212 zj| < Kip((My,0)) < Kn
I€E0 ZEG
n

for some K > 0 independent of 7, which further implies from Remark that for all large n
a.s. and for all j € €},

—Kn<d; <%+ Kn.

Using the definition e? TZJ((:]j% )) ZTN, the uniform bounds on 7, and the continuous growth of
J N

1) shows finally that, a.s.

. n_ /
hmsupmax{ e; 1‘} <n

n ]Ee%

for some ' > 0 with n — 0 asn — 0.

Gathering the results for j € €, and j € €}, we therefore conclude that, for each £ > 0, there
exists n > 0 small enough such that a.s.

1 — ¢ <liminf min e] <limsup max e <1+ /.
n 1<i<n n 1<i<n

For such 7 small, we then have, by definition of €] and from 7v(7v}) = Y(Tivy) /v e

N

n
i=1 7N ni3
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It now remains to show that, for each ¢ > 0, there exists n > 0 for which |y}, — x| < € for
all n large a.s. For this, observe that, by definition of vx and ’yX,,

n
Lt Z M _ ! Z (i)
1+entp(mvg) n — 1+eny (TiYN)

so that, since /(1 + ¢yv) is increasing, we obtain vy < v}, and

Z P(TivN) 1 Z : Y(rivk) — Y(riyw) > (.

1+ceny TVN) - E 1+ CN¢(7'1"YN))(1 + CNw(Ti'YXI)) o

ieCg i€,

Take an interval [m,M], M < M, (chosen once for all, independently of M, large), with
Un([m, M]) > k > 0 for all large n a.s. (possible from Assumption 2). Then we can
further write

TZ’YN 1 1 .
z Z S 1 S
" ice: L+env(rivn) — (14 cpthoe)? n TZE%M] (V(rvg) — (Tiyw))

m wom (Y(@v}) — ¢law))

with the second inequality valid for all large n a.s. Now, for sufficiently small 7, the left-hand
side can be made arbitrarily small. Since vy and 77}, are uniformly bounded and bounded away
from zero (irrespective of n small), if |y}, —vn| were uniformly away from zero for all 7 small, so
would be the right-hand side, which is in contradiction with our previous statement. Therefore,
for each & > 0, one can choose 7 so that |[yx — | < ¢ for all n large a.s.

Now, by uniform continuity of ¥ on bounded intervals along with the fact that ¥(z) 1 ¥,
from (4.31)), taking n small enough, for all large n a.s.

1 : i
(1—0)2= § ¥ (riyw) zizt <Oy < (14 0)? § ’””N izt (4.32)
YN
=1

which therefore implies, with the same arguments as in the case 7; bounded, that Hé N—23 N 2
0, when Cy = Iy. The arguments of the case 7; bounded still hold for Cy # Iy satisfying
Assumption 3). This completes the proof.

4.2 Application: Robust G-MUSIC

With the results of Section[4.1] we fulfilled the first step in providing improved robust estimators
for functionals f(Cy) of population covariance matrices in the large N,n regime. As discussed
in Chapter [2| our hope is now that Sy, the random equivalent for Cy, may be used in a
plug-and-play manner to provide such estimates of f(Cy).

This chapter provides two classes of estimators, for eigenvalues and eigenvectors, in a specific
array processing context. For the sake of coherence in modelling though, the system model will
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be extended from that of Section [4.1]in such a way that the estimators will not be exactly of the
form f(Cp). In technical terms, we shall consider a spiked information-plus-noise random matrix
generalization of the model for the z;’s and we shall retrieve information from the deterministic
information part; we may have instead considered a multiplicative spiked model extension of
the z;’s, which would have precisely led to retrieving information of the form f(Cy) although
the modelling (of random sources) would have been less general in practice.

Before delving into the technical part of the section, let us provide some reminders on
spiked models and more importantly on what one should expect from spiked model extensions
of sample covariance matrix versus robust covariance matrix in the presence of impulsive data.
Since robust or non-robust covariance matrices following or not following a spiked model will
need be discussed, we shall take some different notations in this section than in Section [£.1]for the
sake of readability. To start with, the robust covariance matrix for zero mean elliptical signals
as studied in Section will now be denoted C’j{,, while the same robust covariance matrix for
non-zero mean elliptical signals (of interest here) will be denoted Cy and is the object of central
interest. All the same we shall denote S’fv the random equivalent for C']C{, and shall see that Cy
has similarly a random equivalent that will be denoted Sy.

To help understanding, in the first lines of the next section, hinging on the fact that 5’]"\, and

Sy are merely random matrices of the separate covariance model and its spiked extension, we
shall reuse these two notations in this wider sense.

4.2.1 Introduction

Spiked models are small rank perturbations of classical simple random matrix models (such as
models having i.i.d. entries). The initial study of such models (Baik and Silverstein) 2006) for
matrices of the type Sy = LIy + AWW*(Iy + A*), where W € CV*™ has independent and
identically distributed (i.i.d.) zero mean, unit variance, and finite fourth moment entries and
A has fixed rank L, has shown that, as N,n — oo with N/n — ¢ € (0,00), Sy may exhibit
up to L isolated eigenvalues strictly away from the bounded support of the limiting empirical
distribution p of S = %WW*, while the other eigenvalues of Sy get densely compacted in
the support of p. This result has triggered multiple works on various low rank perturbation
models for Gram, Wigner, or general square random matrices (Benaych-Georges and Rao, 2011;
Paul, 2007; |Benaych-Georges et all 2010) with similar conclusions. Of particular interest to
us here is the information-plus-noise model Sy = L(W + A)(W + A)* introduced in (Benaych-
Georges and Rao, [2011]) which is closer to our present model. Other generalizations explored the
direction of turning W into the more general WT3 model for T = diag(71, ..., ) = 0, such that
LS 1 8-, — U weakly, where 7 has bounded support supp(?) and max;{dist(r;, supp(7))} — 0
(Chapon et al., 2014). In this scenario again, thanks to the fundamental assumption that no
7; can escape supp(”) asymptotically, only finitely many eigenvalues of Sy can be found away
from the support of the limiting spectral distribution of %T/VTI/V*7 and these eigenvalues are

intimately linked to A.

The major interest of the spiked models in practice is twofold. First, if the (non observable)
perturbation matrix A constitutes the relevant information to the system observer, then the
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observable isolated eigenvalues and associated eigenvectors of Sy contain information about
A. These isolated eigenvalues and eigenvectors are therefore important objects to characterize.
Moreover, since Sy has the same limiting spectrum as that of simple random matrix models,
this characterization is usually quite easy and leads to tractable expressions and computationally
efficient algorithms. This led to notable contributions to statistical inference and in particular to
detection and estimation techniques for signal processing (Mestre, [2008b; |[Nadler, [2010; Hachem
et al.l 2013} |Couillet and Hachem, [2013)).

However, from the discussion of the first paragraph, these works have a few severe practical
limitations in that: (i) the support of the limiting spectral distribution of Sy must be bounded
for isolated eigenvalues to be detectable and exploitable and (ii) no eigenvalue of S'j'v (the un-
perturbed model) can be isolated, to avoid risking a confusion between isolated eigenvalues of
Sy arising from A and isolated eigenvalues of Sy intrinsically linked to 5’10\, This therefore rules
out the posslibility to straightforwardly extend these techniques in practice to impulsive noise
models WT2 where T' = diag(y,...,7,) with either 7; i.i.d. arising from a distribution with
unbounded support or 7; = 1 for all but a few indices i. In the former case, the support of the
limiting spectrum of gj'v is unbounded from Proposition in Chapter (3| therefore precluding
information detection, while in the latter spurious eigenvalues in the spectrum of Sy may arise
that are also found in S’j’v and therefore constitute false information (note that this case can be
seen as one where low rank perturbations are present both in the population and in the sample
directions which cannot be discriminated). Such impulsive models are nonetheless fundamental
in many applications ranging from statistical finance to radar array processing, where impulsive
samples are classically met.

As already discussed, the natural way to handle impulsive data is by means of robust esti-
mators. In particular, from the results of Section [4.1] it importantly appears that the limiting
spectrum distribution of CA']OV always has bounded support, irrespective of the impulsiveness of
the samples. In particular, it is clear that, asymptotically, isolated eigenvalues of C’fv (arising
from isolated 7;) can be found away from the support but that none of the eigenvalues can
exceed a fixed finite value dictated by the boundedness of the function .

In the present section, we extend the model of the data x;’s by adding to it a deterministic
part, intervening in the end as a finite rank perturbation A to the robust estimator of scale
C’]C{,, the resulting matrix being denotedA Cy. As opposed to non-robust models, it shall appear
(quite surprisingly on the onset) that Cy now allows for finitely many isolated eigenvalues to
appear beyond the aforementioned fixed finite value (referred from now on to as the detection
threshold), these eigenvalues being related to A. This holds even if % > i1 07, has unbounded
support in the large n regime. As such, any isolated eigenvalue of Cy found below the detection
threshold may carry information about A or may merely be an outlier due to an isolated 7; (as
in the non-robust context) but any eigenvalue found beyond the detection threshold necessarily
carries information about A. This has important consequences in practice as now low rank
perturbations in the sample direction are appropriately harnessed by the robust estimator while
the (more relevant) low rank perturbations in the population direction can be properly estimated.
We shall introduce an application of these results to array processing by providing two novel
estimators for the power and steering direction of signal sources captured by a large sensor array
under impulsive noise.
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The contribution of this section thus lies on both theoretical and practical grounds. We
first introduce in Theorem the generalization of Theorem to the perturbed model Cy
which we precisely define in Section [4.2.2] The main results are then contained in Section [4.2.3
In this section, Theorem |4ﬂ| provides the localization of the eigenvalues of C'y in the large
system regime along with associated population eigenvalue and eigenvector estimators when the
limiting distribution for %Z?:l 0r, is known. This result is then extended in Theorem
thanks to a two-step estimator where the 7; are directly estimated. A practical application
of these novel methods to the context of steering angle estimation for array processing is then
provided, leading to an improved algorithm referred to as robust G-MUSIC. Simulation results in
this context are then displayed that confirm the improved performance of using robust schemes
versus traditional sample covariance matrix-based techniques.

4.2.2 Model and Motivation

Let n € N. For i € {1,...,n}, we consider the following statistical model

L
T, = Z \/ﬁalsli + \/Ewi (4.33)
=1

with z; € CN satisfying the following hypotheses.

Assumption 4.4. The vectors x1,...,x, € CN satisfy the following conditions:

1. 71,...,7n € (0,00) are random scalars such that U, = %Z?:l 0., — U weakly, almost
surely, where [to(dt) = 1;

2. wy,...,w, € CN are random independent unitarily invariant v/ N -norm vectors, indepen-
dent of T1,...,Tn;

3. LeN, py >...>pr >0 are deterministic and independent of N

4. ai,...,ar € CN are deterministic or random and such that
A*A 25 diag(py, ..., pL)

as N — oo, with A = [V/P1ai, ..., /prar] € CNxL

5. s1.1,...,5Ln € C are independent with zero mean, unit variance, and uniformly bounded
moments of all orders.

For further use, we shall define

A; = [\/]Tlal ... \/pLar, \/?Z—[N] S (CNX(N+L).

In particular, A;A7 = AA* + 11N
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Remark 4.3 (Application contexts). The system can be adapted to multiple scenarios
in which the s; model scalar signals or data originated from L sources of respective powers
p1,...,pL carried by the vectors ay,...,ar, while the \/T;w; model additive impulsive noise.
Two examples are:

o wireless communication channels in which signals sy; originating from L transmitters are
captured by an N-antenna receiver. The vectors a; are here random independent chan-
nels for which it is natural to assume that afay — 08—y (e.g., for independent a; ~
CN(0, In/N));

e array processing in which L sources emit signals s;; captured by an antenna array through
steering vectors a; = a(0;) for a given a(f) function and angles of arrival 01,...,05 €
[0,27). In the case of uniform linear arrays with inter-antenna distance d, [a(0)]; =

N2 exp(2midj sin(0)).

The noise impulsiveness is translated by the ; coefficients. The vectors \/T;w; are for instance
i.i.d. elliptic random vectors if the 7; are i.i.d. with absolutely continuous measure v, having a
limit » (in which case, we easily verify that v, — v = U a.s. This particularizes to additive
white Gaussian noise if 2N1; is chi-square with 2N degrees of freedom (in this case, U = §1).
Of interest in this section is however the scenarios where v has unbounded support, e.g., when
the T; are either random i.i.d. and heavy-tailed or contain a few arbitrarily large outliers, which
both correspond to impulsive noise scenarios.

Remark 4.4 (Technical comments). From a purely technical perspective, it is easily seen from
the proofs of our main results in Section that some of the items of Assumption [{.4) could
have been relaxed. In particular, Item could have been relaxed into “all accumulation points
of A*A are similar to diag(qi,...,qr) for given ¢1 > ... > qr” as in e.g., (Chapon et al.,
2014). Also, similar to Sectz’on the convergence of Uy, in Item could be relazed to the
cost of introducing a tightness condition on the sequence {Up}%; and to loose the convergence
of measure in the discussion following Theorem[{.2.1 For readability and since Assumption [{.4)
gathers most of the scenarios of interest, we restrict ourselves to those (already quite general)
hypotheses.

We now define the robust estimate of scatter Cy. We start by denoting u : [0, c0) — (0, 00)
any function satisfying the following hypotheses.

Assumption 4.5. The function u is characterized by
1. w is continuous, nonnegative, and non-increasing from [0, 00) onto (0,u(0)] C (0,00);
2. for x>0, ¢(x) £ zu(x) is increasing and bounded with

boo = lim ¢(x) > 1

T—r00

3. there exists m > 0 such that 7([0,m)) < 1 — ¢ t;
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4. foralla>b>0,

lim sup #(t, )

PSP Sty — o)

These assumptions are the same as in Section which are therefore not altered by the
updated model (4.33).

The function v being given, we now define Cn, when it exists, as the unique solution to the
fixed-point matrix-valued equation in Z:

1< 1
7 = - Zu <Nfol:1ci> T

i=1
For i € {1,..., N}, we shall denote N2 )\Z-(C'N) and 4; € CV the i-th largest eigenvalue of Cy
and its associated eigenvector.
We shall assume the following system growth regime, which we take simpler than in the

previous section as complications on this point are not necessary.

Assumption 4.6. The integer N = N(n) is such that ¢, £ N/n satisfies

lim ¢, = c € (0,05)).

[e.9]
n—oo

Meanwhile, L remains constant independently of N,n.

As in Section under Assumptions Cy is easily shown to be almost surely well
defined for all large n a.s. Also, we recall that Cy can be written (at least for all large n) in the
technically more convenient form

n

L1 1 .

Cn = - ;v <ijC(i)1xi> ;T
where v: x> uog™ ! g: 2+ x/(1 —cyp(x)), and CA’(Z-) =Cy — Ly (%wfé](,l@) xjz}. Similar
to Section we shall further denote ¢ (x) = zv(z). Recall that v is non-increasing while 1 is
increasing with limit oo = ¢oo/(1 — o).

With these definitions in place, we are now in position to present our main results.

4.2.3 Main Results

The first objective of the section is to study the spectrum of Cy and in particular its largest
eigenvalues M > ... > )\; and associated eigenvectors w1, ...,ur, in the large N,n regime.
This study will in turn allow us to retrieve information on p1,...,pr and ay,...,ar. As an
application, a novel improved angle estimator for array processing will then be provided.
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4.2.3.1 Localisation and estimation

Our first result is an extension of Theorem [£.1.2

Theorem 4.2.1 (Asymptotic model equivalence). Let Assumptions and hold. Then
HCA‘N — S’NH 250

where
1 n
N = - E_ ve(Tiry) Aiwiw; Af

with v the unique solution to
Ye(ty)
1+ cpe(ty)

ve and 1. the limits of v and ¥ as ¢, — CE| and W; = [814,...,5Li, wiri /NN|T, with r; > 0 such
that 2Nr? is a chi-square random variable with 2N degrees of freedom, independent of wim

5 (dt)

Remark 4.5 (From robust estimator to sample covariance matrix). Note that, if the function
ve in the expression of Sy were replaced by the constant 1 (and r;/v/N set to one), Sy would be
the classical sample covariance matrix of x1,...,Ty. Although it is here highly non rigorous to
let ve tend to 1 uniformly in Theorem [{.2.1], this remark somewhat reveals the classical robust
estimation intuition according to which the larger ¢ (as a consequence of u and v. being close
to 1) the less robust Cly.

As a corollary of Theorem [4.2.1] we have

~

Ai — \i(Sn)

maXx

250 (4.34)
1<i<N

(which unfolds from applying (Horn and Johnson, 1985 Theorem 4.3. 7)) and therefore all eigen-
values of Cy can be accurately controlled through the eigenvalues of Sy.

Let us assume for a moment that py = ... = p;, = 0. Then, from Theorem [£.2.1, Assump-
tion |4__4|, and the results of Chapter I in fact from the earlier results of (Silverstein and Choil
1995)), pin = ~ Z 05 5, M weakly, a.s., where p has a density on R with bounded support
supp(p) C Ry. Denote

S, 2 inf(supp(u))
St Sup@upp( )
2

)
a Poo(l+V0)*
st V(1 = cpoo)

5Note that this notation diverges slightly from that of Theorem where v and not v. was considered. This
makes little practical difference but for the simplicity of v. not depending on n.

"Note that w;r; / VN as defined above is a standard Gaussian vector and therefore w; has independent entries
of zero mean and unit variance. In fact, the result can be equivalently formulated with w; replaced by w; £
[S14y- -, SLi, w,—}T, but the former vector, having independent entries, is of more interest statistically.

[I>

| >
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Since TiUc(Ti’Y) = 7_1¢C(Ti7) < 7_1%,00 with ¢c,oo = (z)oo/(l - C¢00)7 we have

with @; = w;r;/v/N, so that, accogding to (Marcenko and Pastur], 1967; Bai and Silverstein,
1998) and (4.34), for each ¢ > 0, Ay < ST + ¢ for all large n a.s. Of course, ST > Si. If
in addition maxi<;<,{dist(7;, supp(?))} == 0, then from (Bai and Silverstein, [1998), we even
have A\, =2 Slj; but this constraint is of little practical interest so that in general one may have
S:[ <A <S8t infinitely often.

Coming back to generic values for pi,...,pr, the idea of the results below is that, for suffi-
ciently large p1,...,pr, the eigenvalues \q,..., A\ may exceed ST + ¢ and contain information
to estimate p1,...,pr as well as bilinear forms involving ay,...,ar. The exact location of the

eigenvalues and the value of these estimates shall be expressed as a function of the fundamental
object d(x), defined for x € R*\ [S,;, S;f] as the unique real solution to

5(z) = c <—x +/1+?(’;(%a(dt))_l.

The function ¢(x) is the restriction to R* \ [S,, S,] of the Stieltjes transform of cu + (1 — ¢)do
and is, as such, increasing on (S*,00) C (S;I,00); see Chapter (3| and Section for details.
Therefore, the following definition of p_, which will be referred to as the detectability threshold,

is licit
p_ = lim —c (/ %ﬂ(dt)) 71.

We shall further denote £ £ {4,pj >p-}.

We are now in position to provide our main results.

Theorem 4.2.2 (Robust estimation under known ). Let Assumptions and hold.
Denote uy, the eigenvector associated with the k-th largest eigenvalue of AA* (in case of multiplic-
ity, take any vector in the eigenspace with uy, . ..,ur, orthogonal) and 41, ..., Uy the eigenvectors
of Cn respectively associated with the eigenvalues M > L> A Then, we have the following
three results.

0. Extreme eigenvalues. For each j € L,

while lim sup,, 5\|L|+1 < ST a.s., where Aj is the unique positive solution to

e <5(AJ’) IiE: 5&;:316(77) ﬂ(d7)> C-n
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1. Power estimation. For each j € L,

-1
s [\ s
(5()\])/1+5(5\j)7‘vc(7‘7) (d )> BREL)

2. Bilinear form estimation. For each a,b € C with ||la|| = ||b|]| = 1, and j € £
Z a*upugb — Z wka*ﬂkﬁZbg()
k.pr=p; k,pr=p;
where

ve(ty) 5
/ (1+5(Xk)tuc(m))2 )

veltn) e [ L[ SR ()
/ 14+ 6(Ag)tve(ty) (d) C/ <1 + 6(5\k)tvc(t’7)>2 .

WE =

Item 0. in Theorem m provides a necessary and sufficient condition, i.e., p; > p_, for
the existence of outlying eigenvalues in the spectrum of Cy. In turn, this provides a means
to estimate each p;, j € £, along with bilinear forms involving a;, from ;\j and 4;. It is
important here to note that, although the right-edge of the spectrum of y is S:[, due to the
little control on 7; in practice (in particular some of the 7; may freely be arbitrarily large),
isolated eigenvalues may be found infinitely often beyond S:[ which do not carry information.
This is why the (possibly pessimistic) choice of ST as an eigenvalue discrimination threshold
was made. The major potency of the robust estimator Cy is indeed to be able to maintain
these non informative eigenvalues below the known value S*. As such, eigenvalues found above
ST must contain information about A (at least with high probability) and this information
can be retrieved, while isolated eigenvalues found below ST may arise from spurious values of
7;, therefore containing no relevant information, or may contain relevant information but that
cannot be trusted.

Figure and Figure provide the histogram and limiting spectral distribution of Cy and
%XX*, X = [z1,...,xy), respectively, for u(z) = (1 + «a)/(a+ x), a = 0.2, N =200, n = 1000,
7; i.i.d. equal in distribution to t?(3 — 2)3~! with ¢ a Student-t random scalar of parameter
B =100, and L = 2 with p; = ps = 1, a1 = a(b1), az = a(h2), 01 = 10°, 2 = 12°, a(f) being
defined in Remark (as well as in Assumption below). These curves confirm that, while
the limiting spectral measure of %X X* is unbounded, that of C is bounded. The numerically
evaluated values of S;“ and ST are reported in Figure They reveal a rather close proximity
between both values. In terms of empirical eigenvalues, note the particularly large gap between
the isolated eigenvalues of Cy and the N — 2 smallest ones, which may seem at first somewhat
surprising for p; = ps = 1 since this setting induces a ratio 1 between the power carried by
information versus noise (indeed, A*A ~ I while E[rw;w}] = Iy); this in fact results from the
function w which, in attenuating the rare samples of large amplitudes, significantly reduces the
noise power but only weakly affects the information part which has roughly constant amplitude
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Figure 4.4: Histogram of the eigenvalues of Cy against the limiting spectral measure, for u(z) =
(I1+a)/(a+x) witha=0.2, L=2,p; =p2 =1, N =200, n = 1000, Student-t impulsions.
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Figure 4.5: Histogram of the eigenvalues of %X X* against the limiting spectral measure, L = 2,

p1 = pe =1, N =200, n = 1000, Sudent-t impulsions.

across the samples. Also observe from Figure that, as predicted, the largest two eigenvalues
of %X X* do not isolate from the majority of the eigenvalues.
Items 1. and 2. in Theorem then provide a means to estimate pi,...,p);| and bi-
linear forms involving the eigenvectors of AA*. In particular, if p; has multiplicity one in
,pL), the summations in Item 2. are irrelevant and we obtain an estimator for

diag(p1, - ..
a*ugupb. These however explicitly rely on © which, for practical purposes, might be of lim-
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ited interest if the 7; are statistically unknown. It turns out, from a careful understanding of ~,
that

Y= ’AYn ﬂ 0
where
ST 1 = 1 * A—1
=1

and C'(i) =Cpy — % ( C’ acz)xZ . Also, for any M > 0,

max |7; — 7| =30, max |1 —7; 173‘&0
1<j<n 1<j<n J
T]<M T >M
where
. 11
8 N ZC( L (4.36)

Details of these results are provided in Section “ 4.2.4. Letting € > 0 small, for z € (ST + ¢, 00)
and for all large n a.s., we then denote ) () the unique negative solution t

n R A -1

I 1 Vel In

ba)=co |+ = —20 (Fiin) . (4.37)
ni 1+ 6(@)fve(Tidn)

From this, we then deduce the following alternative set of power and bilinear form estimators.
Theorem 4.2.3 (Robust estimation for unknow With the same notations as in Theo-
rem and with Ay, T;, and b} defined in - we have the following results.

1. Purely empirical power estimation. For each j € £,

—1
B 1 n ’U(% ) a.s.
— 60y < 503 §

2. Purely empirical bilinear form estimation. For each a,b € CN with ||la|| = ||b]| = 1, and each
Jek,

\Q>

Z a*upugb — Z wra UpULb 2500
k,pr=p; k,pr=p;

where

1 (
=1+ 0( M) Tiv(TiYn) N= (1+5(ik)ﬁ-u(mﬂ))2

8Remark here that, since 7;, similar to 7;, may be found away from supp(#), 5(:5) may not be defined everywhere
in (Sf[, ST) but is defined beyond ST + ¢ for n large a.s.
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Theorem 4.2.3|provides a means to estimate powers and bilinear forms without any statistical
knowledge on the 7;, which are individually estimated. It is interesting to note that, since 7 is
only a limiting distribution, for practical systems, there is a priori no advantage in using the
knowledge of ¥ or not. In particular, if n is not too large in practice or if 7 has heavy tails,
it is highly probable that 7, be quite distinct from 7, leading the estimators in Theorem [4.2.1
to be likely less accurate than the estimators in Theorem Conversely, if N is not too
large, 7; may be a weak estimate for 7; so that, if # has much lighter tails, the estimators of
Theorem [£.2.T] may have a better advantage. Theoretical performance comparison between both
schemes would require to exhibit central limit theorems for these quantities, which we discuss
in Chapter [6] however for another application.

4.2.3.2 Application to angle estimation

An important application of Theorem and Theorem [£.2.2] is found in the context of array
processing, briefly evoked in the second item of Remark in which a; = a(6;) for some
0; € [0,27). For theoretical convenience, we use the classical linear array representation for a;
as follows.

Assumption 4.7. Fori € {1,...,L}, a; = a(0;) with 0y,...,0r, distinct and, for d > 0 and
0 €10,2m),
a(f) = N2 [exp(2mudj sin(@))]é\[:_ol.
The objective in this specific model is to estimate 64, ..., 0, from the observations z1, ..., x,.
In the regime n > N with non-impulsive noise, this is efficiently performed by the traditional
multiple signal classification (MUSIC) algorithm from (Schmidt, |1986]). Using the fact that the
vectors a(6;), i € {1,..., L}, are orthogonal to the subspace spanned by the eigenvectors with

eigenvalue 1 of E[z 2]] = AA* + Iy, the algorithm consists in retrieving the deepest minima of
the nonnegative localization function 7) defined for 6 € [0,27) by

(o) = a(e)*H%XX*a(Q)

where II1 y . is a projection matrix on the subspace associated with the N — L smallest eigen-
values of 2XX*. Indeed, as 2XX* is an almost surely consistent estimate for E[z12}] in the
large n regime, () 22 7(0) where

n(0) = a(0) Mgy, 21a(0)

with here g, 1) a projection matrix on the subspace associated with the eigenvalue 1 in

1T
E[z123]; as such, 7(8) &2 0 for § € {6y,...,0.} and to a positive quantity otherwise. In
(Mestre, |2008a), Mestre proved that this algorithm is however inconsistent in the regime of
Assumption This led to (Mestre, 2008b)) in which an improved estimator (the G-MUSIC
estimator) for 61, ..., 01 was designed, however for a more involved model than the spiked model
(i.e., L is assumed commensurable with N). In (Hachem et al., 2013)), a spiked model hypothesis
was then assumed (i.e., with L small compared to N, n) which unfolded into a more practical and
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more theoretically tractable spiked G-MUSIC estimator. Similar to MUSIC, the latter consists
in determining the deepest minima of an alternative localization function 7jg(6), which we shall
define in a moment.

Although improved with respect to MUSIC, both algorithms still rely on exploiting the
largest isolated eigenvalues of %X X* and the asymptotic boundedness of the noise spectrum.
From the discussions in Section and after Theorem under the generic Assumption 4.4
with 7; allowed to grow unbounded, these methods are now unreliable and in fact inefficient.
From Item 2. in both Theorem and Theorem |4.2.3] it is now possible to provide a consistent
estimation method based on two novel localization functions fjrg and fpe . The resulting
algorithms are from now on referred to as robust G-MUSIC and empirical robust G-MUSIC,

respectively.

Corollary 4.3 (Robust G-MUSIC). Let Assumptions hold. Let 0 < k < min, ; |6; — ;]
and denote R = [0; — k/2,0; + £/2]. Also define firc(0) and Ny () as

£

ra(0) =1 — Z wra(0)* uyira(6)
k=1
1]

e (0) = 1= tiga(0) ariga(0)
k=1

where we used the notations from Theorems|4.2.9 and|4.2.5. Then, for each j € £,

A a.s.

0; 2% 0,
Aemp a.s. )
fome 2% g,

where

h; 2 argmingesr {7ra (6)}

éjmp £ argminge - {7 (0)} -

With the same reasoning as in Remark it is now easy to check that, letting the v, or
v functions be replaced by the constant 1 in the expressions of w; and wy, respectively, we
fall back on G-MUSIC schemes devised in e.g., (Hachem et al., 2013). In what follows, we
then define 7 (6) and 7" (0) similarly to fra () and 7y (0) but with the functions v, and v
replaced by the constant 1 and with the couples (5%, iy) replaced by the k-th largest eigenvalue
and associated eigenvectors of %X X*. For a further comparison of the various methods, we also
denote by 7jg(f) the robust counterpart to 7(6) defined by 7r(6) = a(ﬁ)*HéNa(Q) with HC'N a
projection matrix on the subspace associated with the N — L smallest eigenvalues of Cy.

Simulation curves are provided below which compare the performance of the various improved

MUSIC techniques. Since the methods based on the extraction of 6(A;) may be void when this
value does not exist, we blindly proceed by solving the fixed-point equation defining 6(A;) thanks
to the standard fixed-point algorithm until convergence or until a maximum number of iterations

is reached. This effect is in fact marginal as it is theoretically highly probable that eigenvalues be
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found beyond S/J[ for each finite N,n. We also assume £ = {1,..., L} even if this does not hold,
which in practice one cannot anticipate. Voluntarily disrupting from the theoretical claims of
Theorems 4.2.1 will allow for an observation of problems arising when the assumptions are
not fully satisfied. In all simulation figures, we consider u(x) = (1 + a)(a + z)~! with a = 0.2,
N =20, n =100, L =2, 6 = 10°, 2 = 12°. The noise impulsions are of two types: (i) single
outlier impulsion for which 7, = 1,7 € {1,...,n — 1} and 7, = 100, or (ii) Student impulsions
for which 7; = t?(8 — 2)3~! with t a Student-t random variable with parameter 3 = 100 (the
normalization ensures E[rj] = 1).

1
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Figure 4.6: Random realization of the localization functions for the various MUSIC estimators,
with N = 20, n = 100, two sources at 10° and 12°, Student-t impulsions with parameter 5 = 100,
u(r) = (1+a)/(a+ z) with a = 0.2. Powers p; = py = 10%5 = 5 dB.

