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Concept of monotonicity
o Lower and Upper bounding

o Coupling of trajectories ( perfect Sampling) — Reduce the
complexity.

Different notions of monotonicity
o Order on trajectories( Event monotonicity).
o Order on distribution (Stochastic monotonicity).

Monotonicity concepts depends on the relation order considerd on the

state space

@ Partial order and total order

Different Monotonicity Definitions in stochastic modelling



Event monotonici

Introduction Models 7 S onotonicit Realizable monotonicit en monotonicities

Event System Transition Matrix
Strassen
Total ) - . .
order Realizable monotonicity Proof (valuetool 2007) Stochastic Monotonicty
—_—_—
Proof
—_—

Partial  Realizable monotonicity Stochastic Monotonicty
order %

Counter Example
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are dynamic systems evolving asynchronously and interacting at irregular
instants called event epochs. They are defined by:

o a state space X
a set of events £
a set of probability measures P

transition function ¢

© 0 © o

P(e) € P denotes the occurrence probability

Event

An event e is an application defined on X, that associates to each state
x € X anew state y € X.
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Let X; be the state of the system at the i*" event occurrence time. The
transition function ¥ : X x £ — X,

Xn+1 = cl>(Xn7 en+1)

® must to obey to the following property to generate P:

pi =Bo(i,E)=x)= 3. B(E=¢)

e|®(xi,e)=>
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{Xo, X1, .., Xni1, ... }: stochastic process observed at points
{0,1,..,n+1}.

» It constitutes a DTMC if:
Vn e N and Vx; € X:
P(Xn+1 = Xn+1|Xn = Xn, Xno1 = Xn—1y coey Xo = XO) = P(Xn+1 = Xn+1|Xn = Xn)-

The one-step transition probability p; are given in a non-negative, stochastic
transition matrix P:

Poo  Po1 P02
q Po P11 P12
P=PY =[pj]| Po pPa p2
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A probability transition matrix P, can be described by a transition
function

$: X xU — X, is a transition function for P where :
U is a random variable taking values in an arbitrary probability space U,
such that:

o Vx,y e X : P(®(x,U)=y)=py
o Xn+1 = q)(Xm Un+1)
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Stochastic ordering

Let T and V be two discrete random variables and I an increasing set
defined on X

T Ve P(T=x)<> P(V=x), VI
xel xel

Any subset I of X is called an increasing set if x <y and x € [ implies
yerl.
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Stochastic ordering

Example
@ Let (X, <) be a partial ordered state space, X = {a, b, ¢, d}.
@ a<b=<d,and a<c=<d,
@ Increasing sets:l'1={a,b,c,d}, Mo={b,c,d}, I'3={b,d}, M4={c,d},
Fs={d}.
e V1=(0.4,0.2,0.1,0.3)

2=(0.2,0.1,0.3,0.4)
V1<, V2
On a:

e For Ni={a,b,cd}: 04+02+0.1+03<02+0.1+03+0.4
o For My={b,c,d}: 0.24+0.1+0.3<0.1+0.3+0.4

o For Ms={b,d}: 0.2+ 0.3 <0.1+0.4

o For My={c,d}: 0.1+0.3<0.3+0.4

o For s={d} :0.3<0.4
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ooe
Stochastic ordering

Stochastic monotonicity

P a transition probability matrix of a time-homogeneous Markov chain
{Xn, n > 0} taking values in X’ endowed with relation order <.

{Xn, n > 0} is st-monotone if and only if,

V(x,y) | x X y and Vincreasing set I € X

EE:F&sz EE:FUZ

zel zel
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P a stochastic matrix defined on X. P is realizable monotone, if there
exists a transition function , such that ® preserves the order relation.

YueU
if x <y then ®(x, u) < ®(y, u)

The model is event monotone, if the transition function by events
preserves the order ie. Ve € &

V(x,y) € X x 2y = d(x,e) X d(y,e)

A system is realizable monotone means that there exists a finite set of events £
for which the system is event monotone
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Realizable monotonicity and perfect sampling

o Produce exact sampling of stationary distribution (1) of a DTMC.
o One trajectory per state.
o The algorithm stops when all trajectories meet the same state

coupling
The evolution of the trajectories will be confused.

If the model is event monotone

@ Run only trajectories from minimal and maximal states.
@ All other trajectories are always between these trajectories.

@ If there is coupling at time t so all the other trajectories have also
coalesced.