Figure provides a single realization (but representative of the multiple realizations we
simulated) of the various localization functions 7x and /%" for 6 in the vicinity of 6y,6s, X
being void, R, or RG. The scenario considered is that of a Student-t noise and p; = py = 1.
The figure confirms the advantage of the methods based on C over %X X* which unfolds from
the proper extreme eigenvalue isolation observed under the same setting in Figure [£.4] against
Figure Due to N/n being non trivial, while the robust G-MUSIC methods accurately
discriminate both angles at their precise locations and with appropriate localization function
amplitude, the robust MUSIC approach discriminates the two angles at erroneous locations
and erroneous localization function amplitude. Benefiting from the random matrix advantage,
G-MUSIC in turn behaves better in amplitude than MUSIC but cannot discriminate angles.
Observe also here that both empirical and non-empirical robust G-MUSIC approaches behave
extremely similar (both curves are visually superimposed), suggesting that with § = 100 the
samples from the Student-t distribution represent sufficiently well the actual distribution of
71v(717y). This no longer holds for G-MUSIC versus empirical G-MUSIC, in which case the
approximation of 7, by the distribution & of 7 is not appropriate.

Figure and Figure provide the mean square error performance for the first angle
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estimation E[|é1 — 01)%] as a function of the source powers p; = p; the estimates are based
for each estimator on retrieving the local minima of fx. For fair comparison, the two deepest
minima of the localization functions are extracted and 6; is declared to be the estimated angle
closest to #; (in particular, if a unique minimum is found close to any 6;, 6, is attached to this
minimum). Figure assumes the Student-t impulsion scenario of Figure while Figure
is concerned with the outlier impulsion model previously described. Both figures further confirm
the advantage brought by the robust G-MUSIC scheme with asymptotic equivalence between
empirical or non-empirical in the large source power regime. We observe in particular the
outstanding advantage of (robust or not) G-MUSIC methods which perform well at high source
power, while standard methods saturate. Interestingly, from Figure [£.7, the G-MUSIC schemes
perform well in the high source power regime, which corresponds to scenarios in which the noise
impulsion amplitudes are often small enough compared to source power to be assumed bounded
and G-MUSIC is then consistent. Nonetheless, G-MUSIC never closes the gap with robust
G-MUSIC which is likely explained by the much larger spacing between noise and information
eigenvalues in the spectrum of Cly. The situation is different in Figure where G-MUSIC
almost meets the performance of robust G-MUSIC at very high power, while performing poorly
below 20 dB. This is explained by the presence of a single additional eigenvalue of amplitude
around 100 (i.e., 20 dB) in the spectrum of %X X* which corrupts the G-MUSIC algorithm as
long as this amplitude is larger than these of the two informative eigenvalues due to the steering
vectors (about p1).

—e— Robust G-MUSIC
--e-- Emp. robust G-MUSIC
—o— G-MUSIC

--o--Emp. G-MUSIC

—— Robust MUSIC

—a— MUSIC

’]
-
o

b

Mean square error E[|6; — 6]
—
o
&

p1,p2 [dB]

Figure 4.7: Means square error performance of the estimation of #; = 10°, with N = 20, n = 100,
two sources at 10° and 12°, Student-t impulsions with parameter 5 = 10, u(z) = (1+a)/(a+x)
with a = 0.2, p1 = ps.
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—e— Robust G-MUSIC
---- Emp. robust G-MUSIC
i —— G-MUSIC

--o--Emp. G-MUSIC

—a— Robust MUSIC

—a— MUSIC

%]

1072

Mean square error E[|6; — 61

1073

1074

107°

10~

p1,p2 [dB]

Figure 4.8: Means square error performance of the estimation of #; = 10°, with N = 20, n = 100,
two sources at 10° and 12°, sample outlier scenario 7; = 1,7 < n, 7, = 100, u(z) = (14+a)/(a+x)
with a = 0.2, p; = po.

4.2.4 Proof of the main results
4.2.4.1 Notations

Throughout the proof, we shall use the following shortcut notations:
T = diag({r;}}-,) € C™*"
V = diag({vc(riv}2,) € CV*"
S = [{sijh1zicri<jzn] € CHX"
W = [wy,...,w,] € CN*"
W = [1,...,0,] € CN*"
with @; = w;r;/V/N as in the statement of Theorem We shall expand A as the singular

value decomposition A = UQU* with U € CV*F isometric, Q = diag(o1,...,0L), 01 > ... >
Az >0, and U € CM*F unitary.

We also define

. 1 — o 1.~ -
Sy = - ;Tivc(Tiv)wiwg‘ = EWTVW*
1=
which corresponds to Sy with p1 =...=pr =0, i.e., with no perturbation, and

z

. 1 - . -1
Q= (S} —zIn) = (nWTVW* — zIN>
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the resolvent of S’f\,

For couples (n, M,), n < 1, such that 7((0, M,)) > 0 and ©((M,, 00)) < 7, it will be necessary
to define T}, the matrix 7" in which all values of 7; greater or equal to M,, are replaced by zeros,
and similarly for V;,. Denote also «" the unique solution to

_ Ye(Ty") 0 (dT)
1= /T v L et (4.38)

and S N,y the resulting Sy matrix with all 7; greater than M, discarded and « replaced by ~".

Finally, we further define 7|;) = diag({7i}i»;) and similarly for V(;), S(;), W(j), 5’0) = 5’N7(j)
the matrices with column or component j discarded, as well as T{;) , the matrix 7T;, with row-
and-column j discarded, and similarly V(;) ,, S¢)»» W(j) S’(
with column or component j discarded.

> S(j);n the corresponding matrices

4.2.4.2 Overall proof strategy

The existence and uniqueness of C as defined in the statement of Theorem can be proved
along the same lines as in Section [4.1] and will not be discussed here. One of the key elements
of the proof of convergence in Theorem is to ensure that there exists € > 0 such that, for
all large n a.s., all eigenvalues of {S'(j), 1 < j < n} (and also of {SA’(]-M, 1 < j < n} for given
small) are greater than . This is an important condition to ensure that the quadratic forms
%@D;‘SG)IQDJ-, which play a central role in the proof, are jointly controllable. In Section where

the convergence ||[Cy — Sy|| =2 0 is obtained for p; = ... = py = 0, this unfolded readily
from the fact that the matrices %W(j)W(*.) have their smallest eigenvalue uniformly away from
zero. Here, due to the existence of a small rank matrix A, this approach no longer holds as

S’(j) may a priori exhibit finitely many isolated eigenvalues getting close to zero as n — co. We
shall show that this is not possible. Precisely, we shall prove that the large n spectrum of Sy is
similar to that of 5’;’\, but possibly for finitely many isolated eigenvalues, none of which can be
asymptotically found close to zero. We shall however characterize those eigenvalues of Sy found
beyond the right-edge of the limiting spectrum of S}’V Once this result is obtained, to complete
the proof of Theorem it will then suffice to check that most spectral statistics involved in
the proof of Theorem [4.1.2] are not affected by the presence of the additional small rank matrix
AS in the model. Since most results need be proved jointly for the matrix sets {S’(j), 1<j<n}

(or {S(j),nv 1 < j < n}), high order moment bounds will be required to then apply union bound
along with Markov inequality techniques. To avoid repeating all the arguments of the proof of
Theorem [4.1.2], we only discuss in what follows the main new technical elements that differ from

Theorem [4.1.2]

When Theorem[£.2.1]is obtained, the proofs of Theorems and [£.2.3unfolds from classical
techniques for spiked random matrix models, using the approximation Sy for C. The model Sy
considered here is closely related to the scenario of (Chapon et al., 2014), but for the random non-
Gaussian structure of the matrix S; also, (Chapon et al., [2014]) imposes max; dist(7;, supp(?)) —
0 which we do not enforce here. Because of these important differences, in order to keep track
of the specificities of the model, a complete proof will be proposed below.
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4.2.4.3 Localization of the eigenvalues of Sy and S(i)

We first study the localization of the eigenvalues of Sy and {S(j)mv 1 < j < n}. The strategy

being the same, we concentrate mostly on the study of Sy and then briefly generalize the

approach to {g(j),m 1 < j < n}. Our approach is based on the original derivation in (Benaych-
Georges and Rao, [2011; Benaych-Georges and Nadakuditi, 2012).

By isolating the small rank perturbation terms, we first develop Sy as

n

~ 1 ok Ak
Sn = Zvc(Tﬂ)Aiwiwi Aj (4.39)
i=1
o 1 1.
= 83+ —ASVS A"+ ZASTIVIV + —WT3VS* A" (4.40)

Let A € R\[¢, ST +¢] for some & > 0 small be an eigenvalue of Sy. Note that such a A\ may not
exist. However, from (Bai and Silverstein, |1998]) and since in particular lim sup,, ||AA*|| < co and
lim sup,, ||T%VH < 00, the spectral norm of each matrix above is asymptotically bounded almost
surely and thus limsup, A < co a.s. Also, from Section and from the discussion prior to the
statement of Theorem for all large n a.s., A is not an eigenvalue of S’JOV (for e chosen small
enough). Thus, by definition, A is a solution of det(Sy — AMy) = 0 while ||(S, — Mn)~Y| < M
for some M > 0 independent of n but increasing as ¢ — 0. As such, from the development
above, for all large n a.s.,

0= det (S;’V My + r) = det (Q3) " det <IN + (Qg)%r(Qi)%>
where I' = %ASVS*A* + %AST%VW* + %WT%VS*A* can be further written

Q2U*

1 — 1
Q:U*Lsvs*UQ: I
' ] Q2 LirsTIvIv|’ (441)

o L 15t S TTVE
r=|ved Lirivsuo] [ . .

Exploiting the small rank of S and A, and the formula det(I + AB) = det(I + BA) for properly
sized A, B matrices, this induces

0 = det (Ioz, + T (N))

where

(1>

151 *TTO) %
() & (U SVSTUQ: IL]

Q3 [UQ% LWl vs ol
I 0 n

We now need the following central lemmas.

Lemma 4.4. Let e > 0 and A, be the event ¢ < An(S%) < M (S%) < ST +¢. Let also a,b € CN
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be two vectors of unit norm. Then, for every z € € C C\ [g, ST + €] with C compact,

P

E Hls*vs _rovl | < kN-E
n n

E [Mg

Lorsvlyirgowvris - [1 bV 42t vQ;} < KN %
n n n n |
)

1
E |:1AE a* Qb — a*bﬁ trQy| | < KN~

Bl

1 -
‘na*Q;WT%VS*

where Q° = (%T%V%W*WV%T% — zIN)7! and K > 0 does not depend on z.

Proof. The first convergence is a mere application of (Bai and Silverstein, [2009, Lemma B.26).
Similarly, noticing that

1 1 - ~ 1 1 -, = ~
—STV-W*QWVT28* = =SV |T:V2—W*WV3T2Q2| V35"
n n n n

1 * 1 Notri: ok
= ZSVS* +2-5Q°V=S
n n

the second result follows again by (Bai and Silverstein) 2009, Lemma B.26) and the fact that
limsup,, ||Q°|| < 1/dist(€, [e, ST +¢]). Using the fact that W is Gaussian, the third result follows
from the same proof as in (Hachem et al. [2013, Lemma 3) using additionally [VT]; < ¢o.
Similarly, conditioning first on S, which is independent of W, we obtain by the same proof as
in (Hachem et al., 2013, Lemma 4) that

1 _ p
EW |:1As ga*QzWT%VSi :| < KHni%SinNig
where we denoted S* = [s1,...,sp] (the proof follows from exploiting the left-unitary invariance

of W and applying the integration by parts and Poincaré-Nash inequality methold for unitary
Haar matrices described in (Pastur and Serbinal 2011, Chapter 8)). Now, E[|[n™2s;||P] = O(1)
by Hoélder’s inequality, and we obtain the last inequality. O

Lemma 4.5. For z € C\ [S,,S}], let 6(2) be the unique solution to the equation

5<z)=c(_z+ / H?EZ(% dﬂ@)ﬂ

where we recall that v is the unique positive solution to

Ye(ty)

=] T ebutey ™
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Let now z € €, with C a compact set of C\ [¢, S} + ¢] for some € > 0 small enough. Then,
denoting W2 = (I,, + 6(2)VT) ™1,

1 5(2) a.s.
—tr@Q; — —| —0
T
1 1 1 o] as
sup |[—trV 4+ z—trVQ3; — d(2)— tr V-I'¥Z| — 0.
zee | n n

Proof. The almost sure convergences to zero of the terms inside the norms (i.e., for each z € @)
are classical, see e.g., (Silverstein and Bai, |1995)). Considering a countable sequence z1, 2o, . ..
of such z € € having an accumulation point, by the union bound, there exists a probability one
set on which the convergence is valid for each point of the sequence. Now, as in Section 4.1
for all large n a.s., )7 and QZ are analytic on €. Since 0(z) is also analytic on €, by Vitali’s
convergence theorem (Titchmarsh| 1939)), the convergences are uniform on C. O

Similar again to Section[4.1] for ¢ > 0 small enough, the set A, introduced in Lemmal[d.4]satis-
fies 14, 2% 1. As such, using the Markov inequality and the Borel Cantelli lemma, Lemma
for p > 2 ensures that all quantities in absolute values in the statement of Lemma [4.4] con-
verge to zero almost surely as n — oo. Since the quantities involved are analytic on compact
€ C C\ [g, ST + €], considering a countable sequence of z € € having a limit point, it is clear
by Vitali’s convergence theorem (Titchmarshl [1939) that these convergences are uniform on C.
Applying successively Lemmafor p > 2 and Lemma we then obtain, for € C C\[e, ST +¢],

Qltrv I, Q® 0 a.s,
T — n c 0
iﬁg{‘ £(2) { I 0] [ 0  Q(z)2 e V2TTS -
or equivalently
QEL 1 2 o
sug{ () — | éé(gfrv m(z)ngv s }ﬂo. (4.42)
2€ o

We may then particularize this result to z = A\ which, for e sufficiently small, remains bounded
away from [e, ST + ¢] as n grows (but of course depends on n) to obtain

Q2N Ly Q5(A) L tr V2TWS
Q24 0

[

T'r(\) — 250. (4.43)

For A € R\ [, 51 + ¢], let us now study the equation

Q2001 gy Q5N L 6 VITWS

det | Iop, + £

) = 0. (4.44)

After development of the determinant, this equation is equivalent to

s\ (1 1
a§(6> <ntrV— 5(A)ntrv2T\If§> +1=0
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for some ¢ € {1,..., L}, or equivalently, using V' — (5(5\)V2T\Il§ = Vg

- 1 - 'Uc(TifY)
25(0) — _— +1=0.
BNy 21T TSV

i=1
In the limit n — 0o, using A*A4 =% di_ag(pl, ...,pr) and % o, 8;, — U as., any accumulation
point A € (R\ (g,5" +¢)) U {oo} of A must satisfy
1 S(MNve(ty)
1 - =~ dt) = 0. 4.45
+p€c / 1+ 0(A)Tve(17) #dt) ( )

This unfolds from dominated convergence, using §((S*,00)) C (—(ryv(ryy))~%,0) with 7, €
(0, 00] the right-edge of the support of 7; in particular, if supp(#) is unbounded, §((S™*, o)) C
(—v/%0,0) (see Chapter [3{or (Silverstein and Choi, 1995) for details). Let us then consider the
equation in the variable A € (ST, 00)

1 S(A)ve(my) -1
_<c/ 1+5(A)m(m)”<dT)) = pr- (4.46)

We know from Section that, since 7([0,m)) < 1 — ¢! for some m > 0 (by Assump-
tion , S, > 0. Also, as the Stieltjes transform of a measure with support included in
[S., 51 C[S,,S"], ¢ is increasing on both [0,5,) and (S*, 00). Moreover, §([0,5,)) C (0, c0)
and 6((S*,00)) C (—(7rv(717))~1,0). Therefore, the left-hand side of is negative for
A € [0,5,) and the equation has no solution in this set. It is now easily seen that the left-
hand side of is increasing with A with limits infinity as A — oo and p_ > 0 as A | ST.
Therefore, if p_— < py, the above equation has a unique solution A, € (S, 00), distinct for each
distinct pp. Hence, A — A = Ay.

By the argument principal, for all n large a.s., the number of eigenvalues of SN, i.e., the
number of zeros of det(lo, + I'())), in any open set V C R\ [, ST + ¢] is

1 [det(I2r, + T'(2))])
21 j(é det(lop +T'r(2)) e

with J a contour enclosing V. By the uniform convergence of on V, the analyticity of the
quantities involved, and the fact that the involved determinant is a polynomial of order at most
2L of its entries, this value asymptotically corresponds to the number of solutions to in
V counted with multiplicity, which in the limit are the Ay € V. Particularizing V to (—1,2¢) for
€ > 0 small enough and then to any small open ball around Ay for each ¢ such that p, > p_, we
then conclude that Sy has asymptotically no eigenvalue in [0, €] but that Ag(Sx) == A, for all
¢ € £, which is the expected result.

The precise localization of the eigenvalues of Sy will be fundamental for the proof of Theo-
rems and To prove Theorem though, we need to generalize part of this result to
the matrices S;) and (), defined at the beginning of the section. Precisely, we need to show

that there exists € > 0 such that minlgjgN{)\N(S'(j))} > ¢ for all large n a.s., and similarly for

J)m-
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Take j € {1,...,n}. Replacing Sy by S’(j) in the proof above leads to the same conclusions.
Indeed, by a rank-one perturbation argument (Silverstein and Bail, 1995, Lemma 2.6), for each
e > 0, for all large n a.s.

1 o~ 1 (1. . T 1

00— St (W T Vi Wiy — 2Iy ) < —

n reQ: n r(n WEDYOG) T N) ~ ndist(z, [e, ST +€])

and therefore, up to replacing all matrices X by X(;) in their statements, Lemmas @ and
hold identically (with &(z) unchanged). Exploiting 1", +j0r, = ¥ as., the remainder of

A~

the proof unfolds all the same and we have in particular that for all large n a.s. S(; has no
eigenvalue below some € > 0.

We now prove that this result can be made uniform across j. Denote I' (;y(2) the matrix
I'z(z) with all matrices X replaced by X(j)- Also rename Lemmas and respectively
Lemma (j) and Lemma (j), and rename A, by A ;) in the statement of Lemma (])
Then, taking p > 4 in Lemma (j), by the union bound and the Markov inequality, for e > 0,

020G L gy 05(2) L 4 V2TEO
P <1I£]a§Xn La. ) |Fro(2) = Q&:) 0 >e
1 ¢ 2@ 1y i)t veree] |
=@ ;E llAsm T y(2) = Q%z) 0
=O(N'"%)

which is summable. By the Borel Cantelli lemma, the event in the probability parentheses then
converges a.s. to zero. Finally, from Lemma [A.4] there exists € > 0 such that 10?:1 Ao 2% 1.

We then conclude that, for each z € € C C\ [¢, S} + ¢] for some € > 0,

02 Ly 05(2) L 6 VTS

n

02z 0

C

sup 250

1<j<n

Lpy(2) —

Let now V C C\[¢, S/ +¢] be a bounded open set containing [0, ¢/2] and J be its smooth boundary.
Taking the determinant of each matrix inside the norm and using again the analyticity of the
functions involved, we now get that the quantity

1 % [det(Ior, + Tz (j)(2))]

i dz
2m Jy det(lar +I'p )(2))

converges almost surely uniformly across j € {1,...,n} to the number of eigenvalues of any of
the S(;) within [0,¢/2]. But by the previous proof, this must be zero. Hence, for all large n a.s.,

none of the S N,(j) has eigenvalues smaller than £/2, which is what we wanted.

Let now (1, M) be such that 7((0, M,)) > 0 and #((My,00)) < 1. We have now + 3% | 1. <py, 67, =
m £ ey + (1 — ¢,;)8 with ¢, = lim, n~!|{r; < M,}| = 1 —n (which almost surely exists by
the law of large numbers), so that 7,([0,m)) < n+ (1 —n)(1 — ¢z) for some m > 0 (Assump-
tion . Taking 1 small enough so that 7, ([0,m)) < 1— ¢!, we are still under the assumptions
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of Theorem and therefore we again have that for all large n a.s. none of the matrices 5’(

3)m
has eigenvalues below a certain positive value €, > 0.
These elements are sufficient to now turn to the proof of the main theorems.
4.2.4.4 Proof of Theorem [4.2.7]
When p; = ... = pr = 0, Theorem unfolds directly from Theorem Indeed, in this
scenario, the latter result states
1 n
Cn — - z; v(TiyN ) wiw; (4.47)
1=

with v the unique positive solution to

1 - ¢ TZ'YN

n 1+ cp(rivn)’
Using % S, 0n 2% D, ¢n — ¢, along with the boundedness of ¢, we have that any accumulation
point v € [0, 00] of yx as n — oo must satisfy

Ye(T7)0(dT)

1= 1+ C@Z)c(T'Y)

the solution of which is easily shown to be unique in (0,00) as the right-hand side term is
increasing in v with limits zero as v — 0 and 1o > 1 as v — oo (unless 7 = §yp which is
excluded). Using the continuity and boundedness of v, it then comes max; [v(r;yn) —ve(Tiy)| —2
0. Now, wyw! = (wswir?/N)/(r?/N) where in the numerator w;r;/v/N is Gaussian and where
the denominator satisfies max; [r?/N — 1| =2 0 (using classical probability bounds on the chi-
square distribution). With these results, along with (Bai and Silverstein, [1998)) which ensures
that ﬁ > wiwy 7“1-2 has bounded spectral norm for all large n a.s., Theorem implies

N_ E U0717wz

which is the desired result for p; = ... =pp =0.

The generalization to generic p1, . .. ,p 1. follows from a careful control of the elements of proof
of Theorem [£.1.2] We see that Lemma[£.1]and Remark [£.1] are not affected by p1, ..., pr, as these
results only depend on 74, ..., 7,. The fundamental Lemma |4.2| (and its extension Remark
as well as Lemma however need be updated.

We shall not go into the details of every generalization which is painstaking and in fact similar
for each lemma. Instead, we detail the generalization of the important remark Remark and
merely give elements for the other results. Remark is now updated as follows.
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Lemma 4.6. Let (n,M,) be couples indexed by n € (0,1) such that ©((0,M,)) > 0 and
((My,00)) < n and define 47 as the unique solution to (4.38). Also let M > 0 be arbitrary.
Then, for all n small enough,

-1
max l:z:* 1 Z v (7" zix z;— 17 250
1<j<n [N"7 \ n AT 3o
T, <M 7 <My, i#]

-1

max iix* 1 g v (1Y) zix z; — 4" 250 (4.48)
1<j<n [T, N7\ n U Ea i ' '
T >M Ti SMn JAF]

Proof. Note that, replacing the terms z; by w; in (4.48)) gives exactly Remark To ensure
that the result holds, we then only need verify that the terms involving AS become negligible.

For n sufficiently small, define

! 1 L1 .
Strn=7 2. v mal = ~(ASG) + W)V a(ASG) + W)™
M’Uviij

Using the fact that maxlgign{\r,;/\/ﬁ — 1|} 2% 0 and that all matrices in the equalityvabove
have bounded norm almost surely by (Bai and Silverstein, [1998), we then have supy <<, |55
S(j),nH 2% 0. From the results in the previous section, we then conclude that there exists € > 0
such that the eigenvalues of S;), for all j are all greater than ¢ for all large n almost surely.
Now, recalling that S = [s1,...,sp],

)

* * * * 1
Tj = N s;A*S ) Asj + 2R [\ﬁNs A8, w]] + 7 7] 755

By the trace lemma (Bai and Silverstein, [2009, Lemma B.26), denoting A the probability set
over which the eigenvalues of S(;), for all j are greater than ¢, for each p > 2,

1 N
~x Q—1 ~ - -1
—W; Sy, W) Ntr S(j),n

p P
] < KN %

where K only depends on € (which is obtained by first conditioning on W(j) then averaging over
it). Taking p > 3 and using the union bound on n events, the Markov inequality and the Borel
Cantelli lemma, along with 14 2% 1 and maxj{|r]2-/N — 1]} 2% 0, leads to

1
tr ST | 255 0.

1 1
NYiRGa"Yi T N (4)m

Using the same result and the fact that % tr A*S(;)l nA < Ke_l/N for all large n a.s., we also
have 7

sEA*SY =% 0.

NJ (@m

max
1<j<n

ASj
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Using both results and |%3;A*S’(_.1 w;|* < %S;A*S’(_.l Asjtw

D : S_')lﬂle (Cauchy—Schwarz in-

equality), we finally get

max |—stA*S7! wj 250
1<j<n (4)m
All this then ensures that
ma ix*g_l Ti— ~itr5’_1 2%0
1§j§n7-,}—§§]\/[ N IE(G)mI T]N (4)m
1 1 * S—1 1 S—1 a.s.
1§jg3%{->M Eﬁxjs(j),nxj - Ntr SGym| —0-

Since A has rank at most L, S(j)ﬂ? is an at most rank-2L + 1 perturbation of %WT,?VUW*,
i.e., the matrix obtained for p; = ... = pr = 0, by an additive symmetric matrix. A (2L + 1)-
fold application of the rank-one perturbation lemma (Silverstein and Bai, 1995, Lemma 2.6)
along with the facts that [|[IW — W| 22 0 and that all eigenvalues of the matrices involved are
uniformly away from zero almost surely then ensures that

a.s. 0

max
1<j<n

Lpgl 2 Ly v -
Ntr (].)777—Ntr E nVn

—1 a.s.

But now, recalling Remark %tr (%WTnVnW*) — 7. Putting these results together
finally leads to the requested result

1, -
-1 n| as
max — STl xi — T -0
1<j<n,rj<M‘N O R A
11 «
*&—1 n| as.
max ——xxS xi — -0
1<j<n,m;>M |1; N7 OER

O]

Note that the proof only exploits the boundedness away from zero of the various matrices
involved and not their bounded spectral norm. Therefore, with the same derivations, we also
generalize Lemma [4.2] as follows.

Lemma 4.7. For every M > 0, we have

-1
max lx* lZ:v(r M xix; zi— 1| 250
19560 [N | £ ) i i
TjSM 7‘7'&‘7
-1
]. ]. * 1 a.s
max |—-—; —Zv iy zix xj—y| —0.
1<j<n |75 N/ n,,(ﬁ)ZZ i
Tj>M 7'75.7
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Define now d; = %%x;“é@lxz with C'(i) =Cy— %u(%xfé&lxz)xzx;‘, from which in passing
we can write
1< 1<
CN = E Z ’U(Tzdz)xzx: = E Z U(Tldz)AzU:]Z’U:);kAr (4.49)
i=1 i=1
with @; = [s1;,...,50:, w;]". Then Lemma remains valid and reads

Lemma 4.8. There exists dy > d_ > 0 such that, for all large n a.s.

d_ < liminf min d; <limsup max d; < d4.
n  1<i<n n o 1<i<n

Proof. Taking m > 0 small enough and denoting dmax = max; d;, Equation (4.14)) becomes here

A 1 1

Cy) = mv(mdmax)ﬁ Z - (Asis; A® + 2,/TR [w] As;| + Tyww))
i#j
T >m

so that, taking j such that d; = dmax,

-1

Asis*A* + 2R [wrAs;| + mwsw?
dmaé;lix; 1 g As + 2 /7R [w] As;] + Tiwiw] .
mu(mdmax) 75 N n -
T>m

If liminf,, 7; > 0 (with j always defined to be such that d; = dmax), with the same arguments
as in the proof of Lemma (here the boundedness from above of the 7; is irrelevant) and
recalling Lemma the right-hand side term can be bounded by (mve(mdmax)(1—c)) "1 (1+¢)
for arbitrarily small € > 0 by taking m small enough and n large enough. From there the proof
of Lemma for the boundedness of dpmax remains valid. If instead liminf,, 7; = 0, we restrict
ourselves to a subsequence over which 7; — 0. Multiplying both sides of the equation above by
7j, we get by a similar result as Lemma that 7jdmax can be bounded by Tj(mvc(mdmax)(l —
c))~1(1+¢) for arbitrarily small € > 0 (again taking m small and n large), and the result unfolds
again.

To obtain the lower bound, in the proof of Lemma denoting dyin = min; d;, one needs
now write

. 1 1
Cjy =2 MU(Mdmin)ﬁ Z - (Asis; A® + 2./TR [w] As;| + Tiww))

+ U(O)% Z (Asisi A* + 2¢/TiR [w] As;] + iwwy) .
TiERZﬁgn,M]

The controls established for the upper bound on d,.x can be similarly used here for d,;, and
the proof of Lemma for dpin unfolds then similarly. O
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Equipped with these lemmas, the proof of Theorem unfolds similar to the proof of
Theorem |4.1.2| but for a particular care to be taken for terms involving 7';1:13]- which need to
be controlled if liminf, 7; = 0. This is easily performed as previously by either using approx-
imations of d; or of 7;d; depending on whether liminf,, 7; > 0 or liminf,, 7; = 0, respectively.
Assumption [4.5|is precisely used here. In particular, by the end of the proof, we obtain similar
to Section [4.1] the important convergence

max  |rjdj — 1iy] =50

1<j<n, <M
d: —~] 250 4.50
1§j§?@?§2M‘ T (4:50)

from which, expanding both Sy and Cy as in ([#.40) (noting the similarity between (4.39) and
(4.49)) and exploiting the almost sure asymptotic boundedness in norm of the various matrices
then involved, we obtain ||Cx — Sy|| =2 0 as desired.

4.2.4.5 Eigenvalues of Cy and power estimation

From Theorem |Cxn — Sn|| 22 0 so that in particular max;<i<, |\i(Cx) — Ai(Sn)| 2= 0.
This means that it suffices to study the individual eigenvalues of Sy in order to study the
individual eigenvalues of Cy. In particular, from the results of Section we have that, for
any small e > 0, Cy has asymptotically no eigenvalue in [0, €] almost surely, that 5\| olti < St+e
for all large n a.s. for each i € {1,...,N — |£|} and that A\; =3 A; > ST for each i € £,
where A; is as in the statement of Theorem Item 0. Along with the continuity of § and
5((ST,00)) C (—(14ve(717)), 0), we then get Theorem Item 1.

4.2.4.6 Localization function estimation

Let a,b € CN be two vectors of unit norm. Then, from the first part of Theorem and from
Cauchy’s integral formula, for any k£ € £ and for all large N a.s.,

1 . —1
Y dwih=—— ¢ o (CN - zIN> bz (4.51)
- 271 )
1<i<L £
Pi=DPe

for J; defined as above as a positively oriented contour around a sufficiently small neighborhood
of Ay, where Ay is the unique positive solution of the equation in A when pi = py. Using
|1Cx — Sy || 22 0 along with the uniform boundedness of ||(Sy — zIyx) Y| and ||(Cx — zIn) "}
on Jy (for all n large), we then have

1 . -1
N dwah+ — ¢ a’ (SN - zIN> bdz 25 0
- 2me Jq
1<i<L ¢
Pi=Dpe

so that it suffices to determine the second left-hand side expression.
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Let us develop the term a*(S’N — zIn)71b. Proceeding similar to Section [4.2.4.3 we find
. -1 . ~1
a* (SN - zIN) b=a* (S}’V Iyt r) b

with T defined in (4.41). Using Woodbury’s identity (A + BCB*)™! = A=! — A=1B(C~! +
B*A~'B)"1B*A~! for invertible A, B, this becomes, with the same notations as in the previous
paragraph,

a* (SN _ z[N> b= 0" Q% — a* QG (H +G*QG) " G*Q%b (4.52)

where
G = [UQ% %WT%VS*UQ%]
5 [ bwviroas 1
I 0|

The matrix H is clearly invertible and we then find, using Lemma [£.4] and Lemma that,
uniformly on z in a small neighborhood of Ay,

-1 0 IL a.s.
HH [IL —atgv||| =
so that, again by Lemma [£.4] and Lemma
_ Qo) I as,
H'+GQG— | ¢ L 0. 4.53
H MRS [ I —Q}LtrV\Ilg} 7 (4.53)

To ensure that H~! 4+ G*Q°G is invertible for z € Jy, let us study the determinant of the
rightmost matrix. We have easily

0o I ,0(2) 1
det c =det | —Q*—=—tr VU] — I |.
¢ <[ I, —Qltrvwg ¢ P

From the discussion around , the right-hand side term cancels exactly once in a neigh-
borhood of z = Ay for each k € L. Now, for z € C\ R, it is easily seen that it has non-zero
imaginary part. Therefore, since the convergence is uniform on a small neighborhood of
Ay, for all large n a.s., the determinant of H~! + G*Q°G is uniformly away from zero on J; (up
to taking n larger). We can then freely take inverses in and have, uniformly on Jp,

-1
I, —Qitr Vg

a.s.