» The tool PSI 2 was developed to implement this method of simulation
(JM.Vincent).
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( 1o}
Total order

(X,€) : MDES P: Transition matrix

Strassen

3€ :(X, £) Monotone P: Monotone

4

Total
order
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Total order

(X,€) : MDES P: Transition matrix
Strassen
3€ (X, E) Monotone ¢ P: Monotone
Total
order Valuetools2007
(&, &) Monotone & P(&): Monotone
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O®@000000

Partial Order

(X,€) : MDES P: Transition matrix
Strassen

3€ :(X,E) Monotone @ P: Monotone
Total
OTACE Valuetools2007

(X, €) Monotone & P(&): Monotone

Proof

(X, €) Monotone » P(&): Monotone
Partial
order
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Partial Order

The reciprocal is not true

(X,€) : MDES P: Transition matrix
Strassen
3€ :(X, ) Monotone - @————— P: Monotone
Total
OTCE Valuetools2007
(X, &) Monotone —_—— & P(&): Monotone
Proof
(X, ) Monotone —_ & P(&): Monotone
Partial

order 7€ : (X, €) Monotone _—
and P(€) — P : Monotone

Counter Example
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Partial Order

Counter Example
e X=1{a, b, c,d},axb=<Xdanda=<xc=d.
@ P transition matrix in X

T i 1/6|1£6|1/61/b6 1/6(|:1/6
p_ /3 1/3 0 1/3 b= T b -

12 0 1/6 1/3 - T T4

o 1/3 1/3 1/3 T T ¢ ¥

P is not realizable monotone. We have for u € [3/6,4/6] ®(a,u) = b is
incomparable with ®(c, u) = ¢ .
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[ele]e]e] }
Partial Order

@ b<dand c=<d

o Transitions from states b, ¢, d to state d
with probability 1/3 must be associated to
the same interval u

1/3 [1/6 1/6 | 1/3
@ axXbanda=<c: a a a|b c
.. b a b | b d
o Transitions from a, ¢ to a must be p = T c P
associated to the same interval, e, = 1/2. d b = d

o Transitions from a, b to 2 must be
associated to the same interval, e, = 1/3.

@ For states b, and c it remains only an interval of
ue = 1/3 to assign .

It is not possible to build a realizable monotone transition function for this matrix.
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Partial Order

In partial orders

Define conditions on the matrix P, that allows us to knew whether the
corresponding system is realizable monotone.
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Case of equivalence in partial Order

When the state space is partially ordered in a tree, if the system is
stochastic monotone, then there exists a finite set of events ey, e, ..., €,,
for which the system is event-monotone.

" Cmn-1
\ Con

Define an algorithm that construct the monotone transition function ®
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Algorithm

@ A= {a; < a < ..ap}: States comparable
with all others. !

@ We consider two branches:

o (1 = {C1o <cai <., C1,,}.
o C2 = {C20 S C21 S oo Czn}.

@ For each branch C; we find events which

uo Ul U2 J U2 | U2
trigger transition to a state of C;. A A Al C1 A C2
@ Then we find events which trigger Gl A[A]JCI] A | C2
transition to a state of A. Cc2 A C1 C2
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(X,€) : MDES P: Transition matrix
Strassen

3€ :(X, ) Monotone ¢————————— P: Monotone
Total
OTCer Valuetools2007

(X, €) Monotone —_—— & P(&): Monotone

Proof

(X, €) Monotone —_ & P(&): Monotone

Partial

order 7€ : (X, £) Monotone .
and P(€) — P : Monotone

Counter Example =4 Equivalence in Tree
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o Another way to reduce the complexicity = reduce the number of
maximal and minimal states.

o If the system is monotone according to a partial order <, can we find
a total order < for which the system is monotone??.

Not possible with all partial orders.
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Counter example
@ X={a b, ¢, d}, axb=<Xcanda=xb=d.

@ P transition matrix in X’

1/6(1/6/1/6/1/6 [1/6 [1/6
1/2 1/3 0 1/6 5 / | £6| /61/ L/ /d
P— 1/3 1/3 1/6 1/6 b a [ b c I d
0 1/2 1/6 1/3 . b p d
0 1/2 1/3 1/6 d b < [d
» Two possible orders:
®as<b<g<c<d ®as<b<<d<c
1/6[1/6[L/6[L/6 [1/6 [1/6 1/6[1/6[L/6[L/6 [1/6 [i/6
a a | d a a [ b d
b a [ b Jc|d b a [ b [df]c
c b [c|d]d d b [dlc]c
d b | ¢ d c b | d c
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(X,€) : MDES P: Transition matrix
Strassen

3€ :(X, ) Monotone @——————— P: Monotone
Total
el Valuetools2007

(X, €) Monotone —— & P(&): Monotone

Proof

(X, &) Monotone —_ & P(&): Monotone

Partial

order 7€ : (X, £) Monotone .
and P(€) = P : Monotone

Counter Example =4 Equivalence in Tree
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o Total Order: Stochastic monotonicity < Realizable monotonicity
o Partial Order:

o Realizable monotonicity = Stochastic monotonicity
o Stochastic monotonicity # Realizable monotonicity

o Monotonicity with order < < Monotonicity with order <

» Perspectives

o In the partial order : Find another conditions to move from the
stochastic monotonicity to the realizable monotonicity

o implements
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