H(H—l +GQG) T - [ =% 0.

To compute the inverse of the rightmost matrix, it is convenient to write

8(2) 8(2) L
Iy Qo tr Vg 1 —opy tr VI ),
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where {Ak}ﬁzl is a block-diagonal matrix with diagonal blocks Aj,..., Ay in this order, and
where P € C?EX2L ig the symmetric permutation matrix with [P];; = 0j_(1+i/2) for even i < L
and [P]ij = 0;_(i41)/2 for odd 7 < L. With this notation, we have

_ L
PLCIS b » -1 —opttevee -1 .
I, Q%trV‘I/CZ’ N Mo-’%l tr Ve + 1 —1 UkM '

¢ 4 ) k=1
Denoting U = [uy,...,ur] € CN*L and U = [u4, . ..,ur] € CP*L, we have
P = [‘/alul \/01%WT%VS*121 o JJorur, ‘/UL%WT%VS*EL} .

From this remark, using again Lemma [4.4] and Lemma we finally have

L 2 521 tr V3
sup [a*Q°G(H ' + G*Q°G) 1 G* Q% — Za ukukb ( )‘32 Jk : 250.
€7, pt Lirvee+1

Putting things together, using the results above which we recall are uniform on Jy, and also
using the fact that ()7 has no pole in Jy, we finally have

. antrV\IIO
Z a*u; *b_z%mf a"ugugb 55 02 kn

21
1<i<L -0 E tr Vg 41
Pi=pe

dz 2% 0

which, after taking the limits on the fraction in the integrand, gives

z) p f1i(m)y()dg())
ko ok c To(Ty a.s.
Zauz b— Z2W%aukukb6(z o) +1dz—>0
1<i<L I+7v(77)8(2)
Pi=Dpe¢
For z € (ST,00), we already saw that 6(z) is negative while % is positive. For

z non real, both quantltles are non real, and therefore do no have poles in J,. The only pole
is then obtained for 2 p i % +1 = 0, that is for z = Ay as defined in the previous
section. Using I’ Hospltal rule, the residue of the right complex integral is then evaluated to be

Mﬂ(dt
Res(Ay) = lim (2 — Ay)a *sz5( z) T+t0(t9)0(2) )

z2—Ay ¢ f 1+ZZ£1()t? (dt) + 5(2)
o : (2 v t
_ g a2 SO0 0 (2 i)
= zin/%ea l _c(s/(z) _f t0(t7)2ped’ (2) y(dt)
8(2)? (T+tu(t7)3(2))2
8" (Ay) / / Te(77)%0(dr) >1

N el 4.54

e <5(Ae)2 PO ) | (o (Ag))? (4.54)
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5(Ag) v(y)v(dr)

A
where II, = Z De 1+7v(7y)d(Ag

that

u;u; and the last equality uses y = —L Recall now

4,pi=py¢

B <_A£ ’ / 1+ 57(1/}\64()111(77) ﬁ(dT)) )

son L O(Ag)? §(Ag)? 720c(77)? 5 !
7 (Ag) = = <1— - /(Hé(m)mc(m))ﬂ(dﬂ) - 0.

from which

From the expression of py in the previous paragraph and these values, we then further find

§(Ag)Tve(ry)2o(dr) \ ! N
| W) (1_6<Ae>2 / 20.(r)?0(dr) )
ve(Ty)o(dT 2
% c (14 6(Ag)Tve(T7))
ve(17)P(dT) (1_ 5(Ae)? [ t2ve(17)%0(dr) )
T+0(Ag)rvc(77) ¢ J @TFe(R)roc(r)?

Res(Ag) = a™Tpb | 1 —

= a*Hgb f ve (7)o (dr)
(1+6(Ag)Tve(T7))?

Inverting the relation

ve(Ty)P(dT) (1 _ 5(Ag)? f ( t2v.(77)%0(dT) )
a.s 0

TUe (T c Tve(77))2
§ a*azﬂ;kb o a*]._.[fb 1+6(A€) ( ’Y) - (TV)D(dT) 1+6(Af) ( ’7))
1<i<L f (1+0(Ag)Tve(T7))?
Pi=pe

and using Ao 225 Ay for all £ € £ then completes the proof.

4.2.4.7 Empirical estimators

To prove Theorem [4.2.3, one needs to ensure that the empirical estimators introduced in the
statement of the theorem are consistent with the estimators introduced in Theorem [£.2.2]

Note first that v — 4, =2 0 is a consequence of (£.50). Indeed, letting M > 0, from (4.50)),
1 1
- Z Tjdj—’y* Z Tj E)O.
n ;<M n ;<M
Still from (4.50|), we also have, a.s.
1 1 1
~ D mdi—a— Y m=ol =) 7
Ti2M i >M i>M

But %erzM 7 2% (M,00) to(dt) <1 (say M is a continuity point of ). Also, %Z] 7 25 1.
Putting the results together then gives v — 4, — 0. From this, we now get, again with (14.50)),

T;id; a.s.
max I —7j| — 0
1<j<n, ;<M | Yn
d; a.s.
m <L -1 =30
1<j<n, 7 >M | Vp,
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. . A | as, —1a a.s. .
which is maxr, <pr |7; — 75| = 0 and maxr, > |7, 7; — 1] = 0, as desired.

We now need to prove that (i(:l)) — 0(x) 2 0 uniformly on any bounded set of (St + ¢, o).
For this, recall first that both § and § are Stieltjes transforms of distributions with support
contained in [0, ST] and, as such, are analytic in (ST + &,00) and uniformly bounded in any

compact of (ST + ¢,00). Taking the difference and denoting Uy = % Yoy 0z, we have

Of»

) —o(x
(o2 e sy /)
-(1-5)

x) 6(z) — 6(x t2ve(t)ve (t9n) P (dt)
(6() ( ))/ (1 4+ d(x)tve(ty))(1 +8($)tvc(t%))

N / H(ve(t7) — ve(tn))7(dt) N /tvc(t%)fun(dt)—ﬁ(dt)))'
(1 +d(x)tve(ty)) (1 + o(2)tve(tyn)) 1+ 0()tve(t5n)

From uniform boundedness of tv.(t3,) and tv.(ty), and v, ((t, M)) =2 5((t, M)) weakly and
An =25 4, it is easily seen that the last two integrals on the right-hand side can be made
arbitrarily small (e.g., by isolating 7; < M and 7; > M and letting M large enough in the previous
convergence). Also, the first integral on the right hand side is clearly bounded. Gathering the
terms 6(z) — 6(z) on the left-hand side and taking z large enough so to ensure 0(z)d(z) is
uniformly smaller than one (recall that their limit is zero as * — o0), we finally get that
5 (x) — §(x) can be made arbitrarily small. This is valid for any given large = and therefore on
some sequence {29} of (ST + &, 00) having an accumulation point, 0(z®)8(z®) 2% 0. Since
6(x) — 6(x) is complex analytic in (ST 4, 00), by Vitali’s convergence theorem, we therefore get
that the convergence is uniform over any bounded set of (ST + ¢, 00), which is what we wanted.

IE

1-—

Since, for i € £ and for some ¢, M > 0, \i € [ST + ¢, M] for all large n a.s., we therefore
have that §(A\;) —(N\;) =2 0 for each i € £. Using all these convergence results, we then obtain,

with the same line of arguments the asymptotic consistence between the estimates in Item 1.
and Item 2. of both Theorems and This concludes the proof of Theorem [4.2.3

4.2.4.8 Proof of Corollary

We are here in the same setting as (Hachem et all |2013, Theorem 3), only for our improved
model. The proof is the same as in (Hachem et al., 2013)) and relies on showing the uniform
convergence of irg(0) — n(0) across 0, from which the result unfolds. In our setting, the point-
wise convergence easily follows from Items 3. in both Theorem and Theorem Uniform
convergence then hinges on a regular discretization of the set [0,27) into N2 subsets and on (i)
a Lipschitz control of the differences 7ira () — fira (') for |6 — 6’| = O(N~2) and (i) a joint
convergence of fira(#) — n(0) over the N2 + 1 edges of the subsets. Point (i) uses the defining
properties of a(f) from Assumption similar to (Hachem et al., 2013)), while Point (ii) is

obtained thanks to a classical union bound on N? events, the validity of which follows from
considering sufficiently high order moment bounds on the vanishing random quantities involved
in Jrg(0) — n(0). In our setting, the latter moment bounds are obtained by selecting p large
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enough in Lemgna of Section m (in a similar fashion as is performed for the technical proof
that min; An(S(;)) > ¢ for all large n a.s. in Section @ . It is easily seen that, this being
ensured, the proof of Corollary unfolds similar to that of (Hachem et al., 2013, Theorem 3),
which as a consequence we do not further detail.
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Chapter 5

Robust shrinkage estimates of
scatter

The previous chapter laid down the theoretical mechanism for studying the large dimensional
behavior of robust estimators of the Maronna type. As mentioned in the first paragraph of
Chapter 4] the approach cannot be used for Tyler’s estimator and this all has to do with the
fact that the constant function x +— 1/x used as a weighing function does not meet the property
of Maronna’s u function that xu(z) is increasing. However, the approach carried out in Chapter
can be used, almost immediately, to handle robust shrinkage estimates defined in and .
The results are similar in spirit, that is for both cases one can exhibit a random approximating
matrix with simple structure that is asymptotically equivalent to the robust model.

The interest of the chapter is therefore not so much in the theoretical tools developed for
the proofs of the main results. Rather, the interest of this section is rooted in practical grounds,
as the robust shrinkage estimators have multiple advantages over pure robust or pure shrinkage
estimators which find many application interests. This being said, the theoretical proofs in
themselves, at least as far as C’N(p) is concerned, are interesting in their being much simpler
and clearer than the proofs exposed in Section The reader not having reached an overall
understanding of these proofs should be more at ease with the present chapter.

5.1 Theory

We study here the two hybrid robust shrinkage covariance matrix estimates Cn(p) (hereafter
referred to as the Abramovich-Pascal estimate) and Cn(p) (hereafter referred to as the Chen
estimate) proposed in parallel in (Abramovich and Spencer, |2007; Pascal et al., 2013)E] and in
(Chen et al., 2011), respectively. Both matrices, whose definition is introduced in Section
below, are empirically built upon Tyler’s M-estimate (Tyler, 1987) originally designed to cope
with elliptical samples whose distribution is unknown to the experimenter and upon the Ledoit—

1To the author’s knowledge, the first instance of the estimator dates back to (Abramovich and Spencer], [2007))
although the non-obvious proof of C'x(p) being well-defined is only found later in (Pascal et al.l [2013]).
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Wolf shrinkage estimator (Ledoit and Wolf, 2004)). This allows for an improved degree of freedom
for approximating the population covariance matrix and importantly allows for N > n, which
Maronna’s and Tyler’s estimators do not. In (Pascal et al., 2013) and (Chen et al., [2011), C(p)
and Cy(p) were proved to be well-defined as the unique solutions to their defining fixed-point
matrices. However, little is known of their performance as estimators of C'y in the regime
N ~ n of interest here. Some progress in this direction was made in (Chen et al., 2011) but this
work does not manage to solve the optimal shrinkage problem consisting of finding p such that
E[tr((Cn(p) — Cn)?)] is minimized and resorts to solving an approximate problem instead.

The present section studies the matrices Cy(p) and Cy(p) in the regime where N,n — oo
with N/n — ¢ € (0,00), and under the assumption of the absence of outliers. The main results
in this section are as follows:

e as in the previous chapter, we show that, under the aforementioned setting, both C’N(p)
and Cy(p) asymptotically behave similar to well-known random matrix models and prove
in particular that both have a well-identified limiting spectral distribution;

e we prove that, up to a change in the variable p, the matrices C'y(p) and C’N(p)/(% tr Cn(p))
are essentially the same for IV, n large, implying that both achieve the same optimal shrink-
age performance;

e we determine the optimal shrinkage parameters p* and p* that minimize the almost sure
limits limy & tr[(Cn(p) /(5 tr Cn(p)) — On)]? and limy & tr[(Cn(p) — Cn))?, respectively,
both limits being the same. We then propose consistent estimates py and py for p* and
p* which achieve the same limiting performance. We finally show by simulations that a
significant gain is obtained using p* (or pyn) and p* (or py) compared to the solution po
of the approximate problem developed in (Chen et al., 2011)).

In practice, these results allow for a proper use of C’N(p) and Cn(p) in anticipation of the
absence of outliers. In the presence of outliers, it is then expected that both Abramovich—
Pascal and Chen estimates will exhibit robustness properties that their asymptotic random
matrix equivalents will not. Note in particular that, although Cy(p) and Cx(p) are shown to
be asymptotically equivalent in the absence of outliers, it is not clear at this point whether one
of the two estimates will show better performance in the presence of outliers. The study of this
scenario has not been precisely carried out but some hints will be provided in Chapter [7]

We start with our main results.

5.1.1 Main results

We start by introducing the main assumptions of the data model under study, which do not
defer much from these of Section [£.1], but for the fact that now the eigenvalues of Cy but no
longer the 7; will play a central role. The n sample vectors z1,...,z, € CV (or RY) have the
following characteristics.

Assumption 5.1 (Growth rate). Denoting cy = N/n, ¢y — ¢ € (0,00) as N — oo.
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Assumption 5.2 (Population model). The vectors x1,...,z, € C¥ (or RN ) are independent
with

a. xy = \/T;ANY;, where y; € cN (or RN), N > N, is a random zero mean unitarily (or
orthogonally) invariant vector with norm |y;||> = N, Ay € CN*N s deterministic, and
Ti,...,Tn 18 a collection of positive scalars. We shall denote z; = Any;.

bh. Cy 2 ANAY is nonnegative definite, with trace % trCy = 1 and spectral norm satisfying
limsupy [|Cn|| < 0.

c. Uy = % sz\il Oz, (Cn) Satisfies v — v weakly with v # & almost everywhere.

Since all considerations to come are equally valid over C or R, we will consider by default
that z1,...,2, € CN. As the analysis will show, the positive scalars 7; have no impact on the
robust covariance estimates; with this definition, the distribution of the vectors z; contains in
particular the class of elliptical distributions. Note that the assumption that y; is zero mean
unitarily invariant with norm NN is equivalent to saying that y; = VN H%ll with §; € CV standard

Gaussian. This, along with Ay € CN*¥ and limsupy ||Cx|| < oo, implies in particular that

|lz;]|? is of order N. The assumption that v # §y almost everywhere avoids the degenerate
scenario where an overwhelming majority of the eigenvalues of C'y tend to zero, whose practical
interest is quite limited. Finally note that the constraint % tr Cy = 1 is inconsequential and in
fact defines uniquely both terms in the product ;Cy.

The following two theorems introduce the robust shrinkage estimators C(p) and Ciy(p),
and constitute the main technical results of this section that can be paralleled to Theorem
in the previous chapter.

Theorem 5.1.1 (Abramovich-Pascal Estimate). Let Assumptions and hold. For ¢ &
(0,min{1,c7'}), define R. = [e + max{0,1 — c¢},1]. For each p € (max{0,1 — cy'}, 1], let
Cn(p) be the unique solution to

1 T;T;
Cn(p)=(1—p)— — + pln
02 JrOn ) e
Then, as N — o0,
sup CN(P)_SN(P)‘ =20
pER
where
S = tmp LSS
— — 2z
YT A T (= pen T T

and 4(p) is the unique positive solution to the equation in 4

t
= [

Moreover, the function p — (p) thus defined is continuous on (0, 1].
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Proof. The proof is deferred to Section [5.1.3.1} O

Theorem 5.1.2 (Chen Estimate). Let Assumptions and hold. For e € (0,1), define
Re = [e,1]. For each p € (0,1], let Cn(p) be the unique solution to

where

Then, as N — 00,

sup [|Cn(p) = Sn(p)|| = 0
PER:
where

n

= 1—-p 1 T
S - - - B e A
~(p) 1—p+Tpn;zzzz+l—p+TpN

in which T, = py(p)F(¥(p); p) with, for all x > 0,

F(x;m:;<p—c<1—p>>+\/i<p—c<1—p>>2+<1—p>;

and §(p) is the unique positive solution to the equation in ¥

t
1 :/ T v(dt).
< —p
WP F T Fen b

Moreover, the function p — (p) thus defined is continuous on (0, 1].
Proof. The proof is deferred to Section [5.1.3.2] O

Similar to Theorem Theorem [5.1.1] and Theorem [5.1.2] show that, as N,n — oo with
N/n — ¢, the matrices Cn(p) and Cy(p), defined as the non-trivial solution of fixed-point
equations, behave similar to matrices Sy (p) and Sy(p), respectively, which are here random
matrices of the sample covariance matrix type (not separable).

Technically speaking, the proof of both Theorem and Theorem unfold from the
same technique as in Chapter [d] However, while the proof of Theorem comes with no
major additional difficulty compared to these works, due to the scale normalization imposed in
the definition of Cy(p), the proof of Theorem requires a more elaborate approach than used
previously. Another difference to previous works lies here in that, unlike Maronna’s estimator
that only attenuates the effect of the scale parameters 7;, the proposed Tyler-based estimators
discard this effect altogether. Also, the technical study of Maronna’s estimator can be made
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under the assumption that Cy = Iy (from a natural variable change) while here, because of the
regularization term ply, Cn does intervene in an intricate manner in the results.

_ As aside remark, it is shown in (Pascal et al.| [2013) that for each N, n fixed with n > N +1,
Cn(p) = Cn(0) as p — 0 with Cn(0) defined (almost surely) as one of the (uncountably many)
solutions to

-3y e (1)

—1.
i=1 N Li
In the regime where N,n — oo and N/n — ¢, this result is difficult to generalize as it is

challenging to handle the limit ||Cn(pn) — Sy (pn)| for a sequence {pn}3_, with py — 0.
The requirement that py — pg > 0 on any such sequence is indeed at the core of the proof

of Theorem (see Equations (5.6) and (5.7) in Section [5.1.3.1f where pg > 0 is necessary

to ensure e™ < 1). This explains why the set R. in Theorem [5.1.1| excludes the region [0, ¢).
Similar arguments hold for Cy(p). Although the behavior of any solution Ciy(0) to in the
large N, n regime was recently discovered in (Zhang et al., [2014)), this result remains difficult to
handle with our proof technique.

As an immediate consequence of Theorem and Theorem [5.1.2] we have the following
result on the limiting eigenvalue distribution of the matrices are study.

Corollary 5.1 (Limiting spectral distribution). Under the settings of Theorem and The-
orem

N
1
NZ (Cntoy "~ fipr P E Re

N
Z Ai(Cn(p)) —>/Jp,P€R
=1

where the convergence arrow is understood as the weak convergence of probability measures, for
almost every sequence {x1,...,Tn}5> 1, and where

~ _ o 71 A

fi, = max{0,1 —c " }é, T,

fi, = max{0,1—c'}§ 1, T,

17p+Tp
with Ep and Ep continuous finite measures with compact support in [p,00) and [T,(1 — p +

T p)*l,oo) respectively, real analytic wherever their density is positive. The measure fi, 1s the
only measure with Stieltjes transform my ,(z) defined, for z € C with S[z] > 0, as

- Z:Al—(l—p)c 1 ,
Np( ) Y 1—,0 /2(0)4‘ 1+ct$(z) (dt)

where 2(p) = (p— )ﬁ(p)% and 8(z) is the unique solution with positive imaginary part of

the equation in &
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The measure fi, is the only measure with Stieltjes transform my,(z) defined, for I[z] > 0 as

1—,0+Tp/ 1
my (2) = - v(dt)
He 1—p Z(p)ﬁ—l_i_#(z)

with 2(p) = 1%pr(1 — 2) — 2z and (2) the unique solution with positive imaginary part of the

equation in )

< t
5:/5«(p)+ty(dt)'

14-cd

Proof. This is an immediate application of the results of Chapter or more simply of (Silverstein:

and Baij (1995} [Silverstein and Choi|, [1995) along with Theorems and O
1.5 \ }:I Empirgcal eigenvaiue distribugion H
—— Limiting density p,
|
1 [ 1 -
&
Z
o
0.5 - B
’ IIII””II“ i
LA N M
0 1 2 3 4

Eigenvalues

Figure 5.1: Histogram of the eigenvalues of Cy (Abramovich—Pascal type) for n = 2048, N =
256, Oy = %diag([lgg, 5I128), p = 0.2, versus limiting eigenvalue distribution.

From Corollary fi, is continuous on (p,00) so that fi,(dx) = p,(z)dz where, from the

inverse Stieltjes transform formula for all = € (p, 00),
. T N

Pp(x) = lim -9 [m, (z + )] .
Letting ¢ > 0 small and approximating p,(z) by 2S[my ,(x + 1¢)] allows one to depict p,
approximately. Similarly, fi,(dz) = p,(z)dx for all z € (T,(1 — p + T,)~ !, 00) which can be
obtained equivalently. This is performed in Figure[5.1]and Figure which depict the histogram
of the eigenvalues of C’N(p) and Cn(p) for p = 0.2, N = 256, n = 2048, Oy = diag(I12s, 5I128),
versus their limiting distributions for ¢ = 1/8. Figure depicts Cn(p) for p = 0.8, N = 1024,
n = 512, Cy = diag(Iy2s,51128) versus its limiting distribution for ¢ = 2. Note that, when
¢ = 1/8, the eigenvalues of Cy(p) concentrate in two bulks close to 1/3 and 5/3, as expected.
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Figure 5.2: Histogram of the eigenvalues of Cy (Chen type) for n = 2048, N = 256, Cy =
% diag(I128,51128), p = 0.2, versus limiting eigenvalue distribution.
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Figure 5.3: Histogram of the eigenvalues of Cy (Chen type) for n = 512, N = 1024, Cy =
% diag(I128,51128), p = 0.8, versus limiting eigenvalue distribution.

Due to the different trace normalization of Cy (p), the same reasoning holds up to a multiplicative
constant. However, when ¢ = 2, the eigenvalues of C'y(p) are quite remote from masses in 1/3
and 5/3, an observation known since (Marcenko and Pastur], [1967)).

Another corollary of Theorem and Theorem is the joint convergence (over both
p and the eigenvalue index) of the individual eigenvalues of C'x(p) to those of Sy (p) and of the
individual eigenvalues of Cy(p) to those of Sx(p), as well as the joint convergence over p of the
moments of the empirical spectral distributions of Cix(p) and Cn(p). These joint convergence
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properties are fundamental in problems of optimization of the parameter p as discussed in

Section [5.1.21
Corollary 5.2 (Joint convergence properties). Under the settings of Theorem and Theo-

rem BT

A~

a.s.

sup e Ai(Cr(p)) = Mi(Sn(p))| =20
Suglz) oax |Ai (Cn(p)) — )\i(S’N(p)){ 2%0.

This result implies

limsup sup | C (p)|| < oo
PER.

limsup sup ||Cn(p)|| < oo.
pER:

almost surely. This, and the weak convergence of Corollary in turn induce that, for each

leN,

]- A a.s.
sup | tr (CN(p)e) — Mp,e| =0
pPERe

]- s a.s.
SUD |+ tr <CN(p)e> — Mgy, =0
pER.

where we recall that M, = 1l ttpu(dt) € (0, 00 for (my probability measure p with support in Ry ;
in particular, Mg, 1 = Wl}lip) p and My, 1

Proof. The proof is provided in Section [5.1.3.3 O

5.1.2 Optimal shrinkage

We now apply Theorems [5.1.1] and [5.1.2] to the problem of optimal linear shrinkage, originally
considered in (Ledoit and Wolf, [2004)) for the simpler sample covariance matrix model. The
optimal linear shrinkage problem consists in choosing p to be such that a certain distance metric
between Cn(p) (or Cxn(p)) and Cy is minimized, therefore allowing for a more appropriate
estimation of Cy via Cy(p) or Cn(p). The metric selected here is the squared Frobenius norm of
the difference between the (possibly scaled) robust estimators and C, which has the advantage
of being a widespread matrix distance (e.g., as considered in (Ledoit and Wolf, [2004)) and a
metric amenable to mathematical analysisﬂ In (Chen et al., [2011), the authors studied this
problem in the specific case of Cy(p) but did not find an expression for the optimal theoretical
p due to the involved structure of C(p) for all finite N, n and therefore resorted to solving an

2 Alternative metrics (such as the geodesic distance on the cone of nonnegative definite matrices) can be similarly
considered. The appropriate choice of such a metric heavily depends on the ultimate problem to optimize.
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approximate problem, the solution of which is denoted here pp. Instead, we show that for large
N, n values the optimal p under study converges to a limiting value p* that takes an extremely
simple explicit expression and a similar result holds for C‘N(p) for which an equivalent optimal
p* is defined.

Our first result is a lemma of fundamental importance which demonstrates that, up to a
change in the variable p, Sy (p)/Mp, 1 and Sn(p) (constructed from the samples z1, ..., x,) are
completely equivalent to the original Ledoit—Wolf linear shrinkage model for the (non observable)
samples 21, ..., 2.

Lemma 5.1 (Model Equivalence). For each p € (0,1], there exist unique p € (max{0,1—c~1},1]
and p € (0,1] such that

Sn(p) - 1 &

——= =5y(p)=1—-p)— 27+ ply.

Vo =)= 0= S 4ol
Besides, the maps (0,1] — (max{0,1 —c¢~1},1], p = p and (0,1] — (0,1], p + p thus defined
are continuously increasing and onto.

Proof. The proof is provided in Section O

Along with Theorem and Theorem Lemma indicates that, up to a change
in the variable p, Cn(p) and Cxn(p) can be somewhat viewed as asymptotically equivalent (but
there is no saying whether they can be claimed equivalent for all finite N, n). As such, thanks to
Lemma we now show that the optimal shrinkage parameters p for both Cy (p)/ (% tr Cn(p))
and Cn(p) lead to the same asymptotic performance, which corresponds to the asymptotically
optimal Ledoit—Wolf linear shrinkage performance but for the vectors z1, ..., z,.

Proposition 5.1.1 (Optimal Shrinkage). For each p € (0,1], deﬁneﬁ

. 2
. 1 C
Dn(p) = Ntf (i,trNC'(Np)(p) - CN>

Also denote D* = ccyﬁf;il, P* = a1 and p* € (max{0,1—c~1},1], p* € (0, 1] the unique

solutions to

*

P Ty
— = - =p".
1 1=p* ) 1—p* T+
360 T=(—pe T P Pt
Then, letting € < min(p* — max{0,1 — ¢~ 1}, 5*), under the setting of Theorem and Theo-

rem 513,

inf Dy(p) 2% D*,  inf Dy(p) 25 D*
pER. pER:

®Recall that, for A Hermitian, & tr(A*) = + tr(AA*) = +||A||% with || - | » the Frobenius norm for matrices.
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and
Dy(p*) 25 D*,  Dy(p*) &5 D™

Moreover, letting pn and py be random variables such that py ~—= p* and pn ~— p*,

N

Dy(pn) == D*, Dn(pn) = D*.
Proof. The proof is provided in Section [5.1.3.5 O

The last part of Proposition [5.1.1] states that, if consistent estimates pn and py of p* and
p* exist, then they have optimal shrinkage performance in the large N, n limit. Such estimates
may of course be defined in multiple ways. We present below a simple example based on C’N(p)
and Cn(p).

Proposition 5.1.2 (Optimal Shrinkage Estimate). Under the setting of Proposition let
pn € (max{0,1 — ¢ 1}, 1] and pn € (0,1] be solutions (not necessarily unique) to

PN _ eN
1 Ao [ £\
R _(% S i) |t
PN Ez 1$CN||+J|T2)1M — N
1—ﬁN+ﬁNgZi:1%w b (%Z?ﬂﬁf -1

defined arbitrarily when no such solutions exist. Then py 2% 5% and py = 5%, so that
Dn(pn) 22 D* and Dy (pn) =2 D*.

Proof. The proof is deferred to Section [5.1.3.6] O

Figure |5 n illustrates the performance in terms of the metric Dy of the empirical shrink-
age coefficient py introduced in Proposition @ versus the optimal value inf ¢ 1 {Dn(p)},
averaged over 10000 Monte Carlo simulations. We also present in this graph the almost sure
limiting value D* of both Dy(py) and inf peR {Dn(p)} for some sufficiently small ¢, as well

as Dn(po) of po defined in (Chen et al., 2011, Equation (12)) as the minimizing solution of
E[% tr(Co(p) — Cn)? with Co(p) the so-called “clairvoyant estimator”

CO( Z l *C 1 +pIN

We consider in this graph N = 32 constant, n € {2¥,k = 1,...,7}, and Oy = [CN]%-:l with
[Cnlij = rli=dl = 0.7, which is the same setting as considered in (Chen et al., 2011, Section 4).

It appears in Figure [5.4] that a significant improvement is brought by gy over po, especially
for small n, which translates the poor quality of Co(p) as an approximation of Cn(p) for large
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values of ¢ (obviously linked to &z} Cy'=; being then a bad approximation for +2:Cn(p) " ay).
Another important remark is that, even for so small values of N,n, inf, ¢ 1] Dn(p) is extremely
close to the limiting optimal, suggesting here that the limiting results of Proposition [5.1.1] are
already met for small practical values. The approximation gy of g*, translated here through
DN(p'N), also demonstrates good practical performance at small values of N, n.

We additionally mention that we produced similar curves for Cy(p) in place of Cy(p) which
happened to show virtually the same performance as the equivalents curves for Cn(p). This
is of course expected (with exact match) for inf, ¢ 1) Dn(p) which, up to the region [0,¢),
matches inf ¢ 1] Dy (p) for large enough N, n, and similarly for Dy (pn) since pn was designed
symmetrically to pn.

Associated to Figure [5.4] is Figure which provides the shrinkage parameter values, op-
timal and approximated, for both the Abramovich-Pascal and Chen estimates, along with the
clairvoyant po of (Chen et al., [2011)). Recall that the (-) values must only be compared to
one another, and similarly for the (-) values (so in particular po only compares against the (-)
values). It appears here that po is a rather poor estimate for argmin ¢ Dn(p) for a large
range of values of n. It tends in particular to systematically overestimate the weight to be put

on the sample covariance matrix.

3 T T T
—&—inf,c0,11{Dn(p)}
-®-Dn(pn)

—o— D*

Normalized Frobenius norm

n [logs scale]

Figure 5.4: Performance of optimal shrinkage averaged over 10000 Monte Carlo simulations,
for N = 32, various values of n, [Cn]i; = rli=il with r = 0.7; py is given in Proposition
po is the clairvoyant estimator proposed in (Chen et al., 2011, Equation (12)); D* taken with
c= N/n.

5.1.3 Proofs
This section successively introduces the proofs of Theorem Theorem Corollary
Lemma/[5.1] Proposition[5.1.1} and Proposition[5.1.2] The methodology of proof of Theorem|[5.1.1

closely follows that of Chapter 4l The proof of Theorem also relies on the same ideas but
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0.8

0.6

0.4

Shrinkage parameter

0.2 || —A—p° -4 py —o—p*
—e—p° -@-pn —6—pF
—B— po
0 I I I | | |
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n [logs scale]

Figure 5.5: Shrinkage parameter p averaged over 10000 Monte Carlo simulations, for N = 32,
various values of n, [Cnli; = rli=il with r = 0.7; pn and py given in Propositionm; po is the
clairvoyant estimator proposed in (Chen et al., 2011, Equation (12)); p*, p*, and §* taken with
¢c=N/n; p° = argmin{pe(max{o,l—c]_\,l},1]}{DN(p)} and ° = argming,co 13 {Dn(p)}-

is more technical due to the imposed normalization of C'y(p) to be of trace N. The proofs of the
corollary, lemma, and propositions then rely mostly on the important joint convergence over p
proved in Theorem and Theorem and on standard manipulations of random matrix
theory and fixed-point equation analysis.

5.1.3.1 Proof of Theorem [5.1.1]

The proof of existence and uniqueness of Cy(p) is given in (Pascal et al., 2013).

The existence and uniqueness of §(p) is quite immediate as the right-hand side integral in
the definition of 4(p) is a decreasing function of 4 (since p > 0) with limits 1/(1 — p) > 1 as
4 — 0 (since v # §p almost everywhere) and zero as ¥ — oco. We now prove the continuity of 4
on (0,1]. Let pg, p € (0,1] and 49 = F(po), ¥ = Y(p). Then

t t
/ p+ (1= P)ty(dt) - / Yopo + (1 — Po)ty(dt) =0

Setting the difference into a common integral and isolating the term 4y — 4, this becomes, after
some calculus,

t2
J Wﬂ+(1—p)t)(&opo+(1—po)t)V(dt)
dt)’

t
| wrrapntemra=rn ¥

(o —4)po = —4(po — p) + (p — po)

Since the support of v is bounded by lim supy ||Cn|| < oo and in particular 4(p) < p~!limsupy ||Cn]|
by definition of 4, the ratio of integrals above is uniformly bounded on p in a certain small neigh-
borhood of py > 0. Taking the limit p — pg then brings 49 —4 — 0, which proves the continuity.

150



5.1. THEORY

From now on, for readability, we discard all unnecessary indices p when no confusion is
possible.

Note first that x; can be equivalently replaced by z; from the definition of C’N(p) which is
independent of 71, ..., 7,. Consider p € R, fixed and assume C)y exists for all N on the realization
{#z1,...,2n}32, (a probability one event). We start by rewriting Cy in a more convenient form.

Denoting C’(i) 20y —(1- p)l% and using (A + tvv*)"lv = A7 /(1 + tv* A=) for

n L xAo-1
N~ N
positive definite Hermitian A, vector v, and scalar ¢t > 0, we have

so that

and we can rewrite C'y as

A 1-— 1
Cn=——"7—"—"—"-— In.
N 1—(1=p)enn Z *C— triN
i=1 (i) 7
We recall that the interest of this rewrltlng, detailed in Chapter EL mostly lies in the intuition
that *C( ) Zi should be close to + tr(C 1) for all 4, while 4 N C’ z; is a priori more involved.

To proceed with the proof, fori € {1,...,n}, denote di(p) = %z;é(;)lzi and, up to relabeling,

assume ch(p) <...< cin(p) Then, using A = B = B! = A~! for positive Hermitian matrices
A’ B’

1 1 192 0 -

* —p ZiZ;

dn = =z T /1 N A L + I Zn
(o) = yen (b(l—p)cwz;di(p) pN)

-1 -1
1 1—p 1= ziz
< -z —= ¢ I .
_NZ”<1—(1—p)an; +pN> -

pen

1 1-p 13 o
1< NZ:L <1(1 Zzizf +dn(P)PIN> Zn. (5.2)

Similarly, with the same derivations, but with opposite inequalities
—1
1 1—p 1 & X
1> = e zi+d I .
N ( (1_p)aniz:;lez + l(p)p N) <1
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Our objective is to show that sup 5 maxi<i<n di(p) — 4(p)| 22 0 where 4(p) is given in
the statement of the theorem. This is proved via a contradiction argument.

For this, assume that there exists a sequence {p, 2%, over which d,,(p,) > 4(pn )+ infinitely
often, for some ¢ > 0 fixed. Since {p,} 2, is bounded, it has a limit point py € R.. Let us
restrict ourselves to such a subsequence on which p, — po and d,,(pn) > J(pn) + £. On this

sequence, from ([5.2))
1- 1 - pn

-1
1 1-—
1< NZ;; ( Pn o ZZ’Z + (3 (pn +Z)pnIN> 2 2 6. (5.3)

Assume first pg # 1. From Chapter 3| and particularly (3.5 (up to a slight modification in
the §(z) notation), we have

-1
N 1—(1—pncN1 r 1 «— 1—(1—pp)en
- < - n —I n
én = . (n; F(pn) +0)pn =), N| =
1—(1-— 1—(1-—
2, 1= (Lo (—w(po) +e>po—( nc) £ o (5.4
1 —po LI —po

where, for > 0, 6(z) is the unique positive solution to the equation

5(zx) = / .

—T + T

The convergence (j5.4) follows from several classical ingredients. For this, we first use the fact
that, for each p > 2, w > 0, and j € {1,...,n},

-1 p

%Z ziz; +wly zj—0(—w)| | =0 (N_p/2> (5.5)
i

which, taking p > 4 along with Boole’s inequality, Markov inequality, and Borel-Cantelli lemma,
ensures that

-1
lr%agn N ;zzz +wly zj — §(—w)| = 0.
i#]

Using successively A~! — B~! = A=Y(B — A)B~! for invertible A, B matrices and the fact that
(2 doing %%+ wly)~!| < w™! and limsup, maxi<;<p + | 2|> = My1 = 1 < 00 a.s., we then
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have, for any positive sequence w, — w > 0,

-1 -1
1, (1 1, (1
* * *
max |—z; | — g 2iz; +wpl zi— =2 | — g ziz; +wly Z;
i<jin | N9 | p &7 T TN 7ONT \n&eT /
i#] i#]
-1 -1
= |w, — w| max <7 75 zizi +wpln fE ziz; +wly 2
1<j<n | N n —- n —-
7] i#]
< — w|—— max <[z
Wy — W max —||z;
- wpw 1<j<n N7
a.s.
-0

from which the convergence (/5.4]) unfolds.

Developing the expression of et then leads to e™ being the unique positive solution of the
equation

t
et = / v(dt)
( (po) +€)p0 + 1— (1 po)c+ce+
which we write equivalently
| = / t V(dt) (5.6)
(3(po) + )poe™ + ﬁ
0]

Note that the right-hand side term is a decreasing function f of e*. From the definition of 4(py),
we can in parallel write

t
= v(dt) (5.7)
/ A(po)po X 1+ 4= (1 tX)1+ 1

where we purposely made the terms 1 explicit. Now, since both integrals above equal 1, since
¢ >0, and since f is decreasing, we must have e™ < 1. But this is in contradiction with &, > 1

and the convergence (5.4)).
a.s.

If instead, pg = 1, then from the definition of é, in (5.3)), and since ||z, [? == M, =1

(from lim, maxi<;<, |+ || 2]> — Mya| = 0), limsup, ||2 ZZ 1 2i2F]] < o0 a.s. (from Assump-
tion b.| and (Bai and Silverstein, [1998)), and 4(1) = MVJ =1, we have

é 2} MI/J = 1 < 1
" Mu,l + l 1 + l

again contradicting &, > 1.

Hence, for all large n, there is no sequence of p, for which dy,(pn) > 4(pn) + ¢ infinitely often
and therefore d,,(p) < §(p) + ¢ for all large n a.s., uniformly on p € R..
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The same reasoning holds for d1(p) which can be proved greater than 4(p) — ¢ for all large
n uniformly on p € Re. Consequently, since £ > 0 is arb1trary, from the ordering of the d; (p),
we have proved that sup _; maxi<i<n \di(p) —A(p)| 2 0.

From there, we then find that

1—p
sup max
p 1<isn 1= (1= p)en

13

sup
pER:

Sn(p) = Cn o) | <

a.s.

—0

where we used the fact that limsup,, H LN~ 2z H < oo a.s. from Assumption |5. and (Bai
and Silverstein), [1998), and the fact that 0 < e<c

5.1.3.2 Proof of Theorem [5.1.2]

The proof of existence and uniqueness is given in (Chen et al., 2011). The proof of Theorem
unfolds similarly as the proof of Theorem but it slightly more involved due to the difficulty
brought by the normalization of C’N(p) by its trace. For this reason, we first introduce some
preliminary results needed in the main core of the proof. Note also that, similar to the proof of
Theorem we may immediately consider z; in place of x; in the expression of Cy (p) from
the independence of Cy(p) with respect to 71, . .., Tn.

From now on, for the sake of readability, we discard the unnecessary indices p.

Some preliminaries We start by some considerations on ¥(p) and Fy(z) defined as the
unique positive solution to the equation in F
Fy=(0-p) 2l 4 p—exi—p) (5.8)
= — E— — C - °
N 7 Fy p—CN p
Note first that, for z > 0, (5.8]) can be written as a second order polynomial whose solutions
have opposite signs, the positive one being explicitly given by

Fx(e) = 2o —en(l— )+ 1/ (o —en(1— )P+ (1— )

The function Fy(x) is decreasing with lim,_,o Fx(z) = oo and lim, o Fy(x) = max{p —
en(1—p),0}. As N — oo, ey — ¢, and Fn(z) — F( ) F(z;p) defined in the statement of
the theorem which therefore satisfies F\(z) = (1 —p) F(I) + p—c(1 — p) and is decreasing with

lim, 0 F'(z) = oo and lim,_,o F'(2) = max{p — ¢(1 — p),0}. This implies in particular that the
function

Gia / ! v (dt) (5.9)
TP+ p)c+F(f)t

is decreasing with lim,_,o G(z) = 0o and lim,_,~, G(x) = 0. Hence the existence and uniqueness
of ¥(p) as defined in the theorem.
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Now consider the function Hy :  — xFy(z) for z > 0 and p < 1. Then, for z > 0,

Hiy () = 1 A(z) + B(z)

2 1 2
\/(p (12p)01v> 22+ (1— p)z

Alz) =2 (p— (12—p)czv> \/(P— (12_10)CN>2$2 - e

o) =1 p 2 (2050

where

Although A(z) may be negative, it is easily verified that B(x)? = A(z)? + (1 — p)? for all 2 > 0.
Therefore, if p < 1, for each wy > 0, there exists € > 0 such that

limNinf sup Hy(z) >0 (5.10)

wo—e<zr<wo+e

a relation which will be useful in the core of the proof of Theorem

To prove continuity of ¥, the same arguments as in the proof of Theorem hold. That
is, take po,p € (0,1] and denote 59 = F(pp) and ¥ = §(p). Then, by definition of §(p), using
F(z) = (1= p)gp +p—cl—p)

t t
/ v(dt) —/ ———v(dt) = 0.
(1=po)¥0F (o) < (1=p)FF (%)
Jopo + 1= pofpogoF(go)t P+ 1—p+/ﬂF(7)t

Setting these to a common denominator gives, after some calculus,

(%0 — ¥)po +(p / Dt
_(A=p(=p)FF () = 'yoF(“yo)) (o — P)IHEH)F (o) [t o(dt) (5.11)
(1= p+pyF () = po + poYo ' (%0)) D(t) '

where

(1 = po)Y0F (50) . (1 - p)yF ()
1 —po +PO%F(’V0)t> (ijL L—p+pyF() ) =0

Note now that ¥(p) < p~!limsupy [|Cn|| and, on a small neighborhood of py € (0,1], ¥ = ¥(p)
is uniformly away from zero. Indeed, if this were not the case, on some subsequence pp — pg
such that ¥(pr) — 0, the definition of 4 would imply

D) = (o +

1:/V L) 0
o)k + T By

1—pr)et+F(¥(pr))
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which is a contradiction. This implies as a consequence that F'(¥) is bounded on a neighborhood
of po. All this implies that all terms proportional to pg — p in (5.11)) tend to zero as p — po, so
that, in the limit p — po,

ooy 14D (1= )= p0)GoF (o) = 5F(5) [ uld)
D(@t)  (1=p+p¥E)A = po+ potoF (o)) J D(t)
But, since x — xF(x) is increasing, 0 F'(%9) — 7F () is of the same sign as 59 — . As D(t) is
uniformly bounded for p in a small neighborhood of pg, this induces ¥y —% — 0, which concludes
the proof of continuity.

— 0.

Main proof Let us now work on the matrix By. From the definition of Cy,

NtrBNn 1 NZ;’(B]?[1 i
Denoting B(;) = By — %lt;%N%%z?B%lzi and using again (A + tzz*)~lz = A7 tx/(1 +
tz*A~lz), we have this time
1 xp-1
LB VA B %
N (3 1 *B
IR =L
WZZB Zi NtrBN
so that
P O 1

From the positivity of both quadratic forms above, this implies in particular that % tr By —
c(1—p) >0.

Replacing the quadratic forms iz*B_lzi in the expression of By, we can now rewrite By
placing the g ~7% By p ,

as
By = Lo Z I (5.13)
N 1trBN—cN1— Loxp-T, *B_) +pin. ’
Denote now dz» £ %z;‘B(_i)lzi and assume, up to relabeling, that ch < ... < dn for all n.
Then, with the definition of B(i), we have
1 1 -
. — 22
dp, = —z, - + I z
" N <1tI“BN—CN1— Z N) "
1 1 -
— ZiZ
< —z — ! + pl z
- N <1tI‘BN—CN1— Z N) "
LtrBy —en(1—p) 1 182 2z Ltr By —en(1—p) -
N * 1% N
= —z | = — + I z
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where the inequality follows from the initial quadratic form being increasing when seen as a
function of d; for each 7. This can be equivalently written

. -1

trBN—CN 1—-p)1 , 1n_1 N . L’EI“BN—CN 1—p

1< XN —, ( )Nzn (nZzizi—i—dnpN 1_p( )IN Zn. (5.14)
i=1

At this point, it is convenient to express (5.14) as a function of Fi defined in (5.8). From
(5.13)), note indeed that

1 - 1—p N||Zz||2
NtrBN Z

so that, since % tr By — en(1 — p) > 0,

1 .
NtrBN —CN(l —

||z@||2 -
Z . (5.15)

Since Fy is decreasing, the term on the right-hand side is decreasing in d; for each i. Hence

liM - > Fv | d liiu ‘H2 -
n < d; =N Oy v i

i=1

This implies, returning to (|5.14))

1o~ yllzil”
1<—F -y N
< - 7
i=1
1 12 p 11 - B
— 2 =N iz dy L Fy [ da [ =S 22 I . 5.16
<o (A net v di n[n;NHzZH] o e 516)

With this, similar to the proof of Theorem [5.1.1, we will now show via a contradiction
argument that SUP i, WAX1 <i<n \di(p) — F(p)| =25 0. Let us then assume that, on a sequence
{pn}o2y, dn = dn(pn) > 5(pn) + £ = ¥ + ¢ infinitely often, for some £ > 0, and let us consider
a subsequence on which p, — po € Re and d,(pn) > F(pn) + £. Then, from the fact that
Hy(z) = xFn(z) is increasing for > 0, we have

R S AR }anin?]
“l=p ne— 4
L (1% . G0 . 11, ] h
X ;zzzzqt T, Fv | (749 n;HzZH] Iy Zn (5.17)
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Assume first that pg < 1. We will deal with each factor involving Fj on the right-
hand side of (5.17). We start with the right-most factor. Using maxi<j<n{#|zi[*} 2501
since %tr Cn = 1 for each N, ¥(p,) — F(po) (by continuity of %) and also the fact that

limy inf g5p0)—n<z<q(po)+ny Hy () > 0 for some 7 > 0 small (from (5.10)), from (3.5), we ob-
tain, with probability one

-1

-1
N U O PN G RV O ) IR NS S
hrrlnﬁzn n;zizi —i—ﬁFN 7+ n;NHZZH In Zn
n—1 n -1 -1
N «, P 11 1
<hrILnNZ” n;ZﬂZ + l—anN 0 [n;NVZHQ] Iy Zn (5.18)
=4
where ¢ is the unique positive solution to
t
= / il PG )
1—po 1+céd

Note here the fundamental importance of having H); uniformly positive in a neighborhood of
%(po) to ensure the inequality sign in ([5.18]) remains strict when passing to the limit over n. We
will now show that e & %’78))5 = 1. Indeed, from the above equation,

t

e—/ S(po) + (1=po)t
POYAPO) T F5(po))+(1—po)ee

v(dt)

or equivalently

t

1= / ; (—poic
ePo1(P0) + TGN +(—poree
The right-hand side of (5.19)) is a decreasing function of e with limits co as e — 0 and 0 as
e — 00. As an equation of e, (5.19) therefore has a unique positive solution which happens to
be 1 by definition of 4(pg) in the theorem statement. Therefore, e = 1.

Now consider the leading factor involving Fl in . We will show that this factor is
uniformly bounded. For this, proceeding similarly as above with d; instead of d,, note that
, with p = py,, becomes (this is obtained by reverting all inequality signs in the preceding
derivations)

v(dt). (5.19)

no1

—1
115.112
1> 1 Fi EZ NHth
- Pn n i=1 di
n—1 n -1 -1
1 * 1 * 7 Pn 7 1 1 2
X 4 n;% + i _pnFN dy [n;anin ] In| 2. (5.20)
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1 vzl
Assume - > | A pa
1. In particular d; — 0. Then, from the limiting values taken by Fy and Hy, the quadratic

form in ([5.20)) has positive limit (even infinite if ¢ > 1) while the first term on the right hand side
2
tends to infinity. This contradicts 0) altogether and therefore lim sup,, -~ EZ 1 X HZ_Z”

— 00 on some subsequence (of probability one) over which max; | z;[|> —

Since in addition d; < p,‘f%”ziﬂ2 (using ||(A + pndn) Y| < p,,t for nonnegative Hermitian

n wllll?

A) is uniformly bounded a.s. for all large n, it follows that % Doy 7 is uniformly bounded

1,271
and bounded away from zero. This implies that Fiy ( [% Yoy N‘LA} ) is uniformly bounded,
as desired.

Getting back to with p = p,, we can therefore extract a further subsequence on which
the latter converges to FOO and d; converges to d°° (dOO can be zero) and we then have along
this subsequence

Fee Fee
b Po(S ~ F((po)) (5:21)

with the equality arising from F'(%(pp))d = 1 — po.

Since Fy is increasing,

n

-1
Lo~ wllaill? IS Ly,
il - < I [P
n§ d; ] < Fy dz[nZN”zzH

i=1

so that, taking the limit over n, F* < F(d5°) (set equal to oo if d3° = 0). This further implies
F(3(po)) < F(d°)

so that, if d‘f" > 0, inverting the above inequality, gives di’o < 4(po). Obviously, if di’o = 0, this
is still true. Therefore dy(pn) < ¥(po) — ¢ infinitely often for some ¢’ > 0 along the considered
subsequence.

Conserving the same subsequence and reproducing the same steps for the sequence di(p,)
instead of d,,(pn) (from (5.20)), use di(pn) < ¥(pn) — ¢ infinitely often and the growth of Hy

similar to before), we obtain this time

which contradicts (5.21)).
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Assume now pg = 1. Starting from (5.14)) with p = p,, and the expression of Fi, we have

1 <limsup Fn

1y~ &nar?]‘
niH di

N
n o1 271 -
1, . 1 ~ |23
X NZ —Pn) = Zzzz + dppnFn ” ; N|le;” ] In Zn,
< limsup Fy Z NHZZHQ
N
1 1 n—1 1 n iHZH2 -1 -1
ES -~ (A
x N (1- Pn)ﬁ £ zizi + (7 +OpnFN n ; Ndz] Iy Zn
B 1
Y(po) + ¢

10,02
3 . = ||z;
since p, — po = 1, since 1 sy N”d%“

(A

since limsup,, |2 Y% | z;2 *H < oo (Bai and Silverstein, [1998). But then, the fact that §(po) = 1
by definition along with the above relation leads to 1 < 1/(1 + ¢), again a contradiction.

is uniformly away from zero (as shown previously), and

Therefore, gathering the results, our very initial hypothesis that there exists a subsequence
of n and p,, over which d,(p,) > v(pn) + ¢ infinitely often is invalid and we conclude that,
instead, sup ,cg_dn(p) —¥(p) < € for all large n a.s.

The same procedure works similarly when starting over with d; and assuming with the same
contradiction argument that dy(p),) < §(p,) — ¢ infinitely often on some sequence p!,. Taking
a subsequence over which p/, — pf, this will imply this time that d,,(p}) > 5(ph) + ¢' for some
¢" > 0 for all large n a.s. which we now know is invalid.

Gathering the results, we finally obtain

> a.s.
SUJI; Joax |di(p) = 4(p)| == 0 (5.22)

as desired. This implies from ({5.15]) that

sup —0

peR:

Wlth)mfpem F(5(p)) > 0 so that, from (5.13]), Assumption , and (Bai and Silverstein),
1998§)),

%trBN —c(1—=p) = F((p))

ou

— 0.

sup
pER:

PR Z“ ol
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Dividing the expression inside the norm by % tr By and taking the limit finally gives
n

1-p 15~ PIE()
PE)7+ (1 —p)n Z; T AFE) (- p) IN]

Cn —

a.s,

-0

sup
pER:

with % = %(p), which is the expected result.

5.1.3.3 Proof of Corollary

We only give the proof for C’N(p). Similar arguments hold for Cxn(p). The joint eigen-
value convergence is an application of (Horn and Johnson, (1985, Theorem 4.3.7) on the spec-
tral norm convergence of Theorems [5.1.1] and [5.1.2] The norm boundedness results from
sup NN () = [1Sx(P)I] =2 0 and from limsup, sup 1Sn(p)|| < oo by an applica-

PERe PERe
tion of (Bai and Silverstein, [1998). The joint convergence of moments over R. follows first from
the convergence 1y (z;p) — my, (z) == 0 for each z with $[z] > 0 and for each p € R where
mn(z;p) = + tr((Sn(p) — zIn) ") (as a consequence of Corollary. Since this holds for each
such z, the almost sure convergence is also valid uniformly on a countable set of z with J[z] > 0
having a limit point away from the union U over p € Re of the limiting spectra of S N(p), U
being a bounded set since limsupy sup 5 1Sx(p)|| < co. But then, since

~1
(1= p)mn(z;p) —ir 1 n e L
Y(p)(1 — (1 —p)c) e (n; i% T _pW(P)(l (1-p) )IN>

is analytic in Z(p) = f:; A(p)(1 — (1 — p)c) and bounded on all bounded regions away from U,

by Vitali’s convergence theorem (Titchmarsh, |1939), the convergence 7y (z;p) — mg,(2) 25

0 is uniform on such bounded sets of (z,p). Using the Cauchy integrals § Fmy(z;p)dz =

+ tr(Sn(p)!) and $ z*my, (2)dz = Mj, 1, for each k € N on a contour that circles around (but
sufficiently away from) U implies SUp g |+ tr(Sy(p)’) — M, o 2% 0, from which the result
unfolds.

5.1.3.4 Proof of Lemma [5.1]

We start with Sy. Remark first that, for p € (max{0,1 —¢'},1],

S 1 &
N(p) =1|1- lf *ZZZ‘/Z? + lf In.
Mﬂ 1 #7/3 + P n — 2 L L + P
P y(p) 1-(1—p)c i=1 A(p) 1-(1—p)c
Denoting
f: (max{0,1—¢},1] = (0,1]
p 1

P =

1 1-p 1 1—-p
P T=—pe TP A@it-pe T 1
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we have % = (1- f(p))% Yo 2z + f(p)In and it therefore suffices to show that f is
P>

continuously increasing and onto. The continuity of f unfolds immediately from the continuity
of 4. By the definition of 4, the function p — pJ(p) is increasing and nonnegative (since
v is distinct from 8y almost everywhere) while p — ﬁ is decreasing and nonnegative.
Therefore, f is increasing and nonnegative. It remains to show that f is onto. Clearly f (1)=1
since 4(1) = M, = 1. To handle the lower limit, let us rewrite

2oy pip) A —(1—p)e)
) = T A= -9

which we aim to show approaches zero as p | max{0,1 — ¢ '}. For this, assume p.y(px)(1 —
(1 — pr)c) = £ € (0,00] for a sequence py, | max{0,1 — c~'}. Then, from the defining equation

of 4(p) in Theorem

(- (1- ot
L= T ) T G AT T )
< (1 — (1 — pi)c)limsupy [|Cn||
oY (er) (1 — (1 = pr)e) + (1 — pr)(1 = (1 — pg)c) limsupy [|Cn ||
. limy,(1 — (1 — p)c) limsupy [|Cn ||
C+ limg (1 = pg)(1 = (1 = pg)e) limsupy [[C ||
<1

since the limit is either zero (when ¢ > 1) or (1—c¢) limsupy ||Cn||/({+(1—c) limsupy ||Cn||) < 1
(when ¢ < 1). But this is a contradiction. This implies that py(p)(1 — (1 — p)c) — 0 and
consequently f(p) — 0 as p | max{0,1 — ¢!}, which completes the proof for S(p).

Similarly, for S(p), define

F:(0.1] = (0,1]
Ty
}—) S —
P p+T,
where we recall that T), = p¥(p) F'(7(p); p) and which is such that Sn(p) = (1—f(p NESE Lz
f (p)In. We will show that f is continuously increasing and onto. The continuity arises from the
continuity of 5. We first show that 7 is onto. For the upper limit, f(1) = 1. For the lower limit,
assume T, — ¢ € (0,00] over a sequence py — 0, so that in particular T}, p,?l — 00. Then, by
the definition of 4(p) and since F(x;p) = (1 — p) mF(x 5 tp— c(1—p),

1
1:/V - i v(dt) — 0
Yok ot + Ty T ont Ty

by dominated convergence (recall that v has bounded support), which is a contradiction. This
implies f(p) — 0 as p — 0. It remains to show that f is increasing. For this, we will rewrite the
equation defining (p) as a function of f(p). Using again F(z;p) = (1 —p) xF(x o tr— c(1—p),
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we first have, for each ¢t > 0,

1—p
1
(A =P 3mrEwEm TP

1—p

(1= p)c+ FG(p)ip t

Y(p)p + )t =5(p)p+

where in the last equality we used (1 — p)f(p) = (1 — f(p)p3(p)F(5(p); p). We now work on
F(¥(p); p). By its implicit definition,

1 1
F(5(p);p) (1-0p) SVFG()p) —c(1—p)
_ Py (P)F (3 (p); p)
p(1=p) + p*¥(p)F(3(p); p) — c(1 = p)p¥(p)F(7(p); p)
_1-pfp) 1
S (e
fp)

where the last equation follows from standard algebraic simplification. Note here in particular

that, by positivity of F'(x;p) for x > 0, p — c¢(1 — p)f(p) > 0. Plugging the two results above in
the defining equation for ¥(p), we obtain

t
1— ) _ dt). 5.23
/ flp) (l—p)f(p)_i_l;Pf(p)ty( ) ( )
p—c(1=p)f(p) p(1=f(p)) P

Now assume that f(p) is decreasing on an open neighborhood of py € (0,1). Then p %pf(p)
(1=p)f(p)
p(1=f(p)) 3 3 3
p—=(1=p)/p=1/p=1,p—1=p,and p f(p)/(1—f(p)) = —14+1/(1— f(p)) are all positive
decreasing functions of p. Finally,

and p —

are also decreasing. This follows from the fact that, on this neighborhood,

f(p) _ 1

p—cl=p)flp) 0 +elp=1)

which is also positive decreasing, since p — p/ f (p) and p — ¢(p — 1) are both increasing and
of positive sum. But then, the right-hand side of is increasing on a neighborhood of pg
while being constant equal to one, which is a contradiction. Therefore, our initial assumption
that f(p) is locally decreasing around py does not hold, and therefore f(p) is increasing there
and thus increasing on (0, 1]. This completes the proof.
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5.1.3.5 Proof of Proposition [5.1.1
We only prove the result for C’N, the treatment for C'y being the same. First observe that,

En() _ Snd)
%trCN(ﬁ) Mﬂﬁ,17

. 2
D) - e (512 e )

denoting Ay (p) =

PER: N M,
1 . Cn(p) Sn(p)
= sup |—=tr | An(p) ~—— + —2CN
pek. |V < ~trOn(p)  Mpsa

< sup {2 ']btr(AN(,é)CN)‘ +

L 5| _Cn) , Sn(p)
v (oo e ]

pER-
1 i~ A~
. ~ trSn(p)
< sup [[An(p)| sup <3+ NT
PER: PER: fps1

where we used |tr(AB)| < tr A||B| for nonnegative definite A along with + tr Cy = 1. Now,

X sup,cq. Mi,,15UP 5 ICNn(p) — Sn(p)]
sup [ An(p)|| < —L= " —P<
peR. inf ;. % tr On(p) M,

sub e ISv (Pl supses |4 tr v (p) = My

infﬁeﬁ%a Mﬂﬁvlﬁ tr (éN(,ﬁ))

3(p) 1-(1
rem 1] and Corollary 5.2| that both right-hand side terms tend almost surely to zero in the

large N ,n limit (in particular since the denominators are bounded away from zero), and finally

. 2
- 1 Sn(p
sup |Dn(p) — Ntr (J\]J(p) - CN> 2%00.
pER. bp,l

Since M “ 1= L 1”pis uniformly bounded across p € JQE, this finally implies from Theo-

Moreover, from Lemma for each p € (max{0,1 —c1},1],

%tr <§J4VA(A) _ CN> - %tr [(SN(p) - CN)Q}

:u'pz

with p = ﬁ(ﬁﬁ +p)~t € (0,1] and with Sy = (1 — p)L 3" | 227 + pIn. Also, using

M (Y ziz)) = My =1

derivations

, ]{, tr [(n Yo zizg‘)ﬂ 25 M, 2 + ¢, and basic arithmetic

sup 250

[0,1] %tr [(SN(p) _CN)Q} - Dlp)
pel,
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where
D(p) = (My2 — 1)p* + ¢(1 — p)*.

Note importantly that, from the Cauchy—Schwarz inequality, 1 = M3,1 < M, and therefore
M, 2 —1 > 0 with equality if and only if v = §, for some a > 0 almost everywhere. From the
above convergence, we then have, for any € > 0 small

sup ‘ﬁN(ﬁ) —D(p)| = 0. (5.24)
PER:

Now, call p* the minimizer of D(p) over [0, 1]. Tt is easily verified that p* € (0, 1] is as defined

in the theorem. Also denote p* the unique value such that p* = ﬁ*(ﬁﬁfg*)c +p*)~1, which

is well defined according to Lemma Call also p%; the minimizer of Dy(p) over R. and

PN = ﬁ?\/(%% +p%) L. If € is as given in the theorem statement, p* € Re and then
N N
D(p*) < D(p)
Dn(py) < Dn(p¥)
Dy(p*) = D(p*) = 0
Dy (py) = D(px) == 0

the last two equations following from (5.24)) (the joint convergence in ([5.24)) is fundamental since
px and p%; are not constant with V). These four relations together ensure that
D () = D(p*) 250
Dn(p%) — Dn(p*) = 0.
These and the fact that D(p*) = D* as defined in the theorem statement conclude the proof of
the first part of the theorem.
. “ 1—p ~ N =
For the second part, denoting py = PN(%T% + pn) L, we have that D(py) —

D(p*) 2% 0 by continuity of D since py =2 p* and therefore, since DN(ﬁN) — D(pn) 2 0 by
(5.24), Dy (pn) — D(p*) 22 0 which is the expected result.

5.1.3.6 Proof of Proposition [5.1.2

We first show the following identities

2
1 1~ mz}
“tr (Z L 2) —en 25 M, (5.25)
n n i=1 N||xZH
1 zXCn(p)'2i| as.
sup |1y — p— ! EAE L2350, (5.26)
pPERe i=1 v
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Equation (5.25) unfolds from Ltr [(13°0 | 225)?] =5 Mo + cM2, = M, + ¢ and from
maxi<;<n | % [|zi[* — 1| 2%, 0. As for Equation ([5.26)), it is a consequence of the elements of the

proof of Theorem Indeed, from (5.12)),

1 . 1 1 .
O o) = prai B o) Bv(p) = et = )
where B(i)(p) =Bn(p) — 2+ lt;%N T gﬁi o which according to (5.15]) further reads
N N i g
-1
1o | ]|
O Lo — p—2*B,. Lo F ? .
P EiOn(p) "z = prai Beay(p)” wiFN §1 Tt B (p 1%] P

With FN(:L' p) the same function as F' but with ¢y in place of ¢ (recall that in , d; =

*B( )( )~12;). Since the 7; normalization is irrelevant in the expression above, z; can be
replaced by z;. Using the convergence result and the continuity and boundedness of
x +— xFy(x), we then have

a.s.
sup max — 0.

EfR 1<i<n

p%zf@v(p)_l% — p¥(p)F(3(p); p)

As a consequence,

This, and the fact that maxi<;<p | %2> — 1| == 0 gives the result.

It remains to prove that py —= 5* and py —= p*. We only prove the first convergence, the
second one unfolding along the same lines. First observe from Corollary that the defining
equation of py implies

5 c

-y
F(pw) Myate—1"

for some sequence ¢, == 0, with f T X x(&é) m +x))~L. Since f is a one-to-one growing

map from (max{0,1 — c¢~'},1] onto (0, 1] (Lemma ) and 5 —So—
(not necessarily uniquely though) for all large N almost surely. Taking such a py, by definition
of p*, we further have

€ (0,1), such a py exists

fon) = F(p*) =50

which, by the continuous growth of f, ensures that pn =25 p*. The convergence ﬁN(ﬁN) 25 pr
is then an application of Proposition [5.1.1
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5.2. APPLICATION TO PORTFOLIO OPTIMIZATION

5.2 Application to portfolio optimization

In terms of applications, Proposition allows for the design of covariance matrix estimators,
with minimal Frobenius distance to the population covariance matrix for impulsive i.i.d. samples
but in the absence of outliers, and having robustness properties in the presence of outliers. This is
fundamental to those scientific fields where the covariance matrix is the object of central interest.
More generally though, Theorems [5.1.1] and [5.1.2] can be used to design optimal covariance
matrix estimators under other metrics than the Frobenius norm. This is in particular the case
in applications to finance where a possible target consists in the minimization of the risk induced
by portfolios built upon such covariance matrix estimates.

Precisely, this section aims at designing a covariance estimation technique to optimize large
portfolios based on impulsive market return observations and under the assumption that the
number of observed samples is of the same order as the number of assets in the portfolio. The
covariance estimation shall rely on Abramovich-Pascal’s estimator C’N(p). Since the results
provided in this section mimic closely those of Section for a portfolio-based metric instead
of the Frobenius norm minimization, we omit most of proofs here or only point out the minor
differences in the present setting if any.

We shall first characterize the out-of-sample performance of minimum variance portfolios
based on C’N(p) by analyzing the convergence of the achieved realized risk as N,n — oo, with
ey = N/n — c € (0,00). We subsequently provide a consistent estimator of the realized portfolio
risk that is defined only in terms of the observed market returns. Minimizing this estimated
risk then brings a minimum risk covariance matrix estimate. Performance comparisons versus
previously proposed schemes on artificial and actual stock returns from the Hang Seng Index
(HSI) will show a competitive advantage of the new estimator.

5.2.1 System model and results

Consider the successive and independent returns zy, ..., z, of N financial assets to be modelled
as
1
x; = p+ /T CRw; (5.27)

where 1 € RY is the mean vector of the asset returns, 7; > 0 is an impulsiveness scalar,
Cy € RVY*N g a positive definite covariance matrix of the returns, and w; € RY is a zero
mean unitarily invariant norm ||w;||> = N random vector independent of 7;. Moreover denote

zi = C]%wi. This statistical modelling of impulsive financial stock returns goes in line with
previous works, as in e.g., (Ruppert), 2010). Although it is not practically tenable to assume
independent x;’s, this assumption leads to tractable design solutions and is a commonly used
assumption (Ledoit and Wolf, 2003).

Let now h € RY denote the portfolio selection, i.e., the vector of asset holdings in units of cur-
rency normalized by the total outstanding wealth, such that h*1y =1 (with 1y =[1,...,1]* €
R™). Then the portfolio variance (or risk) over the investment period of interest is given by
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02(h) = h*Cyh. Accordingly, the global minimum variance portfolio (GMVP) selection problem
we ought to solve can be formulated as

mhin o?(h), such that h*1y = 1. (5.28)

The solution to (5.28) is explicitly given by

Cy'ln
hn = —=—
15Oy 1IN
and the corresponding portfolio risk by
1
2
o2 (hy) = ——1—. (5.20)
1O 1N

Here, represents the theoretical minimum portfolio risk bound achievable upon know-
ing the population covariance matrix Cy exactly. In practice, Cy being unknown, one resorts
to a plug-in estimator by substituting any valid estimator for C'y in . We propose here to
consider such a plug-in estimator to be the Abramovich-Pascal estimator C(p) for the centered
data &; = z; — £ > i1, L, Cn(p) is defined, for each p € (max{0,1— cy'},1] as the unique
solution td

1 i
Cn(p) = =p)— ) sz~ +riv (5.30)

A—1
2 (P)1n
hN(,O) s ]y,1
INCy (P)In
with realized portfolio risk
; 13 CH (P)CNCY (p) v
o?(hn(p)) = =20 - : (5.31)

Our goal is to select p to be such that reaches a minimum. This is not obvious as
the dependence over Cp requires to first and foremost determine a consistent estimator for the
non-observable o2(hy(p)) (it can be shown that substituting Cy(p) for Ciy in this expression
yields a so-called in-sample risk which tends to underestimate the realized portfolio risk, leading
to overly-optimistic investment decisions, as shown in (Rubio et al., [2012))). To this end, we first
derive a deterministic equivalent for from which the consistent estimator will be deduced.

Since the model for Z; differs from that considered in Section [5.1] we first need some addi-
tional technical assumptions which we gather along with classical hypotheses below.

4Since the x; are linearly independent with probability one, c ~N(p) remains well defined.
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5.2. APPLICATION TO PORTFOLIO OPTIMIZATION

Assumption 5.3. 1. As Nyn — o0, N/n=cy — c€ (0,00);

2. The 7;’s are i.i.d., and E[ﬁ],E[T—ll] < oo

3. Denoting \y < ... < Ay the ordered eigenvalues of Cy, vy = % Zf\il 0y, satisfies vy — v
weakly with v # 8o almost everywhere; moreover, limsupy Ay < 00.

We will also write k(p) = ﬁ for short and define a as the unique positive solution to
o= 1 tr |C %C + pl -
O BN O ) R

with v the unique positive solution to

t
| = / L
7p+ﬂ—pﬂ( )
We also define

1
P 7+ ak(p))

C¥ <(k(p)CN + PIN) _2] :

The following theorem is our main technical result.

Theorem 5.2.1. Let Assumption|5.9 hold. Fore € (0,min{1,c¢™'}), define R. = [e+max{0,1—
c 11, 1]. Then,

sup |02 () = 52y (p))] 225 0
PER:
where
x (__k(p) -1 k) —1
5*(hn(p)) £ ! W <(7+ak(”))CN +pIN> Cn ((7+ak(p))CN +pIN> 1y
N(p)) = 1 — BReP ” _1 5

Proof. The proof of Theorem draws on the one hand from the asymptotic properties of
C N (p) for the centered variables Z; and on the other hand from the work (Rubio et al., 2012
where the same result is derive but for a sample covariance matrix based shrinkage model. The
main difficulty here lies precisely in the former aspect which brings some critical differences
versus Section In particular, Theorem [5.1.1] is not expected to hold any longer for lack of
control of the Z; terms. Nonetheless, the difference between bilinear forms or linear statistics
of Cn(p) and Sy (p) still remain, which are sufficient for the purpose of the present result. We
do not provide any further detail on this technical aspect. As for the latter aspect, it presents
little difficulty as it only requires to adapt (Rubio et al., [2012) to S ~N(p) instead of the plain
Ledoit—Wolf shrinkage estimator. O

®Note that, unlike Sectionwhere the 7;’s had no incidence, they do play a role here due to the structure of
Z;, which can be shown asymptotically negligible under these assumptions.
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Along the same lines as in (Rubio et al., 2012), the deterministic equivalent provided in
Theorem will now be broken down into individual pieces which can be each estimated
consistently from the x;’s. This estimator will then further allow for an optimal tuning of the
shrinkage parameter p for GMVP performance. Let us then provide the various estimators
necessary to approximate consistently o2(hn (p)).

Denoting £ = [ tv(dt), we start with the following estimators of v/k and «/k, where we use
the subscript “sc” for “scaled”. The proof of these results follows easily from the elements of
Section B.1] and is omitted.

Lemma 5.2. As N,n — oo with cy — ¢ € (0,00),

up Fue — /4] 25 0
PER:

sup |dee — a/k| 230,

pER.
where
~ 1— P
k(p) = ——F——
(®) 1—(1=pen

. 1 1 FCY (p)7i
,YSC = T . N a7 i~ 110
1—(1=p)en B g,; 123112
B ’.AYSC% tr |:IN - pé]:fl(p>:|
Aoe = 5 no_ 1 A1
k(p) (w - Nt [IN - pCy (p)])

and B £ {t 1 ||T¢]|? > €} with &€ > 0 sufficiently small.
From Lemma and similar derivations as in (Rubio et al., 2012), we then obtain the
following estimator.

Theorem 5.2.2. As N,n — oo with ¢y — ¢ € (0,00),

9 1,
sup |67 (v (p)) = —o” (hv (p))
PER:

250 (5.32)

where

52 (i (o)) = Clse + Gsch(0))” 1R () (Cn (o) = I ) CR' (o)1
sc\N\P)) = ]%(P)'A}/sc (17\70;[1(p)1N)2 .

Note now that, since x is independent of p, if p minimizes JQ(E ~(p)) then it also minimizes
o2(hn(p))/k. Thus it follows, with the same arguments as in Section that

0% (A (5)) = o® (hnv (")) =% 0
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5.2. APPLICATION TO PORTFOLIO OPTIMIZATION

where p* is the minimizer of 62.(hn(p)) and p* that of 62(hn(p)). The problem of obtaining the
best asset allocation, as measured by the minimum realized portfolio risk, thus asymptotically
reduces to minimizing 2 (hn(p)) with regard to p, which may be performed by a numerical
search.

In summary, given n past return observations of N considered market assets, we propose the
following optimized portfolio

B* _ éN(ﬁ*)illN
N = * A Ax)—1 ’
INOn(p*) N

5.2.2 Simulation results

We provide here simulation results both for synthetic and real market data to compare the
performances of ﬁj\, versus competing methods. The latter are composed of: (i) the original
Ledoit—Wolf estimator consisting in replacing C by (1 — p)% o & + pIn in the expression
of hy with p taken to minimize the expected Frobenius norm error with Cp, (ii) the Rubio
estimator taken from (Rubio et al., 2012)) consisting in the same estimator but for p taken to
minimize the portfolio risk, and (iii) the estimator consisting in replacing Cy by C’N(p) in the
expression of hy with p minimizing the expected Frobenius norm of Cy (p) — Cn, which we refer
to as the Abramovich—Pascal estimate.

The synthetic data are i.i.d. multivariate Student-T', i.e., with 7, = d/ X?l in distribution with
d =3, N =200. We assume the population covariance matrix Cp to be based on a one-factor
return structure, see e.g., (DeMiguel et al., 2009), Cxy = bb*0? 4+ X, where o = 0.16, b € RY
with uniform random entries in [0.5,1.5], and ¥ diagonal with uniform independent entries
supported in [0.1,0.3]. The results are provided in Figure which illustrates the performance
gain achieved by our proposed estimator.

For real world data, we consider the stocks conforming the HSI. Precisely, we use the
dividend-adjusted daily closing prices downloaded from the Yahoo Finance database to ob-
tain the continuously compounded (logarithmic) returns for the 45 constituents of the HSI over
L = 736 working days from January 3rd, 2011 to December 31st, 2013 (excluding the weekends
and public holidays). As conventionally done in the financial literature, the out-of-sample evalu-
ation is defined in terms of a rolling window method. At a particular day ¢, we use the previous
n days (i.e., t —n to t — 1) as the training window for covariance estimation and construct and
compare the performance of the portfolio selection iljv against the aforementioned competing
approaches. We then evaluate the various portfolio returns achieved in the following 20 days.
Next the window is shifted 20 days forward and the portfolio returns for another 20 days are
computed. This procedure is repeated until exhausting the data. The realized risk is computed
conventionally as the annualized sample standard deviation of the corresponding GMVP re-
turns. In our tests, different training window lengths are considered. Figure provides the
results. Again, it is observed that the proposed iL}‘V achieves the smallest realized risk, seemingly
uniformly so over all window sizes. As opposed to synthetic data though, observe that for long
windows, the performance degrades presumably due to a loss of stationarity in the long run.
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Figure 5.6: Average realized portfolio risk of different covariance estimators in the GMVP
framework using synthetic data.
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Figure 5.7: Realized portfolio risks achieved out-of-sample over 736 days of HSI real market data

(from Jan. 3rd, 2011 to Dec. 31st, 2013) by a GMVP implemented using different covariance
estimators.
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Chapter 6

Second-order statistics

We have seen that robust estimators of scatter Cly, be they Maronna’s or robust shrinkage esti-
mators, can be straightforwardly substituted by tractable random matrices, that we generically
denote Sy, to derive new consistent robust estimators of functionals of the population scatter
or covarlance matrlx This enfolds from the sufficiently strong convergence in spectral norm
|Cx — Sn| 2 0 along with identities relating Sy to the sought for functional.

Nonetheless, if the replacement of Cy by Sy helps in deriving consistent estimates, the
convergence ||[Cy — Sy|| =2 0 is in general not sufficient to assess the performance of the
estimator for large but finite N,n. Indeed, Yvhen second order results such as central lin;lit
theqrems need be established, say at rate N~ 2, to proAceedAsimilarly to 1‘che replacement of Cy
by S in the analysis, one would ideally demand that ||Cxy—Sn|| = o(N~2); but such a result, we
believe, unfortunately does not hold. This constitutes a severe limitation in the exploitation of
robust estimators as their performance as well as optimal fine-tuning often rely on second order
performance. Concretely, for the robust GMUSIC algorithm derived in Section one may
naturally ask which choice of the u function is optimal to minimize the variance of (consistent)
power and angle estimates. This question remains unanswered to this point for lack of better
theoretical results.

The main purpose of this chapter is twofold. From a technical aspect, taking the robust
shrinkage estimator C’N(p) studied in Chapter |5 as an example, we first show that, although
the convergence ||Cn(p) — Sn(p)|| = 0 (from Theorem I@ may not be extensible to a rate
O(N'=%), one has the bilinear form convergence N'=5a*(C% (p) — S%(p))b 22 0 for each £ > 0,
each a,b € CV of unit norm, and each k € Z. This result implies that, if v/ N a*gzlﬁ, (p)b satisfies
a central limit theorem, then so does v N a*éjli,(p)b with the same limiting variance. This result
is of fundamental importance to any statistical application based on such quadratic forms.
Our second contribution is to exploit this result for the specific problem of signal detection
in impulsive noise environments via the generalized likelihood-ratio test, particularly suited
for radar signals detection under elliptical noise (Conte et al., |1995; |[Pascal et al., 2013). In
this context, we determine the shrinkage parameter p which minimizes the probability of false
detections and provide an empirical consistent estimate for this parameter, thus improving
significantly over traditional sample covariance matrix-based estimators.
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6.1 CLT for quadratic forms

We start with the theoretical part of the work. We first recall the notations and assumptions
considered in this chapter.

Let Nyn € N, ey 2 N/n, and p € (max{0,1 — c]_\,l},l}. Let also x1,...,2, € CN be n
independent random vectors defined by the following assumptions.

Assumption 6.1 (Data vectors). Fori e {1,...,n}, x; = \/TiANw; = \/Tiz;, where

o w; € CN is Gaussian with zero mean and covariance I, independent across i;

o ANAy £ Cy € CV*N s such that vy £ % ZZ 105 (Cy) — v weakly, limsupy [|Cn|| <
o0, and —trC’N =1,

e 7; > 0 are random or deterministic scalars.

Under Assumption letting 7; = 7;/||w;|| for some 7; independent of w;, x; belongs to the
class of elliptically distributed random vectors. Note that the normalization % trCny = 1 is not
a restricting constraint since the scalars 7; may absorb any other normalization.

In this section, we shall consider the Abramovich—Pascal robust shrinkage estimator of scatter
Cn(p), that we recall is defined as the unique solution to

*

Cn(p) Z i, 1Z +plN.

le )

Remember from the previous chapter that, for any > 0 small, defining R, £ [ + max{0,1 —
c711,1], a8 N,n — oo with ey = N/n — ¢ € (0, 00),

Cv(p) = Sn(p)

a.s.
sup —0
PERK

where

. 1 1—p 1 «
Sn(p) = — > ziz +ply
’YN(P)l_(l—P)CNn; .

with vx(p) the unique solution to

t
= / w(p)p+ (1 - p)tVN(dt)'

A careful analysis of the proof of Theorem (which is performed in Section [6.1.1)) reveals
that the above convergence can be refined as

sup N2—® —0 (6.1)

PER

Cv(p) = Sn(p)
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for each ¢ > 0. This suggests that (well-behaved) functionals of Cy(p) fluctuating at a slower

speed than N =3+ for some ¢ > 0 follow the same statistics as the same functionals with
Sn(p) in place of Cn(p). However, this result is quite weak as most limiting theorems (starting
with the classical central limit theorems for independent scalar variables) deal with fluctuations
of order N3 and sometimes in random matrix theory of order N~!. In our opinion, the
convergence speed cannot be improved to a rate N -3, Nonetheless, thanks to an averaging
effect documented in Section the fluctuation of special forms of functionals of C(p) can
be proved to be much slower. Although among these functionals we could have considered
linear functionals of the eigenvalue distribution of C’N(p), our present concern (driven by more
obvious applications) is rather on bilinear forms of the type a*CA']k{, (p)b for some a,b € CV with
lall = [l = 1, k € Z.

Our main result is the following.

Theorem 6.1.1 (Fluctuation of bilinear forms). Let a,b € CV with ||a|| = ||b|| = 1. Then, as
N,n — oo with ¢y — ¢ € (0,00), for any € > 0 and every k € Z,

a.s.

sup N2 [a*C% (p)b — a*S% (p)b| 25 0.

PER

Some comments and remarks are in order. First, we recall that central limit theorems
involving bilinear forms of the type a*$ % (p)b are classical objects in random matrix theory (see
e.g. (Kammoun et al., 2009; Mestre, 2008a)) for k& = —1), particularly common in signal processing
and Wirelelss communications. These central limit theorems in general show fluctuations at
speed N~ 2. This indicates, taking ¢ < % in Theorem [6.1.1] and using the fact that almost

sure convergence implies weak convergence, that a*CA']]’i,(p)b exhibits the same fluctuations as
a*S% (p)b, the latter being classical and tractable while the former is quite intricate at the onset,
due to the implicit nature of Cn(p).

Of practical interest to many applications in signal processing is the case where k = —1. In
Section [6.2] we present a classical generalized maximum likelihood signal detection in impulsive
noise, for which we shall characterize the shrinkage parameter p that meets minimum false alarm
rates. Meanwhile, the next section provides the proof of Theorem [6.1.1

6.1.1 Proof

In this section, we prove Theorem|[6.1.1] which is in particular based on the important Lemmal6.2]
the proof of which is deferred to Section [6.1.1.2

Before delving into the core of the proofs, let us introduce a few notations that shall be used

175



CHAPTER 6. SECOND-ORDER STATISTICS

throughout the section. Specifically, for each p € (max{0,1 — c&l}, 1], we define

()= Tt
!
P 1—(1—=p)en
-1
_ 1 * A—1 _ 1 * 1 ij;
dilp) = 57 CG) ()= = =i | alo)s D Tyt s
J#i
—1
- 1 .. 1 1 2525
di(p) = —2:S-Mp)z = —27 | alp)— 4 ply 2
()= =8 (% = ( n;w(p)

with C’(i) (p) = Cn(p) — (1 — p)%% Recall from Section [5.1| that dy(p),...,dn(p) are
% UN Zi
well defined as the unique solutign of their n defining equations. We shall also discard the

parameter p for readability whenever not needed.

6.1.1.1 Main proof

As shall become clear, the proof unfolds similarly for each k£ € Z \ {0} and we can therefore
restrict ourselves to a single value for k. As Theorem in Section [6.2| relies on k = —1, for

consistency, we take k = —1 from now on. Thus, our objective is to prove that, for a,b € CV
with |la|| = ||b]] = 1, and for any € > 0,
sup N17¢ a*é&l(p)b - a*gﬁl(p)b 2%0.
ﬂefRn
For this, forgetting for some time the index p, first write
a1 1
a*Clb—a* S = a* Ot | = { — } 2zt | Stb 6.2
vo-asite=alt (S - 1] s ) 2
a— d; —
= O3 a Ot TN S, (6.3)
n = Ynd;

In Chapter |5, where we showed that ||Cx — Sx|| == 0 (that is the spectral norm of the inner
parenthesis in vanishes), the core of the proof was to show that maxi<;<n |d; — Yn/| 250
which, along with the convergence of vy away from zero and the almost sure boundedness of
|2 3% | 227 ]| for all large N (from e.g. (Bai and Silverstein, 1998)), gives the result. A thorough
inspection of the proof in Theorem reveals that max<j<y, |di —yn| 250 may be improved
into maxi<j<n N%_g\di —N| 2% 0 for any € > 0 but that this speed cannot be further improved
beyond N 3. The latter statement is rather intuitive since N is essentially a sharp deterministic
approximation for % tr CA’R,l while d; is a quadratic form on C'(;)l; classical random matrix results
involving fluctuations of such quadratic forms, see e.g. (Kammoun et al., [2009), indeed show
that these fluctuations are of order N™2. As a consequence, maxi<;<, N'~¢|d; — vn| and thus
N'=¢||Cy — Sy|| are not expected to vanish for small &.
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This being said, when it comes to bilinear forms, for which we shall naturally have N 3e la* CA’K,lb—

a*g&lb\ 2% 0, seeing the difference in absolute values as the n-term average , one may ex-
pect that the fluctuations of d; —7N are sufficiently loosely dependent across ¢ to further increase
the speed of convergence from N2 ¢ to N'=¢ (which is the best one could expect from a law of
large numbers aspect if the d; — vy were truly independent). It turns out that this intuition is
correct.

Nonetheless, to proceed with the proof, it shall be quite involved to work directly with
which involves the rather intractable terms d; (as the random solutions to an implicit equation).
As in Chapter [5], our approach will consist in first approximating d; by a much more tractable
quantity. Letting vx be this approximation is however not good enough this time since vy — d;
is a non-obvious quantity of amplitude O(N _%) which, due to intractability, we shall not be
able to average across i into a O(N~!) quantity. Thus, we need a refined approximation of d;
which we shall take to be d; defined above. Intuitively, since d; is also a quadratic form closely
related to d;, we expect d; — d; to be of order O(N~1), which we shall indeed observe. With this
approximation in place, d; can be replaced by d; in , which now becomes a more tractable
random variable (as it involves no implicit equation) that fluctuates around ~yy at the expected
O(N~1) speed.

Let us then introduce the variable d; in (6.2)) to obtain

28+ 6.

We will now show that £ = £1(p) and & = &2(p) vanish at the appropriate speed and uniformly
so on R,.

Let us first progress in the derivation of £;(p) from which we wish to discard the explicit
dependence on Cy. We have

& = a*é&l (Z Z [’Yiv - ;] Zﬂf) gﬁlb

i=1
cam1fax~ L ]* 1 (A1 A—1an[1 1]* 1
=a — — — = | ziz, | Sy b+a’(C S — — — = | ziz; | Sy b
- s )
= a* S5t O‘Zd’ N izt | Sytb— a* Sy gz(dl QYN) 20| Sy'b
-1 N nio v
R N o — 1 1
+a*(Cyt =Sy [ = [— ]zz Sytb
(Cy N)<ni:1 W d N

£ &1+ &2 + &3
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The terms 12 and &3 exhibit products of two terms that are expected to be of order O(N _%)
and which are thus easily handled. As for &1, it no longer depends on Cy and is therefore a
standard random variable which, although involved, is technically tractable via standard random
matrix methods. In order to show that N'=¢ max{|¢1a], |€13]} 22 0 uniformly in p, we use the
following lemma.

Lemma 6.1. For any e > 0,

max sup N2 ~°|d;(p) — yn(p)| 25 0
ISZSTL pefRK

max sup N3 ~|d;(p) — v (p)| 25 0.
1<i<n peg,,

Note that, while the first result is a standard, easily established, random matrix result, the
second result is the aforementioned refinement of the core result in the proof of Theorem [5.1.1

Proof of Lemmal6.1. We start by proving the first identity. From (5.5)) in Section (taking
w = —ynypat), we have, for each p > 2 and for each 1 < k < n,

E{|dk(o) = (p)| ] = 0N

where the bound does not depend on p > max{0,1 —1/c} + k. Let now max{0,1 —1/c} + k=
po < ... < pym=1Dbe aregular sampling of Ry in \/n intervals. We then have, from Markov
inequality and the union bound on n(y/n + 1) events

P ( max N%_a(dk(Pi) - ’YN(Pz'))D < KN#t2

1<k<n,0<i<y/n

for some K > 0 only dependent on p. From the Borel Cantelli lemma, we then have maxy, ; |V %75(62;C (pi)—
v (pi))] 22 0 as long as —pe + 3/2 < —1, which is obtained for p > 5/(2¢). Using |yn(p) —

v (p")] < K|p — p'| for some constant K and each p, p’ € R,; (see the proof of Theorem

and similarly max; <<, |dx(p) — di(p)| < K|p — p/| for all large n a.s. (obtained by explicitly
writing the difference and using the fact that ||z ||?/N is asymptotically bounded almost surely),

we get

1 ~ 1 ~
max sup N2"%|dg(p) — yn(p)| < max N27%|di(pi) — yn(pi)| + KN~*
1<k<n PER ki

a.s.

— 0.

The second result relies on revisiting the proof of Theorem [5.1.1] incorporating the conver-
gence speed on di, — ~vn- For convenience and compatibility with similar derivations that appear
later in the proof, we slightly modify the original proof of Theorem [5.1.1| presented in Section[5.1
We first define f;(p) = di(p)/vn(p) and relabel the d;(p) in such a way that fi(p) < ... < fu(p)
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(the ordering may then depend on p). Then, we have by definition of d,(p) = vn(p) fn(p)

-1
WM falo) = 55 (a@)}z > ot m) zn

-1
1 1 1 2z
< 72:1 al\p - =+ PIN Zn
N ( O g Kzn v (p) )

where we used f,,(p) > fi(p) for each i. The above is now equivalent to

-1
’YN(P)S%ZZ (a(mlz +fn(p)pIN>

" &)

We now make the assumption that there exists 7 > 0 and a sequence {p™} € R, such that
Fn(p™) > 1+ N3 infinitely often, which is equivalent to saying d,,(p(™) > vy (p(”))(l—i-N”_%)
infinitely often (i.0.). Then, from these assumptions and the above first convergence result

-1
1 1 22} 1
Ny < =, (mMy=3 " = 4 (14 NT72)T

-1
()Y 5. 5%
—d(pmy — gt L (L e(p™)ziE =37
- (S b

-1
Lo alp™)zzt o)

Now, by the first result of the lemma, letting 0 < £ < 1, we have

~ ~ 1
\dn(p(”)) — w(p(”))’ < max |dn(p) — v (p)| < N°2

PER

for all large n a.s., so that, for these large n, d,(p™) < yn(p™) + Ne 3. Applying this
inequality to the first right-end side term of (6.4])) and using the almost sure boundedness of the
rightmost right-end side term entails

0< N2 — KN" 3

for some K > 0 for all large n a.s. But, N&/271/2 — KN7/2-1/2 < ( for all large N, which
contradicts the inequality. Thus, our initial assumption is wrong and therefore, for each n > 0,
we have for all large n a.s., d,(p) < Yn(p) + N "3 uniformly on p € R.. The same calculus
can be performed for dj(p) by assuming that f; (p’(")) < 1— N""3 i.0. over some sequence p/(");
by reverting all inequalities in the derivation above, we similarly conclude by contradiction that
di(p) > yw(p) — N =3 for all large n, uniformly so in R,. Together, both results finally lead,
for each € > 0, to

1 a.s,
N=7% (di(p) — 5
(2%, sup [N27 (di(p) = ()| = 0
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obtained by fixing ¢, taking n such that 0 < n < ¢, and using maxy sup, |dx.(p) — v~ (p)| < N3
for all large n a.s. O

Thanks to Lemma expressing C‘&l (p) — S'R,l (p) as a function of d;(p) — vn(p) and using

the (almost sure) boundedness of the various terms involved, we finally get N1=&;9 2% 0 and
N1=¢¢15 2% 0 uniformly on p.

It then remains to handle the more delicate term &17, which can be further expressed as

a a1 (1 L )\ oan
&= 20 Sy ( > (di— 7N)2i2i> Sy'b
N

i
a1«
* o—1 * d—1 7
— %E ZE:la SN ziz; Sy b (di —’yN> .

For that, we will resort to the following lemma, whose proof is postponed to Section

Lemma 6.2. Let ¢ and d be random or deterministic vectors, independent of z1,--- , zn, such
that max (E[c|[*], E[|d||*]) < K for some K > 0 and all integer k. Then, for each integer p,

n 2

1 * &—1 * Oo—1 1 * o—1 :

- Z Sy ziz; Sy d N S(i) zi — YN (p)
=1

E =0 (N~%)

By the Markov inequality and the union bound, similar to the proof of Lemma [6.1] we get
from Lemma (with a = ¢ and d = b) that, for each > 0 and for each integer p > 1,

P sup  N'Elen| > ) < KNP
pe{po<...<pz}

with K only function of  and po < ... < p s a regular sampling of R,;. Taking p > 3/(2¢), we
finally get from the Borel Cantelli lemma that

N6 250

uniformly on {pg,...,p \/5} and finally, using Lipschitz arguments as in the proof of Lemma
uniformly on R,. Putting all results together, we finally have

sup N'¢|&1(p)| 22 0
PER

which concludes the first part of the proof.

We now continue with &(p). In order to prove N1=¢&(p) 22 0 uniformly on p € R, it is
sufficient (thanks to the boundedness of the various terms involved) to prove that

l1—e ( 7. g,
oz, sup N (dz(p) dz(ﬂ))

a.s. O

To obtain this result, we first need the following fundamental proposition.
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Proposition 6.1.1. For any e > 0,
-1

~ 1 1 22}
1—e * 147 .S.
max sup |N di(p) — =z | alp)— = + pln zr || = 0.
s, s 0= (20 230

Proof. By expanding the definition of dj, first observe that
-1

~ 1 1 2zt
dp — —z; | a— o I
ETNGR Y, ‘E;ék: i +piN 2k
K]

-1

1 1 * o—1 *’YN_JZ 1 ZJZ;
:a—Z—sz(k)zizi = a—z — + ply 2.

Similar to the derivation of £, we now proceed to approximating d; in the central denominator
and each d; in the rightmost inverse matrix by the non-random . We obtain (from Lemma i

-1
~ 1, 1 22}
di — el Z Zi" +pln 2,
itk Tt

o 1 L vo-1 7yé-1 -1
= —— — 21 SN2z —d;)S N°*
’712\/”; N A5 2% O = di) S 21+ o(NT)
almost surely, for € > 0 and uniformly so on p. The objective is then to show that the first
right-hand side term is o(N®~!) almost surely and that this holds uniformly on k and p. This
is achieved by applying Lemma [6.2] with ¢ = d = z;. Indeed, Lemma [6.2] ensures that, for each
integer p

lem1 . L 1, ~
B ; NZkS(Q(P)ZiZi Sixy (0) 21 <Nzi Sty (P)zi — ’VN(P)) =O(N™P)

From this lemma, applying Markov’s inequality, we have for each k,

|1 1 * Q— * Q— 1 * Q— -

pl Nt - Z Nsz(k%zizi S(k%zk <Nzi S(i}k)zi — 7N> >n| < KNP
i#k

for some K > 0 only dependent on 7 > 0. Applying the union bound on the n(n + 1) events for

k=1,...,n and for p € {po,...,pn}, regular n-discretization of R, we then have

k,j n

|1 1 * Q— * Q— 1 * Q—
P | maxN'== |~ Z Nsz(kﬁzizi S(k%zk. (Nzi S(i}k)zi - WN(pj)> >
ik

< KN~Pet2,

!Note that Lemmacan strictly be applied here for n — 1 instead of n; but since 1/n —1/(n—1) = O(n™2),
this does not affect the result.

181



CHAPTER 6. SECOND-ORDER STATISTICS

Taking p > 3/¢, by the Borel Cantelli lemma the above convergence holds almost surely, we
finally get

-1

_ ~ 1 1 Zi Z a.s.
max |N'7¢ | di(pj) — <2 | alpj)— o+ piln 2z || — 0.
kg N ; di(p;)

Using the p-Lipschitz property (which holds almost surely so for all large n a.s.) on both terms
in the above difference concludes the proof of the proposition. O

The crux of the proof for the convergence of & starts now. In a similar manner as in the

proof of Lemma we define f;(p) = di(p)/d;(p) and reorder the indexes in such a way that
filp) < ... < falp ) (this ordering depending on p). Then, by definition of d,,(p) = fi(p)di(p),

-1
B(P)Falp) = 7 (au»)l > df " m) -

1
1, ZiZ
NZ"< 772 : +,0 n) Zn

z<n

IN

where we used f,(p) > fi(p) for each i. This inequality is equivalent to

-1
] L a 1 ZZZ Zn-

<n

Assume now that, over some sequence {p™Y € Ry, fn(p™) > 14 N7~ infinitely often for some
n > 0 (or equivalently, d,(p™) > d,(p™) + N~ ! i.0.). Then we would have

-1
~ 1 1 zi2F
dn(p™) < —2z* (n) f§ o (M1 NTIT .

—1
1 a(p™)az .
el =) P e SRS N
1 (p™) -
Z a(p\™)z;z;

But, by Proposition letting 0 < € < n, we have, for all large n a.s.,

-1
1 1 22} ~
— (n) f§: ‘ (n) < (n) e-1
N*n (a(p U — di(p™) et ) = Gl N

which, along with the uniform boundedness of the d; away from zero, leads to

dn(p™) < dp(p™) + No71 - K N1
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for some K > 0. But, as N°=! — KN"!1 < 0 for all large N, we obtain a contradiction.
Hence, for each 7 > 0, we have for all large n a.s., dp,(p) < dn(p) + N1 uniformly on p € R,..
Proceeding similarly with di(p), and exploiting lim sup,, sup, max; |di(p)| = O(1) a.s., we finally
have, for each 0 < ¢ < %, that

a.s,

max sup ’NI*E (dk(p) = czk(p)> —0

1<k<n PER,

(for this, take an 7 such that 0 < 7 < ¢ and use maxy sup,, |dx(p) — di(p)] < N~ for all large
n a.s.).

Getting back to &, we now have

N l&(p)| = N1

@*C5(0) (aff) Y ey ) 53]

But, from the above result,

N1—6

uniformly so on p € R, which, along with the boundedness of [|C!|, Syl llall, and [b],
finally gives N'=¢&, 22 0 uniformly on p € R, as desired.

We have then proved that for each £ > 0,

a.s.

sup [N17¢ <a*CA‘;,1(p)b - a*é’&%p)b) —0

PERK

which proves Theorem for k = —1. The generalization to arbitrary k is rather immediate.
Writing recursively C& — S§ = k1 (COn — Sn) + (Ch 1 — Sh71) Sy, for positive k or C% — Sk, =
CA’J’%(S’N — CA’N)S‘X,1 + (C’J’ifl — 6@]’2,71)5’&1, becomes a finite sum of terms that can be treated
almost exactly as in the proof. This concludes the proof of Theorem [6.1.1

6.1.1.2 Proof of Lemma [6.2]

This section is devoted to the proof of the key Lemma [6.2] The proof relies on an appropriate
decomposition of the quantity under study as a sum of martingale differences. Before delving
into the core of the proofs, we introduce some notations along with some of the key-lemmas that
will be extensively used in this section.

In this section, E; will denote the conditional expectation with respect to the o— field J;
generated by the vectors (z¢,1 < £ < j). By convention, Eg = E.
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Preliminaries. We start the proof by some preliminary results.

Lemma 6.3. Let z1,--- , 2, be as in Assumption . Let ¢ € CN*! be independent of zy, - , zn
and such that E||c||¥ is bounded uniformly in N for all order k. Then, for any integer p, there
exists K, such that

B

xa—1 [P
ziSNc‘ } SE[

Proof. The first inequality can be obtained from the following decomposition:

V1
gﬁlz- = S(i) i
t ap) 1, x8-1,,
L4 SvG w5
while the second follows by noticing that E |2} ¢c|’ <E (c*C’Nc)%. O

Using the same kind of calculations, we can also control the order of magnitude of some
interesting quantities.

Lemma 6.4. The following statements hold true:

1. Denote by A; ; the quantity:

1 A 1 o
Al,j = ﬁzjs(l, )Z] — Etr CNS(’L,])
Then, for any p > 2.
E|A; ;P =0(n"%).

2. Let i and j be two distinct integers from {1,--- ;n}. Then,

E

* Q— p z
2 S(i;.)zj‘ = O(n?).

3. Let z; € CV*! be as in Assumption and A be a N x N random matriz independent of
z; and having a bounded spectral norm. Then,

E 2] Az|P = O(n?).

4. Let 5 € {1,--- ,n} and i and k two distinct integers different from j. Then:

*q—1 §— p 2
E |z S(i;.)S(jylk)zk =0(n2).
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Proof. Item 1) and 3) are standard results that are a by-product of (Bai and Silverstein) 2009,

Lemma B.26), while Item 2) can be easﬂy obtained from Lemma [6.3] As for item 4), it follows

by first decomposing S( ) and S(jlk)

- 1
g1 _g1 1 alp) Sk 255

(i7j7k) 1 Oé(p) * 1
NP1+ L S

C1alp) SaimsE Saim

1
@3k nyn(p) 14 L - ,YN((;) Z:S’(_zly k)7

The above relations serve to better control the dependencies of 5’(_1 1j) and S(_Jlk) on zp and z;.

Plugging the above decompositions on 2} 5’(—1 E.)Sglk)zk, we obtain

kag_l S‘_l z —z?‘é—? 2 _l a( ) S(Z]k)zkzk’s(z]k)zk
P66 T I T () 1 1 12 g
N (p) 2k (i,5,k) %k
* Q—2 H—1
1 alp) 5w %% S P
1 a(p) %4
nyn(p) 1 + n N (p) % S(‘,j k)~
* Q—2
1 a(p) 2 2 S(”k)zkzks(ijk)zzz S(”k)
n? \ v (p)

(1 S ) <1 ot S )

The control of these four terms follows from a direct application of item 2) and 3) along with
possibly the use of the generalized Holder inequality in Lemma O

Core of the proof. With these preliminaries results at hand, we are now in position to get into
the core of the proof. Let Sy be given by

Zc SNtz Sy (Nz S(z) zi — 7N(p)).

Decompose By as
_ 1 En: * O * d P 1 H—1
6]\/‘ = E £ & S 232 S S(Z) 2 — NtrCNS(Z)

+ — ZCS zle 1d< trCNS’() N(p)>

= /BN,l + B2
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2p

The control of Sy 2 follows from a direct application of Lemma and Lemma that is
*S 1d‘ ‘ trC’NS() n(p)

2 n? ! & o1 |?P
E[1val™] < ™5 S B|eSy s
i=1
6p % 6p %
NG

By standard results from random matrix theory (e.g. (Najim and Yao, [2013, Prop. 7.1)), we
know that

n2p—1

1
N v a1 ,0P\ 3 1 A—
> (Bl 530" (E\Ntww%l—w<m
=1

n2p

6p

1 A
B[y 1O = )| =06

Hence, by Lemma we finally get:
E ‘5]\[72’2]0 = O(n_zp).

While the control of By 2 requires only the manipulation of conventional moment bounds due
to the rapid convergence of + ~ tr CNS( ) yn(p), the analysis of Sy is more intricate since

1 4 1 . _p
E N S(Z.)lzi — NtrCNS(i)l =0(n" %)

a convergence rate which seems insufficient at the onset. The averaging occurring in Sy 2 shall
play the role of improving this rate. To control Sx,1, one needs to resort to advanced tools based
on Burkholder inequalities. First, decompose By 1 as

BN, :§N71 +E [Bn1] -

As in Lemma define A; £ 1,871

n %S %~ %tr CNS'(_i)l. Using the relation

C/)

N ' (

alo)
1+nw() szl

we get

1 & Sl zZzSz
E[fna] =B —Z W2 B,

N (Hnw((;) 280 )2

n x*o—1
. 1 c S(l) 22 S(i) d A
N & a(p) a-1)2
i=1 (1 + Ew(p) tr CNS(Z.))

a(p) 1 n C*S(Z.)lzZ *S( )1dA2 ( ( o(p) ) %zz‘g(;)lzi + %tr CNS(;;))

w(p) | N4 1 _ap) 1) alp) 1.xa-1.\>
i=1 (1 2N trCnS7, ) (1+ z5S7 zz)

£ BN+ B2
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Since E [w* Aw (w*Bw — tr B)] = Etr AB when w is standard complex Gaussian vector and A, B
random matrices independent of w, we have

E [6 ] 1 E [t CNS’(;)ICNS(;)ldC*S((Z)l O( 71)
N1 Nn a(p) 1 o—1 2
L+ 5 n T ONSG)

As for Bn,1,2, we have for some K > 0, again by Lemma [6.4]
K & A\ 4\ 1 1
uaal 42 € ) (elsia) (elar)!

1 .. 1 N
X <E‘2+ o(p) <nz;‘5(i)1zi—|—ntrCNS(i)1>

*q—1_.
c S(Z.) Zi

We therefore have

E [Bna]|? = O(n~%).

o o
Let’s turn to the control of 3 ;. For that, we decompose 3 ; as a sum of martingale differences
as

n

EN,IZ Z (Ej —Ej1) Bna

j=1

o
The control of E HBN’I

P
] requires the convergence rate of two kinds of martingale differences:

e Sum of martingale differences with a quadratic form representation of the form

n

> (Ej —Ejo1) 27452

J=1

For these terms, from Lemma it will be sufficient to show that max; EHA]-H%fO =
O(n=3P) in order to obtain the required convergence rate.

e Sum of martingale differences with more than one occurrence of z; and z7. In this case,
this sum is given by:

Jj=1 i=1,i#j
where ¢; are small random quantities depending on z1,--- , z,. According to Lemma
we have
2p
n n
D E-E;1) > &l =0mn )
i=1 i=L,ij
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provided that

2p

E Z gl =0(nP).

i=1,ij
The control of the above sum will rely on successively using Lemma to get

2p

El > & gnm’*lzﬂ:msir?”

i=1,i#j i=1
: 2
and controlling max; E |;]°.

With this explanation at hand, we will now get into the core of the proofs. We first have

o n 1 n YA .
B = (B — Ej-1)y Y Sy aizfdA,

j—l i=1

—Z J 165 Z;dAj

n

1 * Q— *
+ Z;(E] — Ej—l)ﬁ Z C SleiZi dAl
]:

i=1,i#j
n n
22 Wia+ ) Wia
j=1 j=1
In order to prove that E ’Z?Zl Vle‘ = O(n=%), it is sufficient to show

E|Wj1| =0(n™ %)

a statement which holds true since, by Lemma

= n2p
<K

= O(n?P).

E|W;]

We now consider the more involved term Z?:l W; 2. Using the relation
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to let the independent S’(;)l and z; variables appear, we write

n n n

_ 1 * 1 * G—1 1 G—1
> Wia=> (B - Ej_l)ﬁ Y e S(])zl S(j)d< &S5 5 — 5 trOn S )

j=1 j=1 i=1,i#j
>|< —1
¢85y %% 8 %i%1 S d

alp) «&—1. <
e MORENE.

n n * o—1
alp) 1 84485 %% 85,4
- Z(EJ - Ej—l) Z 1 alp)

=L "
n

J

2 noo STl 8T xS 8 g

alp 1 i% J I o
3 E _Ej_1)< (( ))) Ly () %9732 ) 0% ) (z»S 1
J=1 INAP i=1,i#j <1 +1 a(p) z*Sf)lzj)

2 X1+ X2+ X3+ X4

Next, we will sequentially control x;,i =1,--- ,4.

Control of x;. Using the relation

—1 *Q—1

g1_g1 _ a1 S(.)%% 5 1)

@ = T3.9) 1 a(p) x&-1
n(p) 1 + Nk S(i,j)zj

the quantity x; can be decomposed as

(w) 3‘2

n alp) 1 n c S( 2i2; S( )1d *S
=2~ - B AN 14 1.al) g
- i=Lits PR RO
n n xSl !
T S AN R T o S(')“‘S( 595565 On 5,
= w(p) T RN

a(p) o 1
i1t L+ s 5 S

(i.)%

S X1,1 + X1,2-

where we used the fact that for r; random quantity independent of z;, (E; —E;_1)(r;) = 0. We

will begin by controlling x1,1. To handle the quadratic forms in the denominator, we further
develop x1,1 as

Q— * Q— * Q— 2
X1,1 = — zn:(E- —E;_1) a(p) 1 2”: C*S(j)1ZiZi S(j)ld i S(i’lj)zj‘
1= i~ By N I alp) o1
=1 W) PEN G5 1 Gty rOn S
n alp) 2 n C*S(;)lzzzfg(_])l Z:S(_li)z] ’ A j
+Z(E] Ej1) (’YN(P)) n2N Z 1 alp) G—1 ’ 1 alp) xé&-1
=1 i=Lii (1 t i OV S(m)) (14220025500 7)
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To control 3 3%, X1, we resort to Lemmal|A.8 Indeed, X1 can be written as X1 = — a(p) (Ej—

Ej,l)z;-‘Ajzj where A; is given by

/ Z *S(J)ld Sl zizrS 1
.7 2N 1 a(p 1 (27]) v (27.7)
= 117&] "N ()trCNS( )

According to Lemma it is sufficient to prove that E||Aj||%f0 = O(n=%). Expanding
E||4;| , we indeed get

p
1 o 1 * &—1
Bz < Kg A5 | ¢ szl Smdd szkzksmc
|| ||Fr0 —= W ZZ a(p) 1 ( )
p
K * &3—2 2 * Q * 1
<GB |48 ‘C S 245G d’
i#£]
p

2
o—1 *Q—1_ xq—1 7% q—1 * &—1
S Nzl ¢ S( .)zl2~5(j)dd S(j) zksz(j)c

7

+WE >N

o 1 1 a(p) G—1
el (1+7 G rOndis) (1+ 5t wonsyl)

Knp~1

< E 2872 2 o ‘c Sl S 1d‘
6p t (’ij) v () !
Knpl) ) e, sa 1P| wa1 w1 [P
e 2 2 BlAS S| e SganSGd] a Sk matS e
i#]j k;;]

which is further bounded as

1 1 1
) Knp—1 s 6p\ 3 wa_1 |6P\3 w a1 8P\ 3
B4, < = 5 ;( SEE ) (c%% 55
i#£]
Kn (p—1) 10p\ 5 wol [P 5
ZZ( S S ) (Ecs(z',j)zi )
i#] k#j
k#i
* 1 % * op %
( 25, )(dS(k)zk‘><szk)‘)
= O(n=%).

As for X1, we can show that E |Xj,1|21l7 = O(n=?P). Indeed, we have

1 1
Kn2p—1 calt 18P\ % . A 16p\ 4 l
o < S (el ) (el (elosits]) (o)’
i#]
190
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The Burkholder inequality shows that this rate of convergence of the moment of X;; and X;»
is sufficient to finally ensure that E |y, 1 = O0(n~2).

We study next x1,2. First, decompose x12 as

n ¢t 87288y Az 85 On S,
X1,2 = Z(Ej Ej_1) 2N Z T ( p) . (])( ) (C)S_ ()™
=1 +nw()tr N j)

c S’( %% S( )dA”sz

1 a(p)
_Z J 1 RQNZ'YN(p) (1+ a(p)

i#] N (p)
2 Z Y1+ Z Yja.
j=1 j=1

The quantities Z;‘:l Y;1 and Z;‘:l Y; o are differences of martingales whose controls follow the
same procedure as above. While Z?zl Y;1 can be controlled using Lemma the convergence
of 2?21 Y; o is faster due to the term A; ;. Details are thus omitted.

9OV 5%
vei8upm) (1+ 2ty e Onsih)

Control of y3. The control of yo cannot be exactly dealt with using the same procedure. As

for x1, one works out ys by substituting fz;S(])z] by its approximate %tr CNS’G)l and using

the decomposition of S(l.) as a function of S’( ;) to get

* o— 1 G—1
871 zS ZZZ-S(j)d< SA,zithrCNS.)

() 5771 G)

_ oy ) Z(EJ _Ej1>732.z

v(p) = pot 14 12 tr xS
i#]

where we easily obtain that E[|e|?”] = O(n~%). We omit the details of this step, since the

calculations are the same as those used for the control of x;. The control of the Frobenius

norm of the underlying matrices using the same techniques as above does not yield the required

convergence rate. We will thus pursue a different approach. Precisely, we write y2 as

X2 = — o) Zn:(Ej —Ej1)Ti+e

w(p)
with
1 *
T - 105’() zS()ZDZS()d
n2 a(p) 1
R OBl
where Z; = [z1, -+ ,%j—1,%j4+1, -+ ,2n] and Dj is a diagonal matrix with diagonal elements:

[Dj], ; = %A Hence, by Lemma

1 ~ ~ 2p
2 * o—1 * o—1
EITj” < —F sz(j)ZijZjS(j)d‘

* G—1 p %
c S(j)zj} E
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(4) J‘

1
§W<E

1
4p> 2

* d—1 *
Zj S(]) ZijZjd
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ya
2

P
Since Dj is independent of z;, < E (u*Cnu)

ziu , we finally get

d*S-17.D; 78" NS

() TITITIE3)

K
|12p
BIT < o (B 5

1
12,D;2;8 1d( )

1
AT 2p\ 2
E|d*S-17;D; 2550552 D, 75 \d

(4) “i n i45°3)

K
n3p

(@) K g |40 2
. w(EHDﬂ‘Zﬂ‘Sde )

7555 OnS ;) %

where (a) follows since -

is bounded. In order to prove that E[|T;|*] = O(n=%"),

. 4
it suffices to check that E[HD]Z]?k S(_J)ldH p] is uniformly bounded in N. Expanding this quantity,
we indeed get

2p
" 1 R 20
* 1 * —1 * o—1
EHD 75 dH —E §_1:< 285 NtrCNS(Lj)) 2 S(j)d‘
i)
- 1 - 1 o NP a2
2p—1 *o—1 . - -1 * Gg—1
S E(Nzis(mzl NtrCNS(i»j)> 55
8p\ 2
1 ~ P ~ 8p\ 2
2p—1 -1 -1
< nP~ E < <zS )7 NtrCNS(Z.’j)> ) (E 2 (])d )
= O(1).

The control of 3 is similar to that of yo, while that of x4 follows immediately by using sequen-
tially Lemma along with the generalized Holder inequality in Lemma This completes
the proof.

6.2 Application to FAR minimization

In this section, we consider the hypothesis testing scenario by which an N-sensor array receives
a vector y € CV according to the following hypotheses

_ x 75{0
y= ap+z , Hy

in which o > 0 is some unknown scaling factor constant while p € CV is deterministic and
known at the sensor array (which often corresponds to a steering vector arising from a specific
known angle), and z is an impulsive noise distributed as z; according to Assumption For
convenience, we shall take ||p|| = 1.
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Under Hy (the null hypothesis), a noisy observation from an impulsive source is observed
while under H; both information and noise are collected at the array. The objective is to
decide on H; versus Hy upon the observation y and prior pure-noise observations z1, ..., x, dis-
tributed according to Assumption [6.1} When 71, ..., 7, and Cy are unknown, the corresponding
generalized likelihood ratio test, derived in (Conte et al, [1995), reads

Hq
Tn(p) 2 T
Ho

for some detection threshold I' where
*C«fl
Vr R m/rCy (o

More precisely, (Conte et all [1995) derived the detector Tn(0) only valid when n > N. The
relaxed detector Ty (p) allows for a better conditioning of the estimator, in particular for n ~ N.
In (Pascal et al., [2013)), Tn(p) is used explicitly in a space-time adaptive processing setting
but only simulation results were provided. Alternative metrics for similar array processing
problems involve the signal-to-noise ratio loss minimization rather than likelihood ratio tests;
in (Abramovich and Besson) 2012; Besson and Abramovich, 2013), the authors exploit the
estimators C'y(p) but restrict themselves to the less tractable finite dimensional analysis.

Our objective is to characterize the false alarm performance of the detector. That is, provided
Ho is the actual scenario (i.e. y = x), we shall evaluate P(Tn(p) > I'). Since it shall appear
that, under Ho, Tn(p) =3 0 for every fixed I' > 0 and every p, by dominated convergence
P(Tn(p) > T') — 0 which does not say much about the actual test performance for large but
finite NV, n. To avoid such empty statements, we shall then consider the non-trivial case where
I' = N7 2 for some fixed v > 0. In this case our objective is to characterize the false alarm
probability

P <TN(p) > ¢%> .

Before providing this result, we need some further reminders from Chapter |5l First define

1~
Sy(p) & (1~ P)E Zzizi + pIn.
i=1

Then, from Lemma [5.1] for each p € (max{0,1 — ¢}, 1],

Sn(p R
1 ( )1fp = ﬁN(B)
Pt 38 T=(-p)c
where
N 4
p= 1 )

P+ NG T=(=p)c
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Moreover, the mapping p — p is continuously increasing from (max{0,1 — ¢!}, 1] onto (0,1].

From classical random matrix considerations (see Chapter [3|or (Silverstein and Bail [1995))),
letting Z = [21, ..., 2,] € CV*", the empirical spectral distributio of (1—p)%Z*Z almost surely
admits a weak limit y. The Stieltjes transform m(z) = [(t — z) " 'u(dt) of p at z € C\ supp(u)
is the unique complex solution with positive (resp. negative) imaginary part if 3[z] > 0 (resp.
(2] < 0) and unique real positive solution if J[z] = 0 and R[z] < 0 to

m(z) = <—z + c/ T ((11__pp))tin(z)V(dt)> B .

We denote m/(z) the derivative of m(z) with respect to z (recall that the Stieltjes transform
of a positively supported measure is analytic, hence continuously differentiable, away from the
support of the measure).

With these definitions in place and with the help of Theorem [6.1.1] we are now ready to
introduce the main result of this section.

Theorem 6.2.1 (Asymptotic detector performance). Under hypothesis Hp, as N,n — oo with
ey — c € (0,00),

sup
PER,.

P (Tt > ) ~ew (‘20%2@)) ‘ -0

where p — p is the aforementioned mapping and

s 1 P CnQy(p)p

o3 = -
M) O (op L OnGn () (1 — el — () 1r (20 (o))

with Qn(p) = (In + (1 = p)m(—p)Cn) .

Otherwise stated, v NTy(p) is uniformly well approximated by a Rayleigh distributed ran-
dom variable Ry(p) with parameter on(p). Simulation results are provided in Figure and
Figure[6.2) which corroborate the results of Theorem [6.2.1] for N = 20 and N = 100, respectively
(for a single value of p though). Comparatively, it is observed, as one would expect, that larger
values for NV induce improved approximations in the tails of the approximating distribution.

The result of Theorem [6.2.1] provides an analytical characterization of the performance of
the GLRT for each p which suggests in particular the existence of values for p which minimize
the false alarm probability for given . Note in passing that, independently of -+, minimizing
the false alarm rate is asymptotically equivalent to minimizing szv(p) over p. However, the
expression of 03;(p) depends on the covariance matrix Cy which is unknown to the array and
therefore does not allow for an immediate online choice of an appropriate p. To tackle this
problem, the following proposition provides a consistent estimate for 0]2\,(,0) based on C’N(p) and

p-

2That is the normalized counting measure of the eigenvalues.

194



6.2. APPLICATION TO FAR MINIMIZATION
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Figure 6.1: Histogram and distribution function of the v NTy(p) versus Ry(p), N = 20, p =
1

N72[1,..., 1), [Cxn]ij = 0.7 en = 1/2, p=0.2.
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Figure 6.2: Histogram and distribution function of the v N Tn(p) versus Ry(p), N = 100,
p=N"z[1,.... 1T, [Cy]i; = 0.7l ey = 1/2, p=0.2.

Proposition 6.2.1 (Empirical performance estimation). For p € (max{0,1 — c]_\,l}, 1), define

_pp*C:’,f(p)p
o) 2 Oy e
N 2(1—cn +enp)(1—p)

Also let 63:(1) £ limp 63 (p) < 00 a.s. Then we have

sup |a%:(p) — 6%(p)| = 0.
PER

Since both the estimation of 0%, (p) in Proposition and the convergence in Theorem
are uniform over p € R,, we have the following result.

Corollary 6.1 (Empirical performance optimum). Let 63;(p) be defined as in Propositionm
and define py as any value satisfying

P € argmin ey, {6%(0)}
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(this set being in general a singleton). Then, for every v > 0,

P <\/NTN(/’5*N) > 7) ~ inf {P (\/NTN(,O) > y)} 0.

PER

This last result states that, for N, n sufficiently large, it is increasingly close-to-optimal to
use the detector Ty (p} ) in order to reach minimal false alarm probability. A practical graphical
confirmation of this fact is provided in Figure [6.3] where, in the same scenario as in Figures
the false alarm rates for various values of « are depicted. In this figure, the black dots
correspond to the actual values taken by P(v/NTy(p) > +) empirically obtained out of 10°
Monte Carlo simulations. The plain curves are the approximating values exp(—v2/(20x(p)?)).
Finally, the white dots with error bars correspond to the mean and standard deviations of
exp(—2/(26n(p)?)) for each p, respectively. It is first interesting to note that the estimates
on(p) are quite accurate, especially so for N large, with standard deviations sufficiently small to
provide good estimates, already for small N, of the false alarm minimizing p. However, similar
to Figures (6.1 we observe a particularly weak approximation in the (small) N = 20 setting
for large values of v, corresponding to tail events, while for N = 100, these values are better
recovered. This behavior is obviously explained by the fact that v = 3 is not small compared to
v/N when N = 20.

Nonetheless, from an error rate viewpoint, it is observed that errors of order 1072 are rather
well approximated for N = 100. In Figure we consider this observation in depth by display-
ing P(Tn(py) > T) and its approximation min, exp(—NT?/(20%(p))) for N = 20 and N = 100,
for various values of I". This figures shows that even errors of order 10~* are well approximated
for large N, while only errors of order 10~2 can be evaluated for small N E|

10° ] 10° [

= =
A A

= S E

2 ‘ 3 1 p E .

& 3 1 < [ ]

= £ ]

By ] < . |

Limiting theory B Y Limiting theory

. . o Empirical estimator || 1077 F o Empirical estimator ||

10-3 1 b e Detector 4 r e Detector B

= I I I I E| L I I T T i

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

P P

Figure 6.3: False alarm rate P(vVNTn(p) > 7), N = 20 (left), N = 100 (right), p =
1

N72[1,..., 1), [Cxn]ij = 0.7 e = 1/2.

3Note that a comparison against alternative algorithms that would use no shrinkage (i.e., by setting p = 0)
or that would not implement a robust estimate is not provided here, being of little relevance. Indeed, a proper
selection of ¢y to a large value or Cy with condition number close to one would provide an arbitrarily large gain
of shrinkage-based methods, while an arbitrarily heavy-tailed choice of the 7; distribution would provide a huge
performance gain for robust methods. It is therefore not possible to compare such methods on fair grounds.
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Figure 6.4: False alarm rate P(Tn(py) > I') for N = 20 and N = 100, p = N_%[l, S L
[CN]ij = 0.7'1_]‘, CN = 1/2.

6.2.1 Proofs
6.2.1.1 Fluctuations of the GLRT detector

This section is devoted to the proof of Theorem [6.2.1] which shall fundamentally rely on Theo-
rem The proof will be established in two steps. First, we shall prove the convergence for
each p € R, which we then generalize to the uniform statement of the theorem.

Let us then fix p € R, for the moment. In anticipation of the eventual replacement of C’N(p)
by Sx(p), we start by studying the fluctuations of the bilinear forms involved in T (p) but
with Cn(p) replaced by Sy (p) (note that T (p) remains constant when scaling Cn(p) by any

constant, so that replacing Cv(p) by Sy (p) instead of by Sy () tr Sn(p) as one would expect
comes with no effect).

Our first goal is to show that the vector \/N(?R[y*sj_vl (p)pl, %[y*sj_\,l (p)p]) is asymptotically
well approximated by a zero mean Gaussian vector with given covariance matrix. To this end,
let us denote A = [y p] € CN*2 and Qn = Qn(p) = (Iy + (1 — p)m(—p)Cx)~'. Then, from
(Chapon et al., 2014, Lemma 5.3) (adapted to our current notations and normalizations), for
any Hermitian B € C?*? and for any u € R,

B [exp <Z\/Nu tr BA* [SN(p)l _ ;QN(p)} A> | y}
= exp (—;u%?v(B; y;p)> +O(N"2) (6.5)

where we denote by E[-|y] the conditional expectation with respect to the random vector y and
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where

s cm(—B)z(l — 8)2 tr (ABA*CNQ?V(B))z
p* (1= em(=p)2(1 = p)? 5 tr CR QY (p))

A% (B;y;p)
Also, we have from classical central limit results on Gaussian random variables

E [exp (z\/ﬁutrB [A*QN(p)A — FN])} = exp <—;u2Alj\2;(B;p)> + O(N‘%)

where
roel [zlv trCnQn(p) 0 }
p 0 P*Qn(p)p
B2 1 2|B1a|? .
AR (B;p) £ ﬁﬁ tr Cx Q% (p) + e P"CN QN (p)p-

Besides, the O(N 7%) terms in the right-hand side of (6.5)) remains O(N 7%) under expectation
over y (for this, see the proof of (Chapon et al., 2014, Lemma 5.3)).

Altogether, we then have
E {exp (Z\/Nu tr B {A*S;(B)A — FN} )]

=E [eXp <—;u2ﬁ?\f(3;y;p)>] exp <—;u2A§%(B;p)> +O(N77).

Note now that

A CNQY(P)A = TN =50

where

A % tr C3 Q3 (p) 0 :|
L | N N N\F
Inv= [ 0 P*CNQA (p)p

so that, by dominated convergence, we obtain
E [exp (Z\/NutrB {A*S;(B)A — FND}
1
—exp (5 (A% (Bip) + 5 (B:p)] ) + o(1)

where we defined

2 (Bep) & em(=p)*(1 = p)® tr (BY y)*
AV S i em(— P (- 07 e R Q)
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By a generalized Lévy’s continuity theorem argument (see e.g. (Hachem et al.,|2008a, Propo-
sition 6)) and the Cramer-Wold device, we conclude that

VN (" Sx (0w, Rly"Sw (p), Sly* Sy (0)p]) = Zn = op(1)

where Zy is a Gaussian random vector with mean and covariance matrix prescribed by the
A—1
above approximation of vV N tr BA*S A for each Hermitian B. In particular, taking B; €

1 2 - e
{ [ g : ] , [_0% 0 } } to retrieve the asymptotic variances of \/N%[y*ﬁjvl (p)p] and \/N%[y*ﬁNl (p)pl,

respectively, gives

1 em(—p)%(1 — p)? L tr CXQ%(p)
AQ B’ = —p*C X — = X
NBip) = 5 ap NN )Py i P T w (R QR ()
1,
A2(By;p) = 2,77 CnQ% (p)p

A—1 ~—1
and thus VN (R[y*Sy (p)p], Sly*Sy (p)p]) is asymptotically equivalent to a Gaussian vector
with zero mean and covariance matrix

1 p*CnQ% (p)p

A% (Bi;p) + AR (Bi;p) s = =—
SN BR AN I = 5 P~ Pk R GR D)

Is.

We are now in position to apply Theorem Reminding that 5*&1 (p)(p+—L 1—p ) =
SJ_Vl(B), we have by Theorem [6.1.1| for £ = —1

A S -1 a.s
VNA* [ CRLp) — — 2N ) | Ao
P 3R T=(=p)c

Since almost sure convergence implies weak convergence, v [N A*C’Jf,l (p)A has the same asymp-
totic fluctuations as v/ NA*S;Vl (p)A/ (% tr Sn(p)). Also, as Tiy(p) remains identical when scaling
A 5 - 1

Cy'(p) by % trSn(p), only the fluctuations of VNA*Sy (p)A are of interest, which were pre-

viously derived. We then finally conclude by the delta method (or more directly by Slutsky’s
lemma) that

N Ry
v CN ()up R (p)p | S |y ORt(o)p
for some Z' ~ N(0, Iy) and

! p*Cn QR (p)p
2p*QN(p)p - % trCNQn(p) - (1 = cm(—p)2(1 — p)? % tr C2.Q% (p))
It unfolds that, for v > 0,

P (TN(p) > jﬁ) —exp (- 20%2([))) 50 (6.6)
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as desired.

The second step of the proof is to generalize to uniform convergence across p € R.
To this end, somewhat similar to above, we shall transfer the distribution P(v NTn(p) > 7) to
P(V'NT y(p) > ) by exploiting the uniform convergence of Theorem where we defined

v*Sx (o))
\/y*SN y\/p*SN

and exploit a p-Lipschitz property of vV NT n(p) to reduce the uniform convergence over R, to
a uniform convergence over finitely many values of p.

The p-Lipschitz property we shall need is as follows: for each € > 0

lim lim P| sup VN }TN Tn()| >e| =0. (6.7)
§—0 N—oo PE:R
\p pll<é

Let us prove this result. By Theorem [6.1.1] since almost sure convergence implies convergence
in distribution, we have

P (sup VN [T (p) = Ln(p)| > 6) — 0.

PER .

Applying this result to (6.7]) induces that it is sufﬁcient to prove ) for T 5 (p) in place of
Tn(p). Let n > 0 small and A} £ {3p € R,y SN (p)yp* SN (p )p < n}. Developing the
difference Ty (p) — T n(p') and 1solat1ng the denominator according to its belonging to A%, or
not, we may write

P sup VN|Tn(p)—Tn(p)| >
00" ER;
lp—p'|<d

P(AY)+P| sup VNVn(p,p) >en

00 €Rie
lp—p'|<6

where

Vn(p,p') £

(g)p‘ \/y*SN y\/p*SN (P)p

B’)p‘ \/ Sy (g)y\/ p*Sx (p)p.
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From classical random matrix results, P(A%) — 0 for a sufficiently small choice of . To
prove that limg lim sup,, P(sup,_, <5 VNVN(p, p) > en) = 0, it is then sufficient to show that

lim limsup P | sup VN|y*Sy(p)~'p—y*Sy(p)) 'p| > | =0 (6.8)
6—0 n p,p’EfRK - -
lp—p'|<d

for any ¢ > 0 and similarly for y*Sy(p) "'y —y*Sn(p) "ty and p*Sy(p) "o —p*Sn(p/) " p. Let
us prove , the other two results following essentially the same line of arguments. For this,
by (Kallenberg, 2002, Corollary 16.9) (see also (Billingsley, 1968, Theorem 12.3)), it is sufficient
to prove, say

E[\/N

y*Sn(p)"'p — y* Sy (p) p”

sup sup 19 < Q.
p,p'ER M ‘,0 —p |
p#p’

But then, remarking that
VNY" Sy () P~y Sn(e) e

= (¢ = p)VNy"Sn(p)™! (IN - % > 22> Syl 'p

i=1

this reduces to showing that

2
* & — 1 - * Q —
sup supE [N |y"Sy(p) 1y — —Zzizi §N(B') Ly < 00.
P ER M n-=
Conditioning first on z1, ..., z,, this further reduces to showing
1< ’
sup supE | |Sn(p) " | In — =Dz | Sn(p)'p| | < oo
pp'ERy 1 ni3

But this is yet another standard random matrix result, obtained e.g., by noticing that

Snlp)~ (IN—ZZ'Z ) NP

which remains of uniformly finite expectation (left norm is vector Euclidean norm, right norm
is matrix spectral norm). This completes the proof of (6.7)).

2 2

=1

Getting back to our original problem, let us now take € > 0 arbitrary, p; < ... < pg be a
regular sampling of R,;, and § = 1/K. Then by , K being fixed, for all n > ng(e),

P (TN(pi) > JN) —exp <—2U%§pi)>‘ <e. (6.9)
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Also, from (/6.7]), for small enough 4,

P N|T, - T
12}%}(1( pseuji VN|Tn(p) — T (pr)| > 7¢

lo—pi|<d

<P sup \/N]TN(P) —Tn(p")| > ¢
s’ ERie
lp—p'|<6

<e€

for all large n > ng(e, () > no(e) where ¢ > 0 is also taken arbitrarily small. Thus we have, for
each p € R,; and for n > ny(e, ()

P (TN<p> > jﬁ) <p (TN@» > WJ‘NO) + P (VN[Tw () = T(po)] > 1¢)

<P <TN(pi) > ’Y(l\/_ﬁo) +€

for i < K the unique index such that |p — p;| < § and where the inequality holds uniformly on
p € Ry. Similarly, reversing the roles of p and p;,

As a consequence, by (6.9), for n > nj(e, ¢), uniformly on p € Ry,

P (TN(p) > 7) gexp< 1< 2) + 2

P (TN(P) >

VN 20]2V(Pz))
(i ) o)

which, by continuity of the exponential and of p — UN(p)E| letting ¢ and § small enough (up to
growing ng(e, ¢)), leads to

sup
PER .

P (VNTy(p) > 7) - exp (— i >‘ < 3¢

20%(p)

for all n > ng(e, (), which completes the proof.

6.2.1.2 Around empirical estimates

This section is dedicated to the proof of Proposition and Corollary

4Note that it is unnecessary to ensure liminfy on (p) > 0 as the exponential would tend to zero anyhow in
this scenario.
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We start by showing that 6]2\,(1) is well defined. It is easy to observe that the ratio defining

63 (p) converges to an undetermined form (zero over zero) as p 1 1. Applying 'Hospital’s

1 2
rule to the ratio, using the differentiation d%ﬁN (p) = =Sy (p)(In — L3, z27) and the limit
a1 -
Sy (p) = In as p 11, we end up with

.9 1p* (5 2ty ziz)p
1 1 :
2 tr (5 ik #i%))
Letting €, x > 0 small, since p*% > zizip —p*Cnp 250, %trizi 2%} 2% 1 as n — 0o, we
immediately have, by continuity of both 0% (p) and 6% (p),

sup |63 (p) —ox(p)| < e

for all large n almost surely. From now on, it then suffices to prove Proposition on the
complementary set R.. £ [k +min{0,1—c "'}, 1—x]. For this, we first recall the following results

borrowed from Chapter [5 with slightly updated notations. First, we have

Cn(p) &
Tucn() Y

sup 25%0.

PER,

Also, for z € C\ Ry, defining

A~

I~
Sy = _B>ﬁ Zzzzl —zln
i=1

(so in particular §N(—B) = SN(B), for all p € R,), we have, with € a compact set of C\ R and
any integer k,

dk 1 a1 1 —1 a.s.
| e {080 - s [ - pmaon) |
dk *S,fl * I 1 C -1 a5 0

sup | e {p S = p7 (=2 [Iv + (L= pmw (ION]) o} =

where my(z) is defined as the unique solution with positive (resp. negative) imaginary part if
J[z] > 0 (resp. S[z] < 0) or unique positive solution if z < 0 of

)= (= f g ®)

This expression of my(z) can be rewritten in the more practical form

- _1_c c I/N(dt)
my(2) = ———+ / —z—2(1 - p)tmn(z)
1-c

== —|—c%tr (=2 [Iv + (1 = p)mn(2)Cn])
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so that, from the above relations

1-— CN 1 A 1 A a.s.
pseuji my(—p) — < ) + N tr Cyt(p) - NtrC’N(p)> —0
sup / tvn(dt) B 1- B% tr C]?[l(p) ) % trCn(p) as
pex;, |/ 1+ (1= p)mn(=p)t (1= p)mn(=p)

Differentiating along z the first expression of my(z), we also recall that

2
, _ mN(z)
() = [ TGP
- f (1-(1—p)tmpy(—p))?
Now, remark that
N d 4
* N2, — * -1
PrSy(=p)p = — [p Sy(2) pL:p

which (by analyticity) is uniformly well approximated by

T (= v+ (= pmx(z)ew]) ]

z z=—p

= plgp*QN@)p - [1)(1 — p)miy(=p)p* CN Q¥ (p)p

_ i . _i B miy (—p)p*Cn Q% (p)p

- sz Qn(p)p B(l 3)1 S T B oY

(recall that Qn(p) = (In + (1 — B)mN(—B)CN)_l). We then conclude

sp p*CNQ3 (p)p
pew;, |1 = emn(=p)*(1 = p)* 5 tr Q% (p)
A—1 1 A—2 1, A 2
p*CN (p)p - 3 tr COn(p) — pp*C 7 (p)p - (W tr CN(P)) as,
— 0.
(1= p)mn(=p)?

Putting all results together and remarking that - tr CA‘]Ql(p) =1 for all p and that 3 tr Cnip) =
pB_l, we obtain the expected result.

It now remains to prove Corollary This is easily performed thanks to Theorem [6.2.1
and Proposition From these, we indeed have the three relations

P (\/NTN([)}‘V) > ’y) — exp <_72) 250

203, (Py)

P (VNTw(pi) > 7) = exp (—”’2)> 0

203 (P
2 2
o > ( ol ) as.
exp|—=5 -~ | —exp|—5 ) —0
< 20% (p) 2032
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where we denoted p%; any element in the argmin over p of P(vV NTn(p) > 7) and ¢}? the mini-

mum of o (p) (i.e. the minimizer for exp(—ﬁip))). Note that the first two relations rely funda-

mentally on the uniform convergence sup e, [P (\/NTN(p) > fy) —exp (—72/(20%(p))) | == 0.

By definition of p%, and o3?, we also have

exp | — 1l < min < exp —772 , €Xp —772
20%) ~ 205 (Py) 205 (Py)

P (VNTx(px) > ) < P (VNT(3%) > 7).

Putting things together then gives
P (\/NT(;S*N) > 7) _p (\/NTN(p}‘V) > 'y) 250

which is the expected result.
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Chapter 7

Outlier rejection

In Chapters[4] to[6] our interest lay on the large dimensional analysis of robust M-estimators for
elliptically distributed inputs. As discussed in the introductory Chapter |2 this is mainly moti-
vated by two reasons. For one, elliptical distributions enclose a minimum degree of parametriza-
tion to adequately model various types of impulsive data behaviors. Secondly, among other
classes of such easily parametrizable distributions, elliptical vectors derive naturally from (nor-
malized) Gaussian vectors and are, as such, more amenable to probabilistic considerations.
However, the elliptical distribution fails to encompass many impulsiveness scenarios of impor-
tant practical use. This is mostly due to the data needing roughly t10 arise from a uniquely

defined linear combination (through the matrix often denoted A or C%) of independent Gaus-
sian entries times a one-dimensional impulsion-providing variable (often denoted 7;), which are
too harsh constraints.

To meet the original intention of Huber to design M-estimators for their robustness to ar-
bitrarily outlying data vectors (model inconsistent data, missing data, noise bursts, etc.), one
should instead be capable of understanding the large dimensional behavior of Cy (and C’N(p),
Cn(p)) built upon a proportion of model-fitting vectors and a complementary proportion of
deterministic but unknown outliers. This is the objective of the present chapter. What we shall
precisely consider here is a scenario where Maronna’s M-estimators of scatter are constructed
from a given amount (in practice a majority) of i.i.d. zero-mean and covariance Cy Gaussian
vectors and a complementary (usually small) amount of deterministic vectors aj,ai,.... We
will show, by a large random matrix approach similar to previous chapters, that the quadratic
form %afC’;,lai is at the core of the outlier rejection performance of Cy. By a simple analysis
of the theoretical results, we shall understand in particular why the function ug(z) proposed
originally by Huber is (in some sense to be defined later) optimal among the class of Maronna’s
u(x) functions to ensure proper outlier rejection.

We start by introducing our assumptions and main results before providing some elements
of proof.
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7.1 Main results

Let e, € {k/n | k=0,...,n} and X € CV*" be the concatenation matrix of the n successive
observations

X = [:L'l, e T(1—ey)ny 01 - - - ,asnn]
1
where z1,...,21_¢,)n € CN are random vectors with z; = Nwi, Cn € CN*N' deterministic
positive definite and wy, ..., w(_,), i.1.d. random with i.i.d. zero mean and unit variance entries,
whereas a1, .. ., ac,, € CV are deterministic and such that

0 < min lim inf o < max lim sup ||l < oo.

2 n \/N ? n \/N

Under this model, the z;’s are model-fitting vectors while the a;’s represent unknown outliers.
Note that we consider a particular data ordering (model-fitting data first and outliers last) which
shall however be inconsequential in the remainder.

As usual, we further denote cy = N/n and shall make the following assumptions.
Assumption 7.1. For each N, Cny = 0 and limsupy [|Cn|| < oc.

Assumption 7.2. As Ny;n — 00, cy = cande, e €[0,1) with0<c<1l—e.

From Assumption Maronna’s M-estimator Cy for the column vectors of X is well-defined
as the almost surely unique solution to the equation in Z

1 & 132 /1
Z = - Z u <Ny::-‘Z_1xi) ziz; + - Zu <Na:-‘Z_1ai) a;a; (7.1)
i=1 =1

where u is as usual defined on [0, 00), nonnegative, continuous and non-increasing, and such that
#(x) = zu(x) is increasing and bounded with limg, 00 ¢(7) 2= ¢oo, and 1 < ¢oo < L.

As in the previous chapters, our main objective is to find a large N, n random matrix equiv-
alent for Cy which is more tractable and prone to analysis. This is the object of the following
result, established in (Morales-Jimenez et al. 2015]).

Theorem 7.1.1. Let Assumptions hold and let Cn be the almost sure unique solution
to (7.1). Then, as N,n — oo,

e 5] 250
where
1 (1—en)n enn
N £ o z; v (Vo) ziz] + o ;’U (qvin) aia;
1= 1=
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with v, and o1y, ..., 0c,nn the unique positive solutions to the system of ep,n + 1 equations
(i=1,...,e,n)

-1
. (1 — &)ve(m) 1 &
" N " (1 + C'Uc(’)/n)’)/n N - n Zz; v (al,n) alaz

-1
Enn

1 (1 —&)ve(Vn) 1
o S| ) : § . ok .
L VA cve(Vn)n v Nz v @in) e, "

and ve(x) = u (97" (2)), g(z) = x/(1 — cd(x)).

Remark that the approximation matrix Sy consists of two terms: a normalized sample
covariance matrix and a weighted sum of the outlier outer products. These weights allow for
an automated balancing between model-fitting data and outliers. To get some insight on the
properties of Cy induced by these weights, let us consider the single-outlier case where ¢, =
1/n — 0. We easily obtain by a rank-one perturbation argument that -, — ~, where ~
is the solution to v = (1 + cvc(y)7)/ve(y). It can be seen, using the definition of v, that
v = ¢ 1(1)/(1 — ¢) and that, as a consequence, v.(y) = 1/¢~!(1) (which corresponds to the
result obtained in Chapter {4|in the absence of outliers). As for oy, it satisfies

o1 1,
Q1 p = ( I —(c) + 0(1)> NalCNlal.

As such, so long that liminf, NalC_ a; > 1, ve(aryn) < ve(y) for all large n and thus the
impact of the outher a1 will be all the more attenuated that NaleQlal is large. However, if
lim sup,, Nalc’ a; < 1, then v.(ay,) > v(y) for all large n and the impact of a; may be
worsen. As such, we can readily make the following two important observations:

s 1)

l—c 7
or equivalently u(z) should be constant for < ¢~'(1). A particular example of such a
choice is u(z) = min{1, (1+t)/(t+x)} for some ¢t > 0, which is (almost) the original Huber
function uy for the estimator (2.1f), where t = OE|

e to avoid enhancing the effect of outliers, v.(x) should be set to a constant for all < ¢

e if \{(Cy) and An(Cy) remain close to one, the norm of a; dictates most of the relative
outlier impact. For C'y departing from the identity, a good rejection to outliers is expected
if a1 is not aligned to the dominant eigenvectors of C. On the opposite, if a; is to be
aligned to the dominant eigenmodes of Cl, the outlier rejection would be compromised.

Other considerations are easily made. In particular, if a; = ... = ag, n, it is easily seen that
as e,n grows, the outlier-rejection gain brought by the possibly large quadratic form NalC a1
is quickly overrun so that, if ¢ > 0 and limsupy %afc&lal < oo, the a;,’s converge jointly
to zero and the outliers will no longer be rejected. This scenario is all the more problematic
that for € not too small, v.(y,) may become much smaller than v.(c; ), which would drive the
robust estimator to a starkly opposite behavior than expected.

'Recall that taking ¢t = 0 does not ensure the uniqueness of the solution to (7.1]).
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CHAPTER 7. OUTLIER REJECTION

Specifying scenarios more involved than a; = ... = a.,» leads to more fixed point equations
and thus to a less tractable understanding. It is however sensible to assume that the outliers are
themselves random and likely to differ from one observation to the next. A natural assumption
that maintains a high level of simplicity is to take the outliers to be i.i.d. Gaussian distributed

with zero mean and covariance matrix Dy different from Cp. This gives the following corollary
to Theorem [Z.1.1}

1
Corollary 7.1. Let Assumptions hold and let ay,...,a,, be random with a; = D3w;,
where Dy € CN*N s Hermitian positive definite with limsupy ||Dy|| < co and iy, .
are independent with i.1.d. zero mean and unit variance entries. Then, as N,n — 00,

oy Weyn

|En = s 2= 0
where
1 (1—en)n 1 Enn
N2 o Z v (Yn) Tiw; + o ZU (o) aia;
i=1 i=1
with v, and o, the unique positive solutions to
1 (1 —&)ve(vn) eve(a) >_1
= —trC C D
Tn N N (1 + cve(Yn)Tn NI cve(am,)an N
1 (1 —&)ve(vn) eve(an) )_1
a, = —trD Cy + D .
"N N <1 + cve(Yn)Tn NTIF cve(am,)an N

In this scenario, Cy is equivalent to a weighted sum of two sample covariance matrices for
the model-fitting against the outlying data. Again, it is interesting to study the regime where
e = 0. Under this assumption, we have ~,, = v where v.(y) = 1/¢~1(1) similar to above and ay,
is now exactly defined as

¢ '(1) 1 1
1—oc NtI"DNCN .

Oy =

The factor of importance is then here the trace % tr DNC']?,1 which, if large, induces a decay in
the outlier importance, and vice-versa. Note again that, for Dy and Cy of similar trace, it is of
key importance that Cy be as distinct from I as possible for outlier rejection to be possible.
Note also that, when seen as functions of €, v, (¢) — v and a,,(g) — «,, continuously with ¢ — 0,
so that the predicted behavior for € = 0 is a good approximation of the behavior for all small
e>0.

We now provide simulation results that shed some more light on the conclusions drawn from

Theorem and Corollary

Let us place ourselves first under the setting of Theorem Taking N = 100, n = 500,
we assume [CN]Z-J- = .9l=Jl and let epn = 2 with a1 = 1, the N-dimensional vector of all-ones,
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and ag such that [as]y = exp(mik) (a steering vector at 30°). In this setting, +a;Cx' a1 ~ 0.06
while +a asCyraz =~ 19. We compare the results obtained for ui(z) = (1 + ¢)/(t + ) against
ug(x) = mln{l (14+t)/(t+x)} for t = .1 and denote vy, ve their corresponding v, functions.

Numerically, we obtain for the function u; the weights

v1(Yn) =~ .992
vi(aq ) >~ 6.42
v1(ag,) ~ .006.

We thus observe an important attenuation of the second outlier, while the first outlier is strongly
enhanced. Comparatively, for the Huber-like function us, we have

va(yn) ~ .984
1)2(041771) =1.00
v2(a2,n) > .006.

Thus, here, Huber’s type estimator prevents, as it should (based on our earlier comment), the
outlier a; to be enhanced. This however induces a slight loss in the closeness of va(y;,) to one,
which can only be a finite-n effect.

We now place ourselves under the hypotheses of Corollary with, as above [Cn];; = 9li=il
N =100, n = 500 (thus ¢ = .2), while Dy = Iy. We also take u = ug defined previously and
an outlier density of ¢ = 0.05, i.e., a 5% data pollution by outliers. We obtain theoretically in
this case

v2(Yn) =~ 1.00
va(ay) ~ 1219

which leads to a strong attenuation of the outliers, made particularly efficient by the ill-
conditioning of Cy. Note that in the limit ¢ — 0, va(y,) — 1 while vo(ay,) — .1179. To
visually assess the outlier rejection efficacy of CN, we compare for this setting the eigenvalue
distribution of the sample covariance matrix %X X* and that of Cy against the outlier-free SCM

E(l enln x;x;. From our earlier discussions, we wish ideally that the eigenvalue distributions
of the former two match as closely as possible that of the latter.

Remark 7.1. Before presenting the results, note that, since %tr Cy = %tr Dy =1 for each
N, the often advertised “robust” technique, that consists in normalizing every column X; of X
as X; = X;/||X;|| and from which the per-column normalized sample covariance matriz 1 X X*
1s built, has the same limiting eigenvalue distribution as %XX* so performs essentially the same
for all large N,n in the present comparison study.

To avoid imprecise Monte Carlo simulations, instead of providing a direct comparison of av-
eraged eigenvalue distributions, we compare here the associated theoretical deterministic equiva-
lent distributions (obtained from the Stieltjes transform of the deterministic equivalent measure
associated to the model S5, using e.g., the results of (Couillet et al., [2011a)). This is depicted
in Figure which shows a tight match between Cy and the target distribution, while the sam-
ple covariance matrix is strongly affected in its shifting much weight towards the purely-outlier
distribution that would be the Maréenko—Pastur distribution (since Dy = Iy).

211



CHAPTER 7. OUTLIER REJECTION

=]

S

ge

5 10 + 1—

E I ___-12( Eﬂ)nxx:

& i —— LXXx*or LXX~
1 ~

E 81! —0CnN H

g |

=] 1

gJD I

3 61

“ i

5} 1

—~ I

R

=] 1

o 1

] |

(3} 1

pe 20

= |

g |

—

g 0

do 0 0.1 0.2 0.3 0.4 0.5

Eigenvalues
Figure 7.1: Limiting eigenvalue distributions. [Cy]i; = 9=l Dy = Iy, e = .05.
7.2 Proof of the main results

The outline of the proof follows tightly from the proof of Theorem in Chapter [4] however
for a model that is (i) simpler in assuming the model-fitting data to be Gaussian an not elliptical,
discarding the complication of the control of the 7;’s parameters, and (ii) made slightly more
complex due to the deterministic addition of the vectors ai,...,a., . Our way to deal with
aspect (ii) is by controlling in parallel the quantities asymptotically approximated by =, and
those asymptotically approximated by «; 5.

Since some parts of the proof are quite redundant with Chapter 4] or even Chapter [5] we shall
mainly focus on the aspects that significantly differ from these and will leave some indisputable

results without a proof.
As in Chapter {4, we may assume without loss of generality that Cy = In. We therefore

take this assumption from now on. Using the definition v(z) = u(g~!(z)) where g(z) = x/(1 —
cnd(x)), similar to Chapter l let us write Cy as

(1—en)n enn
R 1
Cy = - ; )z + — Z
where d; = NJ:*C’ r; and b; = Na*C . We now define
e & v(d;)
v(7n)
o v(bi)
fi= o(ain)

with v, and «;,, as in the theorem statement (but for Cy = Iy).
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The core of the proof is to show that

a.s.
max |e;— 1 —0
1<i<(1—en)n

— 1] =3 0.
151335”1!}2 |

Let us first relabel e; and f; such that e; <... <eq_.,), and f1 < ... < f, », and let us further
denote 6, = max(e(1_c,)n, fe,n). Using classical inequalities as in Chapter 4} we have

1, % (1 (1—en)n d EnM -1 .
v wai (o 2igm 0 vdy) mal + 5 Z] (v (bj)ajaj)
v(7n)

1 s (15 (—eu)n e L enn T
VInNT nZ#i v(vn)eg%l’frnzj 1o (ajn) fia;a; Ti
v(7n)

* l—en)n * Enn -1
v <5£in (% Zgﬁ ) U(’Yn)xjxj ‘*’%Z; 10 (an) aja ]) x%)

v(Yn) ‘

We now exploit the following random matrix result, which we obtain similarly as Lemma [£.2] in
Chapter

-1

(17677,)77, Enm
1 * 1 * * a.s.

Then, taking ¢ > 0 we have for all large n almost surely

v (é(’)/n - C)) '

€(1—en)n < o) (7.2)
We proceed similarly to upper-bound f; as
v (5 wai (AU () g + A S v () aga) )
fi < (o)
and we now use the random matrix identity
I R 1 n -
1<Hil<as}in Na;k - Z v () TjT; + - Z v (ajn) aja; a; — ayp 2%0.
o i=1 i#i
Therefore, for the same ¢ > 0 as above and for all large n almost surely,
o (Eain—0)
Jeun < : (7.3)

v(ag )
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We now need to consider study both cases where either €1l—en)n = fen o1 €(1—en)n < fen-

Consider a subsequence over which e(;_., ), > fen. On this subsequence, (7.2)) becomes

v ( ! (Y — O)

€(1l—ep)n

v(Yn)

‘(o2 (-5)
1 S (1—e)n Tn )
V() (1- %)
As usual, we want to prove that, given £ > 0, e(;_.,), < 1+ ¢ for all large n a.s. Let us assume

the opposite, i.e., e1_c,), > 1+ £ infinitely often, and let us restrict ourselves to a (further)
subsequence where this always holds. Then

(g (-5)) (i)
| < I+¢ ")) < 1+¢ '
¥ (yn) (1 - %) Y (yn) (1 - %)
By definition, it is now easily proved that 0 < liminf, v, < limsup, 7, < oo (this exploits in

particular the important fact that ¢ < 1 —¢) so that, considering yet a further subsequence over
which ~,, — 79, we obtain, taking the limits

oo )= (52

with U.(z) = zv.(x). This being valid for each ¢ > 0, we raise a contradiction in the limit ¢ — 0.
Therefore, either there exists no sequence over which e_., ), > fe,n Or €1_¢,), < 1+ £ for
all large n a.s. Assuming the former, then over a subsequence we in fact have e(;_. ), < fe,n-
Starting now from , we have over this subsequence

v (ﬁ(asnn,n - C))

U(Oéennm,)

Qepn,n _ (:
1 < \Il( fsnn (1 asnn,n>>

- \Ij(aenn,n) (1_ . ) ‘

Qepn,n

€(1—en)n <

or equivalently

Jeun <

for all large n, or equivalently

n. We instead assume the opposite, i.e., f;, , > 1+ ¢ infinitely often and restrict ourselves to a
further subsequence satisfying this identity for all n. Then, as above for e(;_,,),, we have this
time

Again, with, say, the same ¢ > 0 as above, we wish to show that f. ., < 1+ ¢ for all large

Qepn,n
v ()

‘I’(aann,n) (1 - ) .

Aepn,n

1<
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Using the fact that 0 < min;liminf, ||a;|| < max;limsup, |ja;|| < oo, it is easily shown that
0 < liminf, a¢,pnn < limsup,, ag,nn < 00, so that we can take a further subsequence over which
Oe,nn — . In this limit, we have

Te(an) (1 — Oi) <, <1O_‘££>

which is contradictory for sufficiently small (. Thus, necessarily fe, , < 14 for all large n almost
surely, unless we have e(1_.,n) > fe,n and then eq_.,,) < 1+ £. In any case, we necessarily
have

max {e(l—enn)a ff—:nn} <14/

for all large n a.s., which we wanted to prove. All the same, by reverting the inequalities, we
prove the converse identity that, for all large n a.s.

min {e, f1} > 1+ ¢
This establishes the main result, from which Theorem unfolds easily.

The proof of Corollary follows easily from applying standard random matrix identities
(a further deterministic equivalent) to the random model of Theorem We do not detail
these classical steps.
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Chapter 8

Conclusion and Perspectives:
Random Matrix Theory for Big Data

8.1 Summary and open avenues to robust statistics analysis

Thanks to a systematic analysis of the behavior of robust estimators of scatter for large dimen-
sional datasets, we showed in this report that these estimators behave similar to mathemati-
cally tractable random matrix models. The theoretical study of these asymptotically equivalent
models for various input data statistics revealed a lot of practical information on the robust
M-estimators, the most fundamental of which can be shortly summarized as follows:

e (Chapter 4) When impulsiveness in the data is modelled through the random norm of an
elliptical distribution, sample covariance matrices tend to have a large eigenvalue spec-
trum spread, which robust estimators shrink down to a provably bounded spectrum; in
the particular case of spiked models, this induces the possibility to recover isolated eigen-
values that sample covariance matrices keep hidden in the spectrum, leading to improved
statistical inference techniques.

e (Chapter |5)) To cope with the scenarios of few observations of large dimensional impulsive
data, the hybrid robust shrinkage estimators benefit both from the regularization of the ill-
conditioned sample covariance matrix and from the robustness of M-estimators of scatter;
the extra degree of freedom induced by the regularization parameter allows for further
improved statistical estimators applicable to various fields of research.

e (Chapter @ Bilinear forms built upon robust M-estimators for elliptical data are so well
approximated by the same bilinear forms but built upon the asymptotic random matrix
approximations that they share the same second-order statistics (i.e., central limit results).
This makes it possible, on top of the first-order statistical methods described in the previous
two items, to design second-order improved estimators by a mere application of classical
random matrix methods.

e (Chapter Finally, when modelling data impulsiveness through deterministic outliers,
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robust M-estimators manage to harness the impact of some specific outliers, while not be-
ing able to control others; unlike the previous items which suggested an overall advantage
of estimators close to Tyler’s (or simply per-data normalized sample covariance matri-
ces), against deterministic outliers the latter may be hazardous choices which are more
adequately replaced by estimators of the Huber type.

The results studied thus far however only target the subfield of robust statistics that is
concerned with robust estimators of scatter for centered data. Robust statistics however go
beyond these considerations. Still on order statistics estimation, robust estimation of location
(that is the estimation of the mean of median of random impulsive data) is sometimes a more
important concern than robust estimation of scatter. Joint robust estimation of location and
scatter may also be considered which however often lead to not always solvable implicit equations
(Maronna et al., 2006]). A more complete analysis of robust M-estimators in the large dimensional
regime would therefore demand to take this location aspect into account. The closest result we
have on these aspects concerns the application of robust shrinkage estimates of scatter to financial
returns datasets for which an empirical mean was discarded from each datum (see Section [5.2));
the elliptical modelling of the data induces already here some complications, although no actual
location estimate was made.

But robust statistics are also concerned with improved regression from impulsive readings.
Recent considerations were made towards this direction, for instance in (El Karoui, 2013) where
the theoretical performance of robust regressors based on n independent readings of N dimen-
sional signals is studied in the large IV, n regime. It is precisely shown that, although inconsistent
in this regime, the estimated (large dimensional) regression vector asymptotically departs from
the sought for vector by a computable (although not explicit) quantity. This allows for an anal-
ysis of the power of various regressors for various data models. The analysis of (El Karoui, [2013)
is however restricted to input data with i.i.d. entries, although results for general elliptical data
could be easily achieved in a similar manner. Surprisingly, no follow-up on this work was made
in spite of the major consequences such a result may bring to large dataset regression at large.
This is surely an area of important future exploration.

Recently, considerations of “robust” estimation have re-emerged under the umbrella of com-
pressive sensing. Underlying this robust terminology is the regression analysis of large dimen-
sional but sparse vectors. That is, unlike the works of (El Karoui, 2013) where the data ob-
servations are possibly impulsive and lead, due to the large IN,n assumption, to inconsistent
regressors, in compressive sensing the regressor is assumed to be identically null on most of its
entries. This structure allows for a perfect reconstruction of the sought-for vector under some
conditions, which is stable against background noise, hence the robustness naming. Given that
the sparsity assumption cannot be fully met in most practical cases and that impulsiveness (or
the presence of outliers) in real-life datasets is more a rule than an exception, it would be impor-
tant to further investigate the connections between both fields and to bridge the gap between
robust statistics and the very different “robustness” considerations of compressive sensing.
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8.2 Beyond robust estimation: the Big Data paradigm

In recollection of the ten year-progress of random matrix theory applied to signal processing, it
appears that the rule-of-thumb has so far been to study sample covariance matrices to extract
from them the necessary information one seeks; this is obtained by the study of various sample
covariance matrix models in the random matrix regime (spiked models, separable covariance
models, etc.) and by means of smart complex analysis tools. Although this is quite reasonable
an approach, it may nonetheless seem quite arbitrary to use the sample covariance matrix in
the first place, as it is anyhow no longer a good estimator for the population covariance matrix.
The only reasonable explanation for its use has to do with its being a maximum likelihood
estimator for the population covariance matrix when observations are Gaussian and when no
further information about the population model is known.

In the present report, we observed (more than we actually proved) that robust estimators of
scatter are often more helpful than sample covariance matrices when the observed vector data
contain outliers or have heavy-tailed distributions, and are particularly suitable to elliptically
distributed data for which they are the maximum-likelihood estimators. An important outcome
of our study on robust estimation of scatter as a whole is that the latter may be used in place of
sample covariance matrices as the building block for powerful algorithms of statistical inference.

In fact, other studies have recently considered other types of random matrix models as a
starting point matrix for statistical inference, in particular when side information about the
system model is a priori known. This is the case of a recent work of ours (Vinogradova et al.l
2014)) in which the performance of detection schemes under time-correlated noise is analyzed,
based on a Toeplitzified version of the sample covariance matrix rather than based on the sample
covariance matrix itself. Another line of work concerns the block-Hankel stacking of observation
vectors (Loubaton, 2014) of important use for the coherent detection of temporal data with
memory. These various objects, in general more challenging to study than the mere sample
covariance matrix, constitute in my opinion the future of random matrix research in signal
processing.

Generally speaking, mathematicians also have started to consider models that disrupt from
the traditional Wigner and i.i.d. random matrices, for which about everything is known by
now. Their focus is now steering towards other types of random matrix models, less “pure” in
their mathematical model simplicity but which, while remaining rather simple, have important
relations to engineering objects at large. This is the case for instance of the spectrum analysis of
random graphs which, from a random matrix perspective, is the random eigenvalue distribution
of the Laplacian or adjacency matrix of the graph under consideration. Various teams have
made some recent breakthroughs in this direction, as with (Bordenave and Lelargel 2010b,a)
for the spectrum of sparse non-directed graphs, or (Bordenave et al., 2013) for the Laplacian
matrix of a random possibly sparse directed graph, or finally (El Karoui), [2010) for the spectrum
of random kernel matrices such as the adjacency matrix of Euclidean-weighted graphs.

This recent move from the mathematical side, especially on random graphs, along with the
increasing understanding of the strong potential behind other classes of random matrix models
for signal processing applications, brought us to considering a new direction of exploration:
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that of signal processing on large dimensional graphs and particularly the study of machine
learning algorithms in the large dimensional regime. Machine learning is indeed an area of
important focus today, especially since the advent of big data processing, which encompasses
many subspace methods (e.g., for classification or clustering) based on the so-called affinity
matrix of the observed data, also referred to as the kernel matrix where the implicit kernel is
the affinity function. Machine learning also deals with more heuristic approaches such as neural
networks which are on the verge today of being more clearly understood than ever before. Let
us detail these two specific examples some more.

8.2.1 Kernel random matrices
8.2.1.1 Theoretical aspects

Let z1,...,x, be n vectors of RY and f: RY x RN — R such that f(z,y) = f(y,x). We define
the kernel matrix W with kernel function f as

W = [Wi»j]lgi,jgn’ With Wm’ = f(:L'Z, :L‘j).

As such, W is a symmetric matrix. Generalizing to complex valued vectors z1,...,x, and to

the constraint f(z,y) = f(y,x), we would get W to be Hermitian.

Classical examples of kernel functions f are f(x,y) = z"y or f(z,y) = g(||x — y||) for some
function g. In the latter example with g(t) = ¢2, the matrix W is precisely a Euclidean matrix.
This denomination follows from assuming that x1,...,z, are geographically located nodes of a
network in RY (for instance in the plane for N = 2), in which case W is the adjacency matrix of
the network whose entry (i, j) is directly related to the geometrical (Euclidean) distance between
nodes ¢ and j in the graph.

Let us assume that the vectors x1,...,x, are random and sufficiently independent. Then,
for N fixed, taking n large leads W to be a random matrix of O(n) degrees of freedom, as
it is only defined through the n vectors x;. However, if N is also taken large enough to be
comparable to n and the entries of the vectors z; are sufficiently independent, then W becomes
a matrix constituted of O(nN) = O(n?) degrees of freedom, which is the classical setting of
large dimensional random matrix theory. In this case, it was shown in the simplest setting
of independent vectors x; with independent and identically distributed zero mean entries, and
for smooth enough functions f, that the matrix W has the peculiar asymptotic behavior to be
equivalent to a simple random matrix model or even to a deterministic matrix. It is in particular
proved in (El Karoui, 2010) that W is essentially a rank-one matrix in the large N,n regime
with leading eigenvector the all-one vector. The proof considered in (El Karoui, 2010)) however
relies on rather involved combinatorial calculus and in the quite loose bound of the spectral
norm by the fourth-moment trace norm, which we believe can be simplified a lot in practical
settings. Also, it seems that the proper setting for which W does not degenerate into a rank-one
matrix consists in taking N = O(y/n) rather than N = O(n), in which case more interesting
properties should appear. There is therefore room for much theoretical progress to be made on
purely mathematical grounds. Technical considerations set aside, the powerful convergence of
W to a matrix with isolated eigenvalues has important consequences in practice as it implies
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the possibility to read deterministic information on the system model straightforwardly from
the matrix W and not solely from functionals of its eigenvalue distribution. That is, if one
seeks statistical information concerning x1, ..., z, defined as deterministic features (e.g., order
statistics) of their affinity relation, this can be obtained relatively easily from understanding the
deterministic structure in W.

Of particular interest in practice, and notably for machine learning, is the possibly to read
out data clustering from the leading eigenvectors of the affinity matrix W when 1, ..., z, are
no longer i.i.d. but fall in &k classes. We provide a short introduction to this problem below.

8.2.1.2 Spectral clustering

Clustering is probably one of the most typical examples of machine learning methods for arbi-

trary data collections. The principle of data clustering is to group a set of data x1,...,x, into k
similarity classes of indexes 81, ..., 8, disjoint but exhaustively covering the set 8 = {1,...,n},
with £ a parameter sometimes determined beforehand while §; is unknown. We shall assume
here that the n data are N-dimensional vectors, i.e., z1,...,z, € RV.

To this purpose, one needs to start by defining an affinity (or proximity) metric between
any pair of data, which shall measure how similar these data are. This choice is usually up to
the system setting under consideration. Since the proximity notion is a symmetric one (i.e., the
proximity between z; and z; should be the same as that between x; and x;, for any given pair
of vectors z;, z;), we shall assume it to be the symmetric function f defined earlier. A classical
choice is to take the Gaussian kernel

f(@.y) = exp <_Hw—yH>
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for some parameter o > 0. Note that in this setting, two data vectors are extremely similar
if the similarity function affected to these vectors is close to one, and are extremely dissimilar
if the similarity function is close to zero. From there, we then define the kernel matrix W as
before.

Clustering the set z1,...,x, in k classes may now be defined as solving the following graph
cut problem

k
(MinCut) min Z Z [z, 5).

817"'7Sk . . =
$1U..US,=8 =1 j€8;,je8¢
Vi#£j, 8iNS;=0

The objective in this minimization problem is to ensure that the components of each given
subset 8; are maximally dissimilar to the components of the union of all other subsets §;, i # i.
This minimization problem however has some limitations in that it may lead to graph cuts in
which many sets are singletons, which is often an unsatisfactory outcome. To ensure, as is often
desired, that the sets §; are well balanced, i.e., have cardinalities of the same order of magnitude,
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the MinCut problem is often substituted by the following RatioCut alternative

. . :L‘ bl
(RatioCut) min Z Z Jlaj ;)
81,0,k |8:]
81U...US,=8 =1 je§; jes¢
Vi), 8iN8;=0

with | - | the cardinality of the set. This problem, or similar generalizations to other metrics of
set sizes, is however much more difficult to solve than MinCut with standard algorithms. It can
in fact be proved to be a necessarily NP hard problem.

The spectral clustering approach provides a method, by means of a relaxation of the Rati-
oCut (or similar) problem, which is polynomially solvable, although not necessarily finding the
minimum of RatioCut. The approach consists in noting, after some simple algebraic considera-
tions, that RatioCut is equivalently written as

(RatioCut) min  tr (MTLM)
MeM, MTM=I,

where M is the set of matrices M = [myj|i<i<n,1<j<r With m;; = |Sj|_%(5i65j, and L is the
Laplacian matrix

L = [Lijli<ij<n = [-W + diag(W - 1)1, i<, = [—f(% )+ 615> fla, xl)]
=1 1<i,j<n

With this notation, observe that RatioCut consists in finding a matrix M made of orthogonal
columns in the very specific class of isometric matrices M. The key of the spectral clustering
method is to realize that, if M were to be replaced by the larger set O of n X N isometric ma-
trices, then RatioCut would consist in retrieving the eigenvectors corresponding to the smallest
eigenvalues of L.

The spectral clustering algorithms precisely consist in determining these k smallest eigen-
values, extract their corresponding eigenvectors and, up to some further manipulation to turn
the continuous entries into discrete ones, read off the eigenvectors the precise partition of the
set 8§ = {1,...,n} into k disjoint subsets of low mutual similarity.

It is clear, from the details above, that spectral clustering methods are intimately linked
to the spectrum and eigenspaces of the Laplacian matrix L of the affinity matrix W. In order
to understand the performance of the algorithm in the context of big data processing, it is
therefore fundamental to quantify, from a proper statistical representation of the set x1, ..., x,,
the spectral attributes of L in terms of eigenvalues and eigenvectors. We believe that in this
setting, the result from (El Karoui, [2010) generalizes to W being well approximated by a rank-k
matrix in the large dimensional limit, as long as N = O(n). If so, then optimal clustering
should naturally relate to how good the largest k eigenvalues of W isolate from each other (so
that their respective eigenvectors be sufficiently uncorrelated). The appropriate choice of the
kernel function f as a function of the data distributions, which so far is quite empirical in the
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literature, should be understandable from this simple setting. To further understand the impact
for lower dimensional datasets, the study of the regime N = O(y/n) should then reveal a refined
model for W, which we believe could fall within the spiked model setting.

Aside spectral clustering, machine learning contains many other tools and techniques which
are mostly understood from hand-wavy considerations rather than profound theoretical con-
clusions. One of such methods is the extensively used technique of neural networks which has
recently known a new surge of interest with the introduction of recurrent echo-state networks.

8.2.2 Echo-state neural networks

Echo-state neural networks consist of artificial neural networks which, unlike traditional se-
quential neural networks, contain active inter-neuronal connections. This feature has multiple
advantages over sequential neural networks and in particular it importantly helps conveying
memory capacities to the network in a similar manner that memorization mechanisms presum-
ably work in biological neural networks. The idea here is that the information carried by input
stimuli to the network, instead of being forwarded sequentially towards an output sensor neuron,
may remain trapped within the network due to neuronal interconnections.

The simplest model of a (discrete time) echo-state neural network is described as a set of
N neurons connected together via a connectivity matrix W € RVXN ' a scalar input (stimulus)
source s; € R indexed by the time ¢, and a scalar output y; € R also indexed by time ¢. In
particular, the (7, j)-entry W (i, j) of W models the excitation or inhibition effect of neuron i over
neuron j. The connection between the input source and the neural network is given by a vector
m € RY with m(i) the connection between the source and neuron . Similarly, the connection
between the neurons and the output is characterized by a vector w € RY. The specificity of
echo-state neural networks is that W is composed of random entries which are fixed once and
for all, as opposed to classical neural networks where a training phase is dedicated to build W
based on input-output pilots. The training phase in echo-state neural networks will only set up
the output weight vector w based also on input-output pilot sequences.

To better understand the behavior of echo-state neural networks, we shall analyze the state
evolution of the neurons in a discrete time setting. Letting x; € R™ be the state of the neural
network at time ¢, with 4(7) the value taken by neuron i at time ¢, the dynamical state evolution
of the echo-state neural network is generally described as

o = MmsSo (81)
Ty = S(W.Tt_l +mst_1) , t= 1,2, .

in which [Wxy_1 +ms;_1]; is the summation of the inter-neuronal actions and of the input source
action on neuron ¢, and S is a non-linear function applied entry-wise, generally a sigmoid func-
tion, which translates the fact that neurons have a minimal (negative) and maximal (positive)
activation and inhibition levels. Note that S may ensure in particular that the dynamical system
remains stable in the long run. Sometimes, it is also assumed that the neuronal connections may
be subject to external noise sources, not linked to the source of interest, leading Wxy_1 +ms;—1
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to be changed into Wxy_1 + ms;—1 + b—1 for some noise vector b;_; independent of x;_; and
St—1-

8.2.2.1 Stability of the training phase

To run the neural network, a training phase is necessary by which the weights w(i) from neuron
i to the network output y; will be enforced. For this, couples (s, y¢), for t = 1,...,n with n the
training period, are defined to be pilot sequences. Given these pilots, the vector w is taken as
follows

T
w = arg min Z P (yt — QIJTxt>
Yo
2

for some positive function p cancelling at zero. A classical choice is to take p(x) = z*, in which
case w is taken to be the least square estimate

w=(XX")"1Xy (8.3)
where we defined X = [z1,...,27] € RV*" (n.> N) and y = [y1,...,y7] .

For mathematical tractability, the non-linearity of S may be problematic so that S is in
general taken to be the identity function in a first approximation. In this case, to ensure the
stability of the system, one makes the additional assumption that the spectral norm of W is
less or equal than one. In fact, again stimulated by biological networks, and simultaneously
by mathematical tractability (and by the expected blessings of dimensionality), it is generally
considered that W is the realization of a random matrix with O(N?) degrees of freedom. The
simplest scenario consists in particular in letting the entries of W be independent and identically
distribution with zero mean, variance a/N with o < 1 and finite fourth order moment. This
ensures, according to the full-circle law theorem (Tao and Vu, 2008) that, asymptotically, the
spectral radius of W is strictly less than one with overwhelming probability, leading to a stable
network.

As is classical in stability questions of dynamical networks, to characterize the dynamical
system x;, it is essential to understand certain metrics involving the matrix XX T. In partic-
ular, the smallest eigenvalue of XX T conditions the stability of w from the defining equation
. However, XX is not a simple matrix to analyze since each column of X is a recursive
combination of the previous columns. Assuming some ergodicity properties in the training se-
quence (s¢)7—; and that n — oo, it naturally appears that the system stability boils then down
to characterizing the random matrix

oo
M=) Wimm"(WT).
i=1
This matrix, if well-defined, appears to be the sum of nonnegative rank-one matrices, however
with successive powers of W involved.

One objective may be to study the spectrum of the matrix M. Technically speaking, the
matrix M remains in the well-studied realm of Gram matrices formed out of the sum of rank-
one nonnegative matrices. However, classically, for Gram matrices studied in random matrix
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theory, the rank-one elements are usually independent or linearly dependent. Here, the strong
dependence between the entries of M creates an original difficulty. Simulation results in fact
suggest that M is quite singular in that it only contains a few large eigenvalues, while the other
eigenvalues are very small. Simulations also reveal that truncating the sum defining M to an
arbitrary large upper integer K provides an accurate approximation of M itself, irrespective of
the size N of M. This forcefully suggests the approximation of M by a rank-K matrix for K
large but finite. Identifying these eigenvalues and their associated eigenvectors in the large N
regime will allow for a proper understanding of the various performance metrics of the neural
network. Also, since the stability of the network behavior is mostly parametrized by the scaled
variance « of the entries of W, this performance analysis will allow for performance optimization
by a proper selection of the parameter a.

However, it appears that defining w as a least square solution induces a problem of over-
fitting, in the sense that w will be perfectly fit to the trained data, but may possibly not be
flexible enough to smoothly handle untrained data. One of the key features of neural networks
is precisely to have an implicit innovation capability to cope with unknown stimuli. To enhance
such features, an option is to introduce a noise vector b; in the neural transition dynamics. A
proper control of the noise variance then allows one to establish a trade-off between accuracy in
the training phase and innovation in the interpolation phase (i.e., when new data are fed in the
network).

Another approach, which turns out to be essential equivalent, is to relax the constraining
least-square minimization by enforcing an ¢; or ¢ constraint on w, that is, by setting w to now

be defined as
T
w=argmin}" p (3 — @) + Gl
t=1

for some 5 > 0 and v € {1,2}. By increasing (3, this minimization effectively reduces the
degrees of freedom of w and therefore does not let w perfectly meet the constraint y, = w' a4,
therefore allowing for some degree of innovation. In this setting, it is fundamental to clearly
understand the effect of 8 on the trade-off between accuracy and innovation in the network.
This mathematically boils down to characterizing a slightly more involved version of the matrix
M defined above.

To properly optimize the neural network, one needs investigate the dual impact of the terms
« and [ on the performance, both in terms of accuracy and innovation. This precise characteri-
zation shall then allow for improved solutions by appropriate choices of («, 3) to achieve optimal
trade-offs.

8.2.2.2 Stability of the network as a whole

An important question that comes prior to the stability and the accuracy of the training and
innovation phases is the stability of the dynamical system itself. With S still considered
to be the identity function, the stability of the network is then related to the spectral radius of
W. In the simplest scenario where W has i.i.d. entries of zero mean and variance a/N, taking
« < 1 ensures the spectral radius of W to be less than one asymptotically. However, for each
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finite N, W may have spectral radius greater than one with low but positive probability. To
avoid this inappropriate situation, other normalizations may be performed such as replacing W
by W/||W|| ensuring then that the spectral radius of W is equal to one. This then naturally
leads to considerations of topological complexities of the dynamical network, such as studied
in (Wainrib and Touboul, [2013)), where the topological complexity relates to the cardinality of
those eigenvalues of W of real part greater than one.

A more practical normalization is to assume that all row-sums of W equal zero. This nor-
malization ensures that each neuron is in an equilibrium state between exhitation and inhibition
from connected neurons. This is theoretically done by setting the diagonal elements W;; of W
to be Wi; = =>" ot W;;, with the W;; in general independent. This therefore turns W into the
Laplacian matrix of the random graph whose adjacency matrix is the matrix W with diagonal
discarded. This model was recently studied in (Bordenave et al.l 2013), where it is shown that,
as far as extreme eigenvalues are concerned, the spectrum of W thus defined is fundamentally
different from that of W without row normalization. This induces a strikingly different behavior
in terms of stability of the neural network, which it is fundamental to investigate.

More advanced, and in fact more biologically realistic, models of connectivity matrices W
are also fundamental to understand. For instance, in order to account for the locally higher
connectivity of close-by neurons in the network, we may induce a variance profile in the ma-
trix W, i.e., by making the individual variances of W;; depending on ¢, j. For instance, letting
E[|W;;]?] be proportional to |i — j| enforces a proximity constraint very classical in actual net-
works. Studying the limiting eigenvalue distribution of such non-Hermitian models therefore
has deep implications in the practical analysis of both artificial and biological neural networks.

8.3 General conclusion

Going back to where we started this report, present and future works of random matrix theory
provide promising avenues for the exploitation of the dimensionality blessings brought forward
by Donoho. In essence it appears that many techniques used in signal processing and beyond
(in fact in statistics at large) can benefit from exploiting the many degrees of freedom of the
raw data both in space and time, and that the extent of these techniques is largely not limited
to those based on the sample covariance matrix. This report brought this state-of-fact to light
by providing a rather complete study of a specific tool: robust M-estimators of scatter.

Precisely, similar to the works in the nineties on the limiting spectral behavior of sample
covariance matrices, we conducted the analysis of the limiting behavior of these robust estima-
tors. We then derived consistent estimates for the specific example of a spiked-model extension
of these estimators, which mimics the equivalent studies performed since the second half of the
2000’s. We finally developed central limit theorems for specific functionals, which again finds a
strong connection with the works on this topic for sample covariance matrices in the late nineties.
All these works however came along with a set of new tools, dedicated to the M-estimators, and
which allowed us to fill the gap between robust statistics and the random matrix theory. This
was essentially as far as we had projected (by then, idealized) the work to bring us when we
started. In the meantime though, we discovered along the way that our random matrix analysis
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could attest of some powerful (maybe so far considered magical) features of these M-estimators.
It in particular appeared very clear that, while Tyler’s robust estimate shows in simulations
outstanding performances in elliptical data settings, making it often more favorable than any
of Maronna’s estimator, Tyler’s estimator suffers from some specific outliers. In this setting,
Huber’s estimator is much more adequate, and generally estimators of the Maronna class con-
vey appropriate trade-offs between the resilience of Tyler’s estimate to scale-free inputs and the
appropriateness of Huber’s estimator against all sorts of outliers.

Tomorrow’s research on applied random matrix theory should provide a large panel of tools
beyond sample covariance matrices and robust estimators, among which the aforementioned
Toeplitzified sample covariance matrices, block-Hankel matrices, kernel matrices, etc. When
those tools are in place, they will then allow for the analysis of conventional techniques built un-
der the large n alone assumption but exploited in more practical large N, n systems. In turn, this
analysis will provide new enhanced algorithms that shall enrich the existing panoply of sample
covariance matrix-based and now robust estimator-based methods. This overall methodology
will remain valid as long as the sought-for information is contained within the eigen-structure
of the involved matrix models. Other considerations than eigen-structure related, such as data
sparsity explored recently within the scope of compressive sensing — that, in passing, often re-
lies on random matrix considerations — are yet other methods which, alongside random matrix
theory, constitute beyond any doubt tomorrow’s toolbox of the big data paradigm.
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Appendix A

Basic properties and important
lemmas

We introduce in this appendix some classical random matrix results used throughout the report
but worth recalling, along with some new results of independent interest.

We start with classical well-known random matrix results.

Lemma A.1 (A matrix-inversion lemma). Let z € CN, A € CN*N andt € R. Then, whenever
the inverses exist

e (A+tea’) e =" A e(1 + taF A )T

Lemma A.2 (Rank-one perturbation). (Silverstein and Bai, 1995, Lemma 2.6) Let v € CV,
A, B € CN*N nonnegative definite, and x > 0. Then

tr B (A+ oo +zly) ™t —tr B(A+ xIN)—l} <z B|.

Lemma A.3 (Trace lemma). (Bai and Silversteinl, 2009, Lemma B.26) Let A € CN*N pe
non-random and y = [yi,...,yn]" € CV be a vector of independent entries with Ely;] = 0,
Ellyi|?] = 1, and E[|y:|] < ¢ for all £ < 2p, with p > 2. Then,

Elly* Ay — tr AP] < C, ((44 tr A4S 4 oy tr(AA*)%)
for Cy, a constant depending on p only.

The subsequent lemma is a quite expected result unfolding from Lemma [A 3| with a technical
difficulty due to the statistical unboundedness of the smallest eigenvalue of the resolvent matrix
involved.

Lemma A.4. Let z1,...,2, € CN be independent unitarily invariant vectors with ||z;||*> = N.
Then, if 0 < liminf, N/n <limsup, N/n <1,
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or equivalently

-1
n

1 1

* * -S.

max |—z: | — E 2i%: Zi — - 0.
1<j<n |N7 | n &7 71X
i#£j n

Moreover, there exists € > 0 such that, for all large n a.s.

1 1
T — zizi ] > min { \ | — 228 E.
1<”Z“>_1<J’<n ! nZ E T

1<i<n
i#]

Proof. For readability, we denote F' = 13" | 2%, Fy) = F — %zjz;-‘, F= 15" %%, and
Fy=F— %éjé;, where we recall the relation z; = VNZ;/||g;|| for Z; zero mean Iy-covariance
Gaussian and ¢; zero mean [ y-covariance Gaussian (non-independent).

By (Bai and Yin, [1993), letting € > 0 small enough, the probability of the event A (F(;)) < ¢
is o(n!) for each integer £. As such, by Markov inequality and the Borel Cantelli lemma,

)\1(F) > llgnjign /\1(F(])) > €. (Al)

From Lemma [A-3] and the same approach as followed in the proof of Theorem consisting

in writing %E;Ffléj as the product x; %é;Ffléj times x; with x; = 1{/\1@(_))»}, we easily
J

obtain that

a.s.
max — 0.

1 st
*Z;F 1Zj —1
1<j<n

Now,

' minlg'g Al(F )
min )\1(F(j)) > ‘] n__l (z) 2
1<j<n maXISJS’HN HyJH

|2 a.s.

Since maxj<j<, N71|Z;||* = 1 a.s. from standard probability results, we have that for all

large n a.s.

A1 (F) > min Al(F(])) > 8/2

~ 1<j<n

which already gives the second part of the lemma. Using only the outer inequality of (A.1)), we
now have, for all large n a.s.

| 1 ~
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11£Ja§xn NZ]F Zj NZ]F Zj 1I£Jagxn N G F (F F)F Zj
_ 1 & N |1 a2y |
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222\ n R
k=1
1o L (e )
a. — T = 5| max —
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Finally, for all large n a.s.

1 1 N
—ply .~ ooxpl sl -
G | N AT NG AT EESANTT T e
2 N 1.2
< — max |1 — ——| max — ||Z]|
€ 1<k<n |k]|? | 1<i<n N
a.s.
— 0.
The proof is concluded by putting these results together. O

We now introduced some results on martingale’s theory for random matrices, which will
be required in Chapter @ We shall denote E; the conditional expectation with respect to the
understood o—field JF; generated by the vectors, say {2z;,1 < ¢ < j}, with conventionally Eq = E.

Lemma A.5 (Jensen Inequality, (Boyd and Vandenberghel [2004))). Let J be a discrete set of
elements of {1,...,n} with finite cardinality denoted by |J|. Let (6;);cq be a sequence of complex
scalars indexed by the set J. Then, for any p > 1,

p n
D0 <Pyl
=1

1€

Lemma A.6 (Generalized Holder inequality,(Karoui, [2008)). Let Xy, --- , Xy be k complex ran-
dom variables with finite moments of order k. Then,

x| < I (e )"

=

E

It remains to introduce the Burkhélder inequalities on which the proof relies.

Lemma A.7 (Burkhdlder inequality (Burkholder, 1973)). Let (Xj)r_, be a sequence of complex
martingale differences sequence. For every p > 1, there exists K, dependent only on p such that:
n 2p

> X
k=1

E < Kpn? m]?xE [|Xk]2p] .

Letting Xy, = (Ex — Ex—1) 2 A2z, where Ay, is independent of zj, and noting that E [[Xk\%} <
E [HAkH;I;O], with [| A/, 2 Vir AA%, we get in particular.

Lemma A.8 (Burkholder inequality for quadratic forms). Let z1,--- , 2, € CV ben independent
random vectors with mean 0 and covariance Cy. Let (Aj)?zl be a sequence of N x N random
matrices where for all j, Aj; is independent of zj. Define X; as

Xj = (E]‘ — Ej_l) z;Aij = Z;EjAij —tr E]‘_1CNAJ'.
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Then,

2
< Kp [Cng

2
by maxE (14,0, ).
